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PREFACE 


There are many logic texts-some very exceHenf The novelty of thts book is that it 
attempts to provide a complete and technically rigorous treatment of deductive logic 
which will also be comprehensible to the average undergraduate who has had no pre- 
vious university training in logic or mathematics To this end elegance and brevity of 
style have sometimes given way to pedagogic necessities 
The book covers quantification theory, identity, and descriptions, but elementary 
portions of the theories of classes and relations are also introduced as applications 
of quantifications! logic The influence of two of my teachers is evident throughout 
the book To Willard Van Orman Quine the book owes its basic organization its 
philosophical bent, and its emphasis upon semantics To Frederic Benton Fitch it 
owes Its subordinate-proof approach to natural deduction Of my own doing there is 
an extensive treatment of applications, not only to ordinary language but also to the 
foundations of both mathematics and electronics 
The Introduction preceding Part One reviews the principles of logic and concepts 
that are basic to any study of logic Therefore, the student should prepare for (he mam 
body of the text by familiarizing himself with this introductory section 
Part One covers truth-function theory Truth tables are combined with some of 
Qume s methods to treat the semantic concepts of validity, implication, and equiva- 
lence The syntactic concepts of proof and derivation are developed via Fitch s method 
of subordinate proofs There is also a substantial section on switching and sequential 
circuits which includes treatments of binary numbers and circuit-design problems 
Part Two develops one-vanable quantification theory This is monadic-quantification 
theory with one variable, and thus occupies an intermediate position between the fulf- 
monadic theory and Quine s uniform-quantification theory I find that this approach 
permits the introduction of the basic concepts of quantificational logic without en- 
countering the engineering problems that arise when more than one variable is 
present It is in the treatment of quantification theory that my chief compromise with 
rigor occurs instead of developing a completely set theoretic semantics. I have used 
open sentences as a device for interpreting predicate letters The Fitch method is 
used for the presentation of universal generalization and existential instantiation 
Although this makes (he proofs of a few simpfe schemata rather complex it does have 
the theoretical advantage that every derivation is sound m all its lines I also hope that 
the pedagogic advantages of this approach will be readily apparent from my exposi- 
tion This part concludes with an application of the one-vanable theory to the virtual 
theory of classes 

Part Three presents the remainder of quantification theory The open-sentence inter 



pretation of predicate letters gives v/ay to a logical-predicate interpretation In addi- 
tion. several metatheoretic taws of the semantics of quantification theory are proved 
Part Four covers a variety of extensions and applications of quantificational logic 
The book, is less thorough here, and the reader and instructor are called upon to supply 
more of the details but anyone who has rnade it this far should find little difficulty in 
so doing Identity theory, the theory of descriptions and the logic ot relations are found 
in this Part There is also an extensive discussion of formal systems, with the theory of 
densely ordered sets group theory, and kinship theory forming examples This is also 
the occasion for a treatment of definitions and the contextual definition of definite 
descriptions 

The Appendix contains soundness and completeness proofs for the rules of infer 
ence used in the book Henkin's approach to this problem has been used since it 
nicely avoids prenex normal forms 

This book can be used in several courses t have covered Parts One and Two in a 
one semester course for freshman but one could devote a whole semester to Part 
One and the relevant sections of the Appendix The entire book could be used as a one- 
year undergraduate course or as a brisk one-semester graduate course There are 
several other options, however, since one can stop with any single Part and have a 
fairly complete presentation of the portion of logic covered Also, several sections 
dealing with applications can be omitted without any loss of continuity 
I should like to thank the many students who have suHered with drafts of this book 
lor Iheif helpful comments and reactions Erie Waither used the book in his lectures 
and has been responsible for several improvements Of the graduate students who 
have assisted me m teaching KuanT Fann Michael Makibe, and James L Stiver have 
made an extra effort to make the book a success Richard C Jeffrey’s valuable criti- 
cisms have also led to important changes in the book I am especially indebted to 
Nuel D Belnap, Jr . who read several drafts of the text His many comments have saved 
the book from several blunders and have led to as many improvements At the same 
time his encouragement made it possible for me to complete these revisions Of 
course the responsibility for any remaining inadequacies is mine 
1 would also like to thank my wife Janet lor her general encouragement and particu- 
lar help In preparing the Index 
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INTRODUCTION 


Logic IS concerned wilh argumen ts, inferences, and reasoning Such con- 
cerns are important to all of us. even in everyday life For we use arguments 
not only to convince others, we use them also to come to decisions and to 
determine facts This can be seen by considering some cases and examples 
To persuade someone that he should not drop out of high school, we might 
argue as follows 

Only the most menial work is available today to those without a high school 

education You desire better work than menial work So you should com- 

plete your high school education 

In deciding whether to go surfing or to the movies, you might reason 

If I oo to the movies. I will have to spend all my moneyforadmission And if 
I do this, I will have to go without dinner But I could not stand that On the 
other hand, it will not cost me anything to surf, so I II go surfing 

X a r,«thor inniruser He deduces predictions from his Scientific 
h men makes experiments and observations to see if his predic- 

I '^arTtrue If they are, he infers that his theory is confirmed, but if they 
me not h^looL for a mistake m his theory In weighing evidence a jury 
reLons and argues as it tries to establish the facts of the case A murder- 
trial jury might proceed as follows 

If the accused was in Rome on July 11. he could not have eommitted the 
™ irrfer H^s attorney has introduced a Roman hotel register with the ac- 
ame on the July 11 enlry The hotel is pretty shady, but it is still 
“'h hi mm the accused signed on July 1 1 Hence it is probably true that 
he°wl in Rome then, and there is a reasonable doubt as to his guilt 

. eisD use logic to prove mathematical theorems, philoso- 
phic useTm Constructing philosophical arguments Some theologians 
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used il to trv to prove the existence of God Here is a version of a theological 
proof known as the ontological argument for the existence of God 

God IS the greatest conceivable being « He did not exist, we could con- 
ceive of an even greater being, namely, one who had all God s attributes 
and also existed But this would contradict the fact that God is the greatest 
concewaWe being, hence God must exist 
The examples show that the business ol logic is at the heart ot our practical 
and theoretical activities 

In recent times logic has been subjected to a mathematical treatment As 
a result, modern logicians have been able to achieve important insights into 
the structure and foundations of mathematics On the more practical side, 
they have succeeded in making important contributions to the design and 
use of electronic computers Thus the study of logic is well worth the effort 
of the student of today This book will develop the basic elements of modern 
logic, and study arguments and inferences with its aid 


0 1 LOGIC AND PSYCHOLOGY 

Logicians are not interested in the hunches, intuitions, or guesses that we 
use in constructing arguments They study arguments, but they do not care 
about the thoughts we may have when we construct an argument In short, 

^ the logician is not interested m psychological causes for our conclusions, 
rather, he is Interested in our rationalizations ot these conclusions Thus 
Smith may believe that man could not have descended from the apes, be- 
cause he abhors apes, having been bitten by one as a child The logician 
cares not a whil for this, but he is interested in the avidftnrjiSmj.»i?,Q,i«e< 3 ,fA«: 
his belief and the manner In which he argues In other words, the logician is 
interested in reasoning, and especially when the reasoner s conclusions and 
his grounds lor them are formulated in written or spoken discourse The 
logician is neither a psychologist, a psychoanalyst, nor a mind reader, 
instead, he concerns himsell with written or spoken arguments and at- 
tempts to Judge their merits 


0 2 ARGUMENTS 

The logician s uso of Iho term afgumenf is slightly dillerenl from some of 
its more common OSes Ono can offer a fog, cal argument without being in- 

anv nmn, n’?"’ "" argument need not have 

any cmol.ohal involvement with the conclusion he atlempis to establish To 
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the logician an argument is not a fight or a dispute, it is merely a certain body 
of discourse More exactly, logicians characterize arguments as follows 

An argument is a sequence of tno or more stotemenis, some ofuhich are 
offered in support of (as exitiehte for) another 

This means that every argument contains one statement which the argument 
IS supposed to establish~its conctusion—and one or more other state- 
ments which are supposed to support this conclusion 
Notice that not all sequences of statements are arguments Even the 
following abstract and highfalutin prose is not an argument 

Some children suffer from the Oedipus complex, while others are orally 
fixated The former tend to have difficulties in making manta! adjustments 
The latter are often very heavy smokers 

There is no argument here because there is no conclusion Instead, two 
different types of children are recognized, and something is said about each 
On the other hand, the following is an argument 

Oral fixates tend to be heavy smokers Blake is a heavy smoker Thus Blake 
may be an oral fixate 

Here there is a definite conclusion, and statements are offered to support it 
The phrase offered in support of contained in the characterization of 
arguments must be emphasized Its inclusion allows for the possibility of in- 
correct arguments When a person who wants to establish a given conclusion 
states that conclusion and offers evidence for it, his statements count as an 
argument even he does not succeed m establishing his conclusion Thus, 
when we examine a piece of discourse to ascertain whether it is an argument 
or not, Its authors intentions are the decisive factor We classify the dis- 
course as an argument if and only if we decide that it contains a conclusion 
which Its author is attempting to establish On these grounds the following is 
an argument, although it certainly is not a good one 

The course is graded on a curve If the teacher puts on a blindfold and 
picks the examination papers out of a box and assigns grades according 
to the order in which the papers are selected, then ghe grades will form a 
curve So this is the best way for the teacher to grade on the curve 

This discourse is an argument simply because it contains a conclusion about 
how to grade the course and reasons, albeit bad ones, for grading it in this 
way To show that this discourse contains a bad argument is of course, an 
entirely different matter 

Often it IS difficult to decide whether a sequence of statements is an argu- 
ment This is because most arguments are not presented in the form of sim- 
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pie textbook examples A conolusion can be bpt.ed m the math body of the 
argument containing it The presence of erdranecus statements can obscure 
the conclusion and the evidence for it Or the sequence of statements, of 
Which the argument is composed, may be presented as one big statement 
Or tinally. the author of an argument m^V write complicated and unclear 
prose Fortunately, languages contain devices which help determine whether 
something counts as an argument Inference words such as hence , there- 
fore’, 'thus , whence’, ‘so’, ‘because’, ‘since are among the best lin- 
guistic clues to arguments, for they are used to indicate that a conclusion 
has been drawn Careful attention to the context in which the discourse 
occurs is also very useful here For exampt®t consider the statement 

Robinson committed the murder because ne was jea’ious o'! ioneB 


If the district attorney said this to thejury at Robinson s trial, then it would be 
a condensed version of the argument 

Robinson was jealous of Jones Thus Robmson committed the murder 

On the other hand, if the statement w^s made in response to a question, 
’ Why did Robinson commit the murdei''^ then it would, simply be a state- 
ment with no argument intended It should also be realized that some 
discourse is so badly written that it is impossible to determine whether it 
contains an argument 


0 3 THE ELEMENTS OF AN ARGUMENT 

n will be useful to have a method for classifying the statements which com- 
pose an argument The conclusion of sn argument has already been men- 
tioned This Is the statement which the argument is designed to establish 
The statements offered in support of the conclusion are called premisses 
Thus, consider the argument 

(t) All bad men wear black hats 

(2) Ringo is a bad man 

(3) Hence Ringo wears a black hat 

The conclusion is (3). while (1) and (3) are premisses tt goes without saying 
that the conclusion need not be the last statement of an argument, nor need 
the premisses bo the first In the next argument the conclusion comes first 
and the single premiss last 

Most bald men wear hats 

For most batd men prefer to cover their baldness 
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When an argument is critically evaluated, it is essential to determine its 
premisses and conclusion, for the argument is a good one if and only if the 
premisses provide good reasons for the conclusion 
The same statement can be a premiss of one argument and a conclusion 
for another, or conversely, it can be the conclusion of one argument and the 
premiss of another Consider the arguments 

(1) Some cats are furry 

(2) Hence some mammals are furry 

(3) Some mammals are furry 

(4) If some mammals are furry, no dogs are 

(5) Thus no dogs are furry 

(6) Either some dogs are furry or some cals are frisky 

(7) No dogs are furry 

(8) Therefore some cats are frisky 

The conclusion of the first argument is also a premiss of the second one, 
while the conclusion of the second argument is a premiss of the third, (7) 
This means that a statement is not simph a premiss or a conclusion, but 
rather a premiss or a conclusion relame to a st^en argument 


0 4 DEDUCTIVE VERSUS INDUCTIVE LOGIC 

There are two mam branches of logic, deditcme and inducltxe logic Deduc- 
tive logic is concerned with the construction of arguments whose con- 
clusions follow necessanh from their premisses, while indu ctive l ogic is 
concerned with the construction of arguments whose conclusions are only 
pro bable relative to their premisse s Both branches of logic are equally 
frnportanTand have their proper functions Deductive logic has one of its 
most important applications in mathematics, because mathematical proofs 
consist solely of deductive arguments On the other hand, in less abstract 
subjects, inductive logic is also an essential method of reasoning Both 
methods of reasoning can be combined, and where inductive reasoning is 
used, It IS rare to find a deductive reasoning lacking 
The difference between inductive and deductive reasoning can be clarified 
with an example Let us suppose that Mr Smith isa bankerandthatwewant 
to demonstrate to someone that he is nch First, let us suppose that we know 
that all bankers are rich Then we could argue dedllc^l^e/^ 

(1) Mr Smith IS a banker 

(2) All bankers are rich 

(3) Hence Mr Smith is rich 
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6iven what we Know, Mr Smith is certainly rich More generally, the con- 
clusion of a good deductive argument cannot be false if all its premisses ar 
true Next let us suppose that we do not know whether all bankers are rich, 
but we do know that all bankers whom we have met before meeting Mr 
Smith are rich Then NWe could argue wductixely 


(4) Mr Smith is a banker 

(5) All other bankers we have known have been rich 

(6) So Mr Smith is rich 

Given what we are supposed to know in this case Mr Smith need not 
be rich He could be the first poor banker we have met Although (4) and 
(5) confer a high degree of probability on (6) (6) is not a necessary con- 
sequence of (4) and (5i They could both be true while (6) is false In general, 
the conclusion to an inductive argument is only probable relative to its 
premisses 

Inductive arguments are (m a sense) weaker than deductive arguments 
But this does not mean that it is wrong to use inductive logic In many cases 
It IS the only logic we can use For often the information at our disposal is 
insufficient to support our conclusions deductively, although it does support 
them inductively To forgo inductive logic then would be to give up the use 
of rational procedures altogether 

The study of inductive logic presupposes a firm grounding in deductive 
logic, while deductive logic is presently much more refined and exact than 
Inductive logic For this reason this book will be devoted almost exclusively 
to deductive logic 


0 5 LOGIC AS A SCIENCE 

Most of you already possess a certain talent for reasoning well You can 
construct good arguments and you can successfully criticize bad ones 
Nonetheless logic is still more or less an art for most of you You still do not 
possess general principles for assessing and constructing arguments This 
is whore the logician differs from the layman He does not have to depend 
upon insights intuitions or feelings For him the correctness of an argument 
IS an obiDcfiVD manor He possesses general principles of argumentation and 
proof vrbich can be tormufatcd precisely and communicated to others Any- 
one who uses these principles will arrive at the same results in assessing and 
constructing arguments In this way logic is as ob|ective as physics or mathe- 
matics Furthermore although the layman may be able to tell us that a 
oarticutar argument is incorrect untike the logician he cannot state general 
principles 10 explain the argument is wrong Thus the obiectivity, gen- 
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erality, and explanatory power of logic, all serve to make it a genuine science 
Logical theory is like many other scientific theories in that it has led to the 
design of “instruments" for “measuring" logical properties Tes/s and pro- 
cedtires answering the central questions of logic will be presented in this 
book These tests and procedures will be purely mechanical that is, in 
principle, they can be carried out by means of machines This is no longer 
just a matter of theory either, for in recent years electronic computers have 
been programmed to use these tests and procedures, and in many instances 
they are able to outperform humans (It is likely that present-day computers 
could answer almost all the exercises in this book in an hour or so ) Thus one 
of the aims in this book is the design of ‘ logic machines”, that is, mechanical 
methods for solving logical problems Most of these “machines" will not be 
presented in detail, since it will usually be clear that the methods in question 
are "mechanical ' 


0.6 STATEMENTS AND SENTENCES 

The same form of words can be used by different people to mean different 
things When, for example. Jones says I am hungry, he means that he, 
Jones, IS hungry but when Robinsonsays ‘lam hungry’, he something 
quite different, namely, that Robmson is hungry The same form of words can 
be used by the same person to mean different things If in Honolulu you said 
'It never snows here , you would have said something true, but if you uttered 
the same words in Anchorage you would have said something false In the 
first case you would have meant that it never snows in Honolulu, in the sec- 
ond case that it never snows in Anchorage Thu s not only can a person us e 
the same words to mean different things, he can also use them to say some- 
IhTng true on on e occasion and something fiise on a noiner ' ' 

‘~7^ording"to ordinary high school grarnmar, a declarative sentence is a 
string of words which expresses a complete thought Consequently, the term 
‘sentence does not refer to complete thoughts themselves (for the sentence 
expresses these), but rather to forms of words Let us use the term 'sentence', 
then, to refer to those forms of words which grammar classified as declara- 
tive sentences The point of the fast paragraph can now be restated as fol- 
lows The same sentence can be used to mean different things moreover, 
the same sentence can be used to mean something true on one occasion 
and something false on another (This does not necessarily hold for all 
sentences, but it certainly holds for the examples given above ) 

Variations in the meaning of a sentence can also lead to logical difficulties 
An example will illustrate this Let us suppose that two men. Paul Smith and 
Paul Robinson, are m love with the same girl Let us also suppose that the 
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qirl loves Paol Smith and has indicated so by responding eagerly to his 
kisses Finally, let us suppose that Paul Robinson argues as follows 

(1) If you responded to Paul s Kisses, you love Paul 

(2) You did respond to Paul s kisses 

(3) But I am Paul 

(4) So you love me 

Obviously this would be a bad [oke at best The strength that the argument 
to have derives from an equivocation upon the word Paul II it is 
taken to refer to Paul Smith (1) and (2) are true, but then (3) ts false In any 
case the whole argument IS a good deductive argument only if Paul retains 
the same mearung throughout Only then do the premisses necessitate the 
conclusiort On the other hand it the meaning of Paul is fixed so that the 
conclusion will follow necessarily from the premisses, then at least one of 
the premisses will be false And no one has to accept a conclusion drawn 
from false premisses, even if the chain of reasoning/rom these premisses is 
perfectly correct Bad arguments like this one which trade upon various 
meanings of a word are called fallacies of eqtuxocoiion They will be encoun- 
tered again later In the book 

Because of difficulties such as the fallacy of equivocation, many logi- 
cians have urged that statements must be distinguished from sentences 
Statements are then taken as the meanings sentences ha\e at their times of 
iiiteranie Thus when someone uses the same sentence at different times 
to mean different things he has used the same sentence to make different 
statements Statements also have the advantage of not changing from true to 
false or from false to true, or. as the logicians say, statements do not alter 
their truth v allies What someone states on a given occasion, that is, the state- 
■nivrfi ‘Tie irnides. 'rs \rat ycrsh m case ft corresponds to the tacts There is no 
changing what has been stated or the facts thus the statement someone 
makes on a given occasion is either true or false, and its truth-value never 
changes from true to false or conversely person can retract a statement, 
that is. admit that he was wrong m making it Or he can deny making it. but 
none of this changes the statemer>t or its truth-value ) 

By appealing (o slafomenls. we can also disregard nuances m the wording 
of an argument, or even tha language (French, German, English, etc ) in 
Which It IS expressed For example, by appealing to statements, we can say 
that each ol the lollowing triads ol sentences expresses the same argument 

(t) Ouand il picut il ncige 
(2) II picut 
0) Done ii ncigo 
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(V) When it rains, it snows 

(2') It rains 

(3') Hence it snows 

(1") If It rams. It snows 
(2") It IS raining 
(3") So It IS snowing 

For although each triad is composed of different sentences, each has the 
same statements as premisses and the same statement as its conclusion 

Although the introduction of statements has its obvious advantages, a 
number of logicians have argued that there are strong theoretical grounds 
for denying that there are such things as statements They urge that the prob- 
lems, such as differences in meaning, which the introduction of statements 
is designed to solve can be handled adequately in terms of sentences alone 
These problems are too involved to consider in this book Jn any case, the 
issues at stake can be appreciated only after one has an understanding of the 
topics to be treated here 

Although the issue about statements is rather controversial, it is very con- 
venient to talk as {f there are statements This is the way we shall talk in this 
book With some effort, however, most of what will be said can be said with- 
out talking about statements 


0.7 VALIDITY 

One of the most important words in the leclmical vocabulary of logic is the 
word valid This is the term which logicians use to characterize deditcuse 
arguments whose premisses necessitate their conclusions As a term of 
deductive logic, it is not used with respect to inductive arguments In fact, 
even the best arguments of inductive logic are not valid in the technical 
sense Most of this book will be devoted to giving a precise description of 
the class of valid arguments Since none of the other technical terms of 
logic have been explained yet, it is not possible to present an exact definition 
of the term valid now However, some approximations to the ultimate defini- 
tion will be useful to consider 

A valid deductive argument »s supposed to be one whose premisses 
necessitate its conclusion This can be rephrased as follows 

^ valid arj^i/rnent is one /lose conc/ustons/oi/oM lo}iicall\ from its premisses 

This does not help much, however, because the phrase follow logically 
still needs to be explained Since the conclusion of a valid argument follows 
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log.caiw Itom piemissea the conclusion must be true if the premisses 
are This leads to the following description 

A valid argimien! is one ^tliose conclusion cannot be false if its premisses are 
oil true 

This IS still not much of an explanation since the word cannot must mean 
cannot on logical grounds and we still do not know what logical grounds 
are But the second description does have an advantage over the first It 
shows us that certain arguments are not valid namely arguments with 
premisses which ate all true and conclusions which are false Let us call 
these arguments patently invalid that is 

A patently invalid aryimeni is one xihose premisses are all true and nhose 
conclusion is false 

Clear patently invalid arguments are not valid lor in a valid argument the 
conclusion must be true if all the premisses are 
The concept of patent invalidity provides a simple method tor showing 
that a limited number of arguments are not valid One merely points out that 
each of the premisses is true and that the conclusion is false Thus consider 
the argument 

0) No woman has been a President of the U S A 

(2) No women are fathers 

(3) Hence no Presidents of the U S A are fathers 

This argument Is obviously not valid since it is patently invalid 
Statements are true_or fal se Arguments on the other han d are valid o r 
i nvali d but are neither trup nor fals e We do not say that an argument is 
I true or false any. more than we say that a number is.vp.uno^Qr old Gaod 
[ deductive arguments must lead from true premisses to true conclusions 
Those with all true premisses and false conclusions obviously fail to do this 
and so they have been called patently invalid But deductive arguments can 
have one or more false premisses and true or false conclusions and still be 
valid Thus we must look a little more closely at the connection between 
validity and truth 

The logician has a rather Indirect interest in truth and facts He is not so 
much Interested in discovering whether say Every man has his price is 
true or fatso as he is in discovering what can be inferred from its truth or 
fols ty Logic is an instrument for getting at the truth because it allows us to 
Qcncrato now truths from previously given truths But how these initial 
truths are known is a matter of relative indifference to the logician For all 
he cares ihoy could be falsehoods this is because the logician asks not what 
«5tfuo but rather that this and that are true what else mrm far true The 
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logically from its premisses, the conclusion must be true if the premisses 
are This leads to the following description 

A valid argument is one uliose conclusion cannot be false ,f its premisses are 
fl/l mie. 

This IS still not much of an explanation since the word ‘cannot’ must mean 
cannot on logical grounds’, and we still do not know what logical grounds 
are But the second description does have an advantage over the first It 
shows us that certain arguments ate not valid, namely, arguments with 
premisses which are all true and conclusions which are false Let us call 
these arguments 'patently invalid , that is, 

A patently invalid argtunent is one whose premisses are all true and whose 
conclusion is false 

Clear patently invalid arguments are not valid, tor in a valid argument the 
conclusion must be true if all the premisses are 
The concept of patent invalidity provides a simple method for showing 
that a limited number of arguments are not valid One merely points out that 
each o1 the premisses is true and that the conclusion is false Thus, consider 
the argument 

ft) No woman has been a President o! the USA 

(2) No women are fathers 

(3) Hence no Presidents of the USA are fathers 

This aigumeni is obviously not valid since it is patently invalid 
Statements are true_or fal se Arguments, on the other han d, are valid o r 

i invalid, but are na Uheil..tms_aQiJal5_e We do not say that an argument is 
true or false any more than we say that a number is young or old Good 
deductive arguments must lead from true premisses to true conclusions 
Those with all true premisses and talse conclusions obviously tail to do this, 
and so they have been called patently invalid But deductive arguments can 
have one or more talse premisses and true or talse conclusions and still be 
valid Thus vve must look a tittle more closely at the connection between 
validity and truth 

The logician has a rather indirect interest in truth and facts He is not so 
much interested in discovering whether, say. Every man has his price' is 
true or false as ho is in discovering what can be mftrred trom its truth or 
talsity Logic is on instrument for getting at the truth because it allows us to 
generate rxcw truths trom previously given truths But how these initial 
truths ate kf^own ,s a matter of relative mdiHerence to the logician For all 
he cares they could bo falsehoods, this is because the logician asks not what 
iittuo butraihcr u»rn that this and that are true, what else /m«/ he true The 
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Inn,n,pn nr.manlv concerned with the logical relationships betwe^ the 

of the statements it contains is summarized in the following 

CONCLUSION ARGUMENT 


PREMISSES 

All true 
All true 

Some true, some false 
Some true some false 
All false 
All false 


True 

False 

True 

False 

True 

False 


Valid or invalid 
Invalid 

Valid or invalid 
Valid or invalid 
Valid or invalid 
Valid or invalid 


u w„l he noted that a vahd X::ereC^hreS^^^^ 
having any combination of t arguments (except patently 

validity It should also be n valid ones It is easy to con- 

invalid ones) may share alUhe answer each line of the table All 

struct examples of invalid arg 5,atemenls which are completely un- 

one need do is choose two following is an 

“ r - • >"• - ■ • “ 

conclusion 

(2) The sun never shines in Rome 
(3t Hence all men are mortal 

,nles are as yet. lew in number, we must rely on our 
Since our logical principles a , connection between (1). 

logical •■intuitions" to see tha ^^ve to be The 

(2), and (3), so '.’acpios of invalid arguments tor the other 

reader can construct ma 

entries in the table ,c, valid arguments, so examples for each 

It IS more 'difficult to ^ vve'must rely on our "intuitions", lor 

position ,n the '""“"^“re^abl.'sh scientifically the validity of these 

we are not yet map 

arguments 

EXAMPLES OF VALID ARGUMENTS 

a True premisses, true conclusion 

All Greeks are men 
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logically from its premisses, the conclusion must be true if the premisses 
are This leads to the lollowmg description 

^ valid argument is one ^Jiose conclusion caimo/ be false iftls premisses are 
all true 

This IS still not much of an explanation since the word ‘cannot must mean 
■cannot on logical grounds , and we still do not know what logical grounds 
are But the second description does have an advantage over the first It 
shows us that certain arguments are not valid, namely, arguments with 
premisses which are all true and conclusions which are false Let us call 
these argumenls patently invalid , that is, 

A patently invalid argiimml is one uliose premisses are all true and whose 
conclusion is false 

Clear patently invalid arguments are not valid, for in a valid argument the 
conclusion must be true if all the premisses are 
The concept of patent invalidity provides a simple method for showing 
that a limited number of arguments are not valid One merely points out that 
each of the premisses is true and that the conclusion is false Thus, consider 
the argument 

(1) No woman has been a President of the U S A 

(2) No women are fathers 

(3) Hence no Presidents of the USA are lathers 

This argument is obviously not valid since it is patently invalid 
Statements are true_ or fal se Arguments, on the other hand , are valid o r 

I inval^. but are neither true iiocJalsp We do not say that air argument is 
true or false any more than we say that a number is young or old Good 
deductive arguments must lead from true premisses to true conclusions 
Those with all true premisses and false conclusions obviously fail to do this, 
and so they have been called patently invalid But deductive arguments can 
have one or more false premisses and true or false conclusions and still be 
valid Thus we must look a Uttte more closely at the connection between 
validity and truth 

The logician has a rather indirect interest m truth and facts He is not so 
much interested in discovering whether, say, ‘Every man has his price is 
true or false as he is m discovering what can be inferred from its truth or 
lalsily Logic IS an instrument for getting at the truth' because it allows us to 
generate now truths from previously given truths Bui how these initial 
truths ate known is a matter ot relative indillerence to the logician For all 
ho cares they could be falsehoods this is because the logician asks not what 
IS hue but rather.nicnthatthisantlthatare true, what elseirii(iri.e true The 
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loaician is primarily concerned with the logical relationships between the 
sTatements which make up an argumen t He i s Jess_ concerned with th eir 
a ctual tr utf Tor falsity, 

Tlh^uld not seem strange, then, for false premisses or conclusions to 
occur in a valid argument Indeed, the only case that cannot arise is tha of 
the patent invalidity the premisses are all true and the conclusion ^ false 
The tenuous relationship between the validity of an argument and the truth 
of the statements it contains is summarized in the following table 


PREMISSES 


CONCLUSION ARGUMENT 


All true 
All true 

Some true some false 
.Some true some false 

All false 
All false 


True 

False 

True 

False 

True 

False 


Valid or invalid 
Invalid 

Valid or invalid 
Valid or invalid 
Valid or invalid 
Valid or invalid 


It w,„ be noted that a valid -9" 

'nTneTd'l'''s'chooIe two or Ire statements which are completely un- 
one need do is choose . * g q- jalse Thus the following is an 

example of Tn mvahd argument with a true and a false premiss and a true 

conclusion 

(f) > + > = - 

(2) The sun never shines in Rome 

(3) Hence all men are mortal 

1 „,.,nlos are as vet, lew in number, we must rely on our 
Since our lo9‘«' P," P^ that'there is no logical connection between (1), 
logical intuitions to s thU 

feadTr‘'cfn'cons.ruc; h'ls own examples of invalid arguments for the other 
entries in 'he table ^ 31 , d arguments so examptes lor each 

" nte tonow once a^^^^ we must rely on our intuitions lor 

position "’P 3 ,„on to esmbtish scientil.cally the validity ol these 

we are not yet m <1 
arguments 

EXAMPLLSOI VALID AROUMLNtS 

a True premisses, true conclusion 
All Greeks are men 
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logically from its premisses, the conclusion must be true if the premisses 
are This leads to the ioUovimg dftswipUon 

A valid argument i5 one whose conclusion cannot be false if Us premisses are 
ail mie 

This IS shll not much of an explanation since the word ‘cannot’ must mean 
■cannot on logical grounds , and we still do not know what logical grounds 
are But the second description does have an advantage over the first It 
shows us that certain arguments are not valid, namely, arguments with 
premisses which are all true and conclusions which are false Let us call 
these arguments patently mvatid’ that is. 

A patently invalid argument is one nhose premisses are all true and whose 
conclusion is false 

Clear patently invalid arguments are not valid, for in a valid argument the 
conclusion must be true if all the premisses are 
The concept of patent invalidity provides a simple method for showing 
that a limited number of arguments are not valid One merely points out that 
each of the premisses is true and that the conclusion is false Thus, consider 
the argument 

(1) No woman has been a President of the U S A 

(2) No women are fathers 

(3) Hence no Presidents of the U S A are fathers 

This argument is obviously not valid since it is patently invalid 
Statements are true or fal se Arguments, on the other han d, are valid o r 
inval^, but arej igiihe’’ tr.ue. nof-tolse We do not say that an argument is 
j true or false any more than we say that a number is young or old Good 
[ deductive arguments must lead from true premisses to true conclusions 
Those with all true premisses and false conclusions obviously fail to do this, 
and so they have been called patently invalid But deductive arguments can 
have one or more false premisses and true or false conclusions and still be 
valid Thus we must look a little more closely at the connection between 
validity and truth 

The logician has a rather Indirect interest in truth and facts He is not so 
much interested in discovering whether, say. Every man has his price is 
true or false as he is m discovering what can be inferred from its truth or 
falsity Logic is an inslrumerJl for getting at the truth' because it allows us to 
generate new truths from previously gwen truths But how these initial 
truths are known is a matter of relative indifference to the logician For all 
he cates they could be falsehoods this is because the logician asks not what 
IS true but rather, ^.n en that this and that are true, what else must be true The 
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logician is primari ly concerned with the logical r elationships between the 
st^mants w hich make up an argumen t He is ' less concerned with their 
actual tr u th or falsity 

It should not seem strange, then, for false premisses or conclusions to 
occur in a valid argument Indeed, the only case that cannot arise is that of 
the patent invalidity the premisses are all true and the conclusion is false 
The tenuous relationship between the validity of an argument and the truth 
of the statements it contains is summarized m the following table 


PREMISSES CONCLUSION 


All true 
All true 

Some true, some false 
.Some true some false 
All false 
All false 


True 

False 

True 

False 

True 

False 


ARGUMENT 
Valid or invalid 
Invalid 

Valid or invalid 
Valid or invalid 
Valid or invalid 
Valid or invalid 


It will be noted that a valid argument may have premisses and cone us ons 
having any combination of truth-values except that excluded ‘’i' 
validity It should also be noted that invalid arguments (except patently 
invalid ones) may share all the combinations with valid ones » 
struct examples of invalid arguments to answer each line of the tab e All 
nno nperi do IS cboose two or more statements which are completely un- 
related but which are appropriately true or false Thus “ 

example of an invalid argument with a true and a false premiss and 

conclusion 


( 1 ) 1 + 1 = 2 

(2) The sun never shines in Rome 

(3) Hence all men are mortal 

r nioc are as vet. few in number, we must rely on our 

Since our logical pr P ,og,cai connection between (1). 

logical ,2) were true, (3) would not have to bo The 

reade"r cfn construct his own examples ot invalid arguments lor the other 

‘^Tirirrrult to construct 

we rnot‘7e.' .ra poslnrestabli'sh soien.ilically the validity o. these 
arguments 


CXAMI’LES oi valid argumlms 
a True premisses, true conclusion 


All Greeks are men 



2 


elementary logic 


All men are mortal 
Hence all Greeks are mortal 

b True and false premisses, true conclusion 

Both 2 and 3 are even numbers {false) 

Ifx IS an even number, so is jf + 2 [true) 

2 + 2 = 4 [true) 

Hence 4 is an even number [true) 
c True and false premisses, false conclusion 

Both 2 and 3 are even numbers [false) 

U X is an even number, so is x + 2 (true) 

3 + 2 = 5 

Hence 5 is an even number 
d False premisses, true conclusion 

Both 2 and 3 are even numbers {false) 

Hence 2 is an even number {true) 

e False premisses, false conclusion 

U silver were gold, then everyone vvould be rich {false) 

Silver IS gold 

So everyone will be rich (/ofxe) 

1 Sound arguments are valid arguments whose premisses are all true It 
* follows that every sound argument is valid However, not every valid argu- 
ment IS sound, because some valid arguments have one or more false 
premisses Since the conclusion of a valid argument must be true if its prem- 
isses are, the conclusion of a sound argument must be true This is why 
the best strategy is to offer sound arguments to demonstrate truths An un- 
sound argument is always open to at least one of the two criticisms its con- 
clusion might not follow logically from its premisses or one or more of its 
premisses might be false Of course, it jis not always possible to offer sound 
arguments When this happens, it is clearly much belter to offer a good 
inductive argument with true premisses than a valid deductive argument with 
false premisses 

Valid arguments which we know to be unsound or which we do not know 
to bo sound may still be useful Arguments of the former type may be used to 
demonstrate that a disputed statement is false Arguments of the latter type 
can bo used to reduce the question of the falsity of one statement to the 
question ot the falsity of another more easily falsified statement For ex- 
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ample, let us suppose that Brown erroneously believes that every positive 
even number is the sum of two positive even numbers Then we could 
demonstrate Brown’s error by arguing 

(1) Every positive even number is the sum of two positive even numbers 
(let us suppose) 

(2) 2 IS a positive even number 

(3) Hence 2 is the sum of two positive even numbers 

Since the argument is obviously valid-(2) is obviously true and (3) is ob- 
viously false -the falsity of (1 ) would become obvious to Brown Yet here we 
should have employed an argument which we knew to be unsound As an- 
other example, consider the case of the cancer researcher who suspects 
that cancer is not a virus but who reasons 


(4) Cancer IS a virus (let us suppose) 

(5) If cancer is a virus, then it is contagious 

(6) Therefore cancer is contagious 


Our researcher does not know whether cancer ,s a virus and so he does not 
know whether his argument is sound But since it is probably easier to show 
that cancer is not contagious (if this is true) than to not avirus. 

his reasoning could lead him to important avenues of research 
Questions of truth and falsity are usually not just questions of logic alone, 
r«r^rttaininn to th0 mor© spBCialized sciancas For this 
but rather ma ers p soundness than upon validity 

LlTdo noThirget about soundness when you apply logic An argument which 
IS used to establish the rnir/i of a statement is no better than its premisses 


0.8 nJlthematical. scientific, theological, and legal argu- 

The logician s ,,.^ 3 ,5 because ho is not concerned with the subject I 

ments with equal ease Th b .gasoning contained in it Because 

matter of an “^7are applied in every field, logic has a wider I 

the same ^ p^^er discipline and is presupposed by them 

range of ^PP'iaa''^ or falsity of the statern enminim mgij- 

all We have already ;;ri^hat the subject matter ol an 

hmit^l If logic IS not concerned with these aspects 
:;ratum:rrhrwhrdo« concern logicy Theansweris rfm rr.w^ 
of on argument 
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The easiest way to understand what the structure of an argument is and 
why It IS so important to logic is to consider some examples First, look at 
these three arguments 

All men are mortals 
Socrates is a man 
Hence Socrates is a mortal 

All logic books are boring books 
This IS a logic book 
Hence this is a boring book 

All Greeks are brave persons 

Plato IS a Greek 

Hence Plato is a brave person 

By now you should have recognized a common pattern in these arguments, 
and It should be easy for you to invent new ones of the same pattern, say, 

Ail elephants are mammals 
Oumbo IS an elephant 
Hence Dumbo is a mammal 

Moreover, it should be clear that these forms of arguments fit this pattern 

All are 

IS a 

Hence is a 

Each of these arguments is valid Moreover, any argument which satisfies 
the same form must also be valid its premisses cannot be true and its con- 
clusion false Let us consider some other valid arguments which fit another 
pattern 

If Jones promised to pay, then he must pay 
Jones promised to pay 
So Jones must pay 

If 1+ I = 2 then 2 -t- 2 = 4 
1+1 = 2 
So 2 + 2 = 4 

U the Devil exists, then evil exists 
The Devil exists 
So evil exists 

This time the pallern exhibiled is the following 
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If then 


So 

Again, it is obvious that an argument which fits this pattern must also be 
valid It should also be clear that in determining this we were able to disre- 
gard both the actual truth or falsity of any of the statements given and the 
subject matter treated in the examples 
What we have observed is completely general t/ic ^alid.i, of an argument 
depends upon its form alone Thus, to determine whether an argument is valid, 
we need only examine its form An important consequence of this is that we 
can characterize the class of valid arguments by delimiting the ' 0 ™= 
valid arguments Accordingly, a great portion of our studies will be devo ed 
to constructing and testing forms of arguments ,n order to determine 
whether they are forms of valid arguments 


0 9 revealing the forms of ARGUMENTS: SCHEMATA 
09 HtVEA argument would be useless il we did not have 

rzrr 

problem of stateme , ,3, jc/i< mu), which are used to diagram the 

devices called schemata (sing ^ statement in the way 

logical forms of a building A trained architect can draw a blue- 

that a blueprint is rela „ He can also look at an existing 

print and then q Logicians are similarly trained to con- 

building and obtain ® ^ ® ^ them and to reverse this process 

struct schemata and obta „,ll be one of the things you will 

and obtain schemata from statemems 

learn in this book 0 , binary sentences but they are composed ol 

Schemata look ® 33 ,his. logic today is frequenlly known as 
symbols instead mathemalical llavor But the beginner 

nmbohe logic, and " " symbols or the mathematical atmosphere ol 
should not be rioes not assume a malhemalical background on 

'the pad ^ the re"ad^ and beginning log.c is a lo. easier man college malhe- 


"’mmrms 0 . schemata, the assessment o. an argument for valid, ry reduces 
to three major steps 
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1 Find schemata which diagram the premisses and conclusion of the 
argument 

2 Use these to obtain the form of the argument 

3 Perform operations {to be specified tater) in order to ascertain whether 
the argument has a valid form 


0.10 IMPLICIT PREMISSES AND PARAPHRASES 

Many arguments encountered in practical file are not readily amenable to 
the techniques which we shall subsequently develop First, not all their 
premisses are explicitly stated Second, their statements may have to un- 
dergo some paraphrasing before they can be diagrammed by schemata Let 
us look mto the matter of imp/icir. or suppressed, premisses first 

Consider the argument 

(1) Tabby is a cat 

(2) So Tabby drinks milk 

If we were presented this in an ordinary nonacademic context, we could 
certainty accept it as convincing and correct But we have time to be critical 
now. and a little thought shows that the argument is not valid as it stands 
The premiss (1) could be true, and the conclusion (2) false Of course, it 
IS easy to make this argument valid by adding as a new premiss 

(3) All cats drink milk 

Ordinarily, it is completely unnecessary to add this premiss, as it is part of 
our background knowledge Premisses such as (3). which are left ‘ under- 
stood ’ but are necessary for an argument to be valid, are called implicit, or 
suppressed, premisses In practice, it is unnecessary to make them explicit, 
since anyone who understands the arguments they belong to will supply 
them m his head, so to speak Moreover, to avoid wordiness, the use of im- 
plicit premisses is a practical necessity A one-page proof in a mathematical 
lournal might run to ten or more pages it it were explicitly spelled out But 
there is no need to do this in practice, since the implicit premisses in this 
case are part of the background knowledge of mathematicians specializing 
in the field of the journal Yet, although implicit premisses are a boon in 
practical life, they can be a bane in applications in logic For the techniques 
in logic are applicable to the explicitly given forms of arguments, and this 
means that arguments which have suppressed premisses will not be counted 
as valid unless these premisses are explicitly supplied The solution to this 
problem seems simple enough before assessing an argument one must 
bo sure to supply all its implicit premisses 
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This solution only looks simple, however Let us suppose that we en- 
countered an argument in a book on, say, political theory We first take it 
as It stands and find that it is invalid Would it be fair to conclude that the 
authors reasoning is faulty’ Certainly not, if the argument becomes valid 
when we add another premiss which the author had obviously assumed 
implicitly This might be easy enough But what if it is not clear whether the 
author made any implicit assumptions’ Since he is probably not available 
for questioning, our task becomes very difficult All we can do is make an 
educated guess On the other hand, we might realize that the argument de- 
pends on suppressed premisses but supply the wrong one Thus our logical 
techniques have definite limitations when it comes to suppressed premisses 
We may fail to supply any at all or we may supply wrong ones Fortunately 
this cuts both ways Our author, himself, may have been unaware of his 
implicit assumptions, and these assumptions may be faulty Then it would 
be very proper to criticize him for using an argument whose validity de- 
pended upon dubious premisses He might even make a worse mistake he 
mght implicitly assume the very thing he ,s trying to prove Someone who 
commits this error is said to have begged the question To illustrate this let 
US consider the argument 

(4) All Marxists are Communists 

(5) Hence all Socialists are Communists 

This reasoning occurs from time to lime in the discussions and writings of 
inis reasoning . , ^lect to it They contend that an argument 

Conservatives, and Socialists ounn.. 
like this makes use of false implicit premisses, namely, 

(6) All Socialists are Marxists 

Socialists point out that Conservatives tacitly equate socialism, communism. 
Socialists point ou Moreover, since 

and Marxism, and almost the same, with the consequence that 

t 5 raTd"( 6 rare“n'^rrly equivalent. Socialists also object that this argument 
(5) and (6) are ,iy assuming what it is supposed to establish 

begs the ques lo y ^ mat the use ol implicit premisses may 

rTfnroblemrarise When statements are diagrammed by sche- 
entail JL ^ery exact and are like sentences in an artiticiat 

mate For schem ^nts are expressed in ordinary language which 

language, whim S^,l„y ol ordinary language, however, also permits 

IS very --oressed vaguely, ambiguously, or incompletely Thus 

statements to properly diagrammed by a schema it may be 

belore a mat it is expressed more fully and precisely 

necessary to parapn gm somppmes it is not obvious how a 

strernrshoulS be paraphrased, and a thorough logical an^,sis o. the 
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ttatement may be needed to determine ns proper form To lake an example, 
consider the simple argument 

(7) John married her before she became famous 

(8) Hence John married her 

It turns out that the form of this argument is best given by paraphrasing 
(7) and (8) as 

(9) There is a time at which John married her, and this time is before the 

time at which she became famous 

(10) Hence there is a time at which John married her 

Of course, now that the correct paraphrases have been presented, it is ob- 
vious that they are paraphrases of (7) and (8). but the real problem is that of 
finding the correct paraphrases 

When the language in which an argument is couched is complex, vague, 
or ambiguous, the problem of finding correct paraphrases is just as difficult 
as that ot spotting implicit premisses Instead of guessing at premisses, we 
shall have to guess at meanings And mistaken guesses will lead to mis- 
representations of an argument and. in turn, to incorrect evaluations of its 
validity or soundness A misinterpretation ot a premiss or the conclusion 
might cause us to assign an argument an invalid form when in fact it is valid, 
while a misinterpretation of a premiss might make us count it as false when 
in fact It IS true 

It Is essential to remember these problems connected with implicit prem 
isses and paraphrasing when you use logic as a critical instrument This 
IS the only way you will be able to give an author a fair hearing Errors are 
sfiH possible, but the fault does not lie m logic It is due to the nature of com- 
munication, since these errors are duo to failures in communication, and 
such failures are inevitable (although fortunately infrequent) These con- 
siderations also point up the rreed for the author of an argument to express 
himself as clearly as possible (unless he is trying to mislead his audience) 
Earlier it was stated that m this book mechanical tests and procedures 
will be developed tor evaluating arguments To be more accurate, these 
tests and procedures will apply directly only to schemata It may be useful 
to think of these methods as forming an imaginary logic computer which is 
like an ordinary computer except that it handles logical rather than arith- 
metical problems Just as the data for ordinary computers must be prepared 
and specially coded before the computer can handle them, so must the 
data lor our logic computer bo prepared and coded Supplying implicit 
premisses and diagramming the logical forms of statements are parts of 
t o data preparation stage of logic Schemata are • sentences ' m the code 
w ich the logic computer reads Moreover, data preparation for the logic 
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computer is liable to human errors, just as is data preparation for ordinary 
computers In both cases, these errors arise because imprecisely given data 
must be described in a very precise language 


EXERCISES FOR THE INTRODUCTION 

A Which of the following passages contain arguments? Jf a passage does contain 

an argument, specify the premisses and conclusion 

1 All crows are black Peeper is a crow Hence Peeper is black 

2 People may be divided into two categories those who are wide awake in the 
morning and those who cannot get going until about noon The former are 
usually terrible bores, it is the others who are usually interesting 

3 Taxes will probably be raised this year For the economy is going through an 
inflationary period and raising taxes will be an effective curb on inflation 

4 This money will be used to pay off my toan or to buy a new car If I use it to 
pay off my loan, I will not have enough left to buy a new boat, and if I use it 
to buy a new car, I will not be able to go to Europe So either ( will not bo ablo 
to buy a new boat or else 1 will not be able to go to Europe 

5 Substance is the ultimate stuff of which ail material things are composed It 
cannot be broken down into nonsubslances 

6 There must be simple substances For compound substances exist and a 
compound is only a collection of simpfes 

7 It will be assumed that there is an undefined relation which holds between 
certain ordered pairs of points If the relation holds between the pairs {4 B) 
and (CD), we shall write B ^ C D and read this as (A.B) is congruent 
to (C DY 

8 All dogs are furry animals, whife some dogs have short tails Consequently, 
some short-tailed animals are lurry 

9 Spaniels and beagles have long ears, while boxers and bulldogs have short 
tails Long-eared dogs have trouble with ticks, and this problem doubles if 
the dog also has long hair Many more beagles than spaniels are found In 
tick-infested areas 

10 If St Paul had a vision, there is a record of it in the New Testament Thus 
St Paul did have a vision For there is a record of one in the Now Testament 

11 Bentham and Mill both proposed that what is ultimately desirable is the 
qreatest good for the greatest number However, Bcninam made no distinc- 
tion between quaJifalively different pleasures and poms Mill tried to romody 
this in his theory of utilitarianism 

12 Every statement I have over made (including this one) is false Consequent// 
the last sentence I uilorod cannot express a slalomenL For every statement 
IS either true or false but not both true and false and the last senlenco ex- 
presses a true statement if and only if a expresses a false one 

When and only when two sots A and it havo tno same momOers. they are 
Identical In this case wo write A - ir 

14 When two sots have the same members, they are idcn'icai Sets « anti ii are 



20 


ELEMENTARY LOGIC 


not Identical Hence something must belong to one which does not belong 
to the other 

15 The tertiWy of southern soils has been depleted by growing cotton on the 
same land for many years on end The fertility of such soils can be increased 
by growing soybeans or clover on these lands and then plowing under the 
crop On the other hand, it is also possible to obtain a temporary increase in 
fertility by the use of chemical tertilizers As a result of this, many southern 
farmers spend a lot on fertilizers and plant some of their fields in soybeans 
or clover 

B Which of the following sentences can be used to make different statements'^ 

\ T:h>.s « an efnecgeocv case 

2 

3 Registration this year will be much simpler 

4 Every person in this room is a woman 

5 Every deductive argument is valid or not 

6 I hope to be a good logic student 

7 If some inductive arguments are valid, then this book is mistaken 

8 This car has been in an accident 

9 Every argument has a conclusion 

10 You have become a very beautiful woman 

C For each example below produce a patently invalid argument of the same form 

1 If 1 pay the price, 1 shall have a ticket 1 have a ticket Hence I paid the price 

2 Some women are blondes, and some are fat So some women are fat blondes 

3 All dogs are mammals Some mammals have tails Hence all dogs have tails 

4 W taxes were raised, teachers woutd be paid mere But taxes were not raised 
So teachers will not be paid more 

5 No fish are mammals No mammals are birds Therefore no birds are fish 
D True or false? 

t Every declarative sentence may be used to make at least one statement, but 
several sentences may be used to make the same statecnerrt 

2 Different argumerrts must be composed of different statements 

3 Art argument with a true conclusion must be valid 

4 A valid argument with a false premiss must have a true conclusion 

5 An argument with a false conclusion cannot be sound 

6 The premisses o( a valid argument with a lalse conclusion must all be false 

7 Schemata are true or lalse 

8 An argument can be known to bo valid allhough the truth of its conclusion is 
unknown 

9 An argument which uses implicit premisses is valid as it stands 

10 In paraphrasing an argument ,t Is possible to misrepresent ns authors 
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1.1 THE STATEMENT CONNECTIVES 

1.1.1 SIMPLE AND COMPOUND STATEMENTS 

A statement which contains one or more statements as parts ,s called a 
co,„po,md statement. The statemental parts of a compound statement are its 
component statements. A simple statement, on the other hand is mere^ one 
which IS not compound. Every statement is thus simple or compound. The 
difference between the two types of statement will now be illustrated by 
several examples 


Simple Statements: 

All cats are carnivorous. 

The big brown dog chases the pretty little rabbit 

2 + 2 = 7-4 - 6-4 

John IS married to Edith. 

There is no king of the United States. 

Componnd Statements: (The components are nnJerlincJ.) 

If It IS raining , then rt is cloud y. 

I think that Lee understands I pgia 

The class w ^dismissed because mere was a fire. 

irSiiSITu-S^eTiii^^then and only then thme oven. 

1 1 ,;!^ jj^iTalls you. v^l ipoo! 1!°H aj h°g5- 

3 bit of logic can bo developed by dealing with the structure of 
compound statements while ignoring the inner structure of simple state- 
ments. For example, consider this argument 

If Jon^ ESid the bill, then Itm bank gayo turn the car 

Jones paid the bJI. 
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So ^ bank gave him the car 

Its form can be brought out by replacing its simple statements by the letters 
y and y This produces 

If p, then q 
P 

So q 

Now, clearly, this argument is valid if both 'if p, then <?’ and p are true, then 
■q »iH 5 i be true Furthermore, any argument of the same form is also valid, 
which shows that the validity of at least this type of argument derives solely 
from the form of its compound statements Since the logic of compound 
statements is easier for the beginner than the other branches of logic, this 
IS where we shall begin However, because we shall treat only those com- 
pounds known as truth-functional compounds, this beginning portion of 
logic IS called trt<(/i/imc(ion theory 

Compound statements are buitl from simple ones by using other expres- 
sions to connect the simple statements We can think of these "connecting 
expressions" as being patterns of words and blanks, with the blanks to be 
filled by statements Let us call these connecting expressions statement 
con»«cnv^s Then we have 

A statement connective is a pattern of nords with one or more blanks, such 
that statements are produced from filling all the blanks by statements 

EXAMPLES 

because 

If then 

and 

1 think that 

It is false that 

The blanks of a statement connectwe may be tilled by any statement, simple 
or compound, and the same statement way be used to fill two or more blanks 

EXAMPLES 

I said It because I believed it 
If I said It, then 1 said it 

Al this poinl It IS useful to introduce the term imih-iahe into the discus- 
sion It IS used to reler to the truth or falsity of a statement in such a way that 
a luo statement has the truth-value me while a false one has the truth- 
value /.il.r Thus every statement has one and only one truth-value since 
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evGry statGment is either true or false but none is both true and false Even 
when we do not know whether a statement is true or false, we can still speak 
of Its truth-value, and thus avoid lengthier locutions For example, instead of 
saying 

These statements are both true or both false 


we can simply say 
These statements have the same truth-value 


and thereby save two words It will also be convenient to use T to stand lor 
the truth-value true and 'F' for the truth-value/o/rc 
The statement connectives which will concern us are all truth-functional 
statement connectives, that is, statement connectives which always produce 
compounds whose truth-values are completely determined by the truth- 
values of the components which fill their blanks We shall give a more precise 
characterization of the truth-functional statement connectives later For 
the moment it will be more useful to familiarize ourselves with some ex- 
amples of these statement connectives 

Because this book will deal with only truth-funclional statement con- 
nectives It will be convenient to use the shorter term rtutement couuame 
and add'the adjective truth func, tonal only when a confusion between truth- 
functional and non-truth-functional statement connectives might arise Let 
us now turn to some of the part, cufar statement connectives which weshall 

Study 


1 1 2 NEGATION 

The statement connectives 


It IS false that 

it IS not the case that — 

not 

nre used to form compounds which have the opposite truth-values of their 
rnmnonents Since these compounds deny or negate their components, they 
are called ueuauons of these components In ordinary language there are 
also simpler ways to deny a statement For example. 


(1) John IS a football star 

(2) Alt men love steak 
may bo negated by 
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(3) John js not a football star 

(4) Not all men love steak 

Of course, they are also negated by 

It is false that John is a football star 
It IS false that all men love steak 

but these are too cumbersome tor practical purposes Wthotis" the 
'not IS used in (3) and (4) to form negations of (1) and (2), simply using this 
word IS not always sullicierit to negate a slatemertt For eicample, suppose 
that someone asserted 

(5) Some men are bald 

To deny this it would not suffice to reply 

(6) Some men are not bald 

because the two statements need not have opposite truth-values (In fact, 
both are true ) A way to deny (5) is to assert 

(7) There are no bald men 

Of something similar Unlike (5) and (6), (5) and (7) do have opposite truth- 
value (one IS true, the other false), but m addition, even if they had other 
truth-values, these values would be opposite In general, a statement and 
Its negation must have opposite truth-values It is not just a matter of actually 
having opposite truth-values It is a matter of ha\tng to ha\e opposite truth- 
values. whatever these may be This point can be illustrated with a nonsense 
example Consider 

(6) All boglies are woglies 
(9) All boglies are not woglies 
(tO) Not all boglies are woglies 

Since these are nonsense examples, they are not genuine statements and 
do not have truth-values But let us assume that they do The essential thing 
is that wo do not know what these truth-values are We do know, however, 
that (8) and (tO) must have opposite truth-values Whatever boglies are. it 
cannot bo that all are woglies and not all are woglies One of these two (pre- 
tend) statements must be true and the other false By contrast, (8) and (9) 
need not have opposite truth-values They could both be false, for instance. 
Since some boglies might be woglies while others might not 
Although a statement and its negation must have opposite truth-values, 
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we shall not call every pair of statements which are so related a statement 
and Its negation Instead, it will be useful to introduce the term coninultc- 
tones for such pairs In other words. 

Two statements are contradictories if and only if they must ha\e opposite 
truth \ allies 

It will turn out that only one of the contradictories of a statement will be its 
negation For example, if we start with 


(11) John IS a man 
and negate it to get 


(12) John IS not a man 

and then negate this, obtaining 

(13) It IS not the case that John is not a man 

we arrive at a statement which must have the same truth-value as (1 1 ) Hence 
Its negation, 

(14) It IS false that it is not the case that John is not a man 

must have a truth-value opposite to that of (11) So (11) and (14) are contra- 
Ttorms However, we shall not call (14) the negation ol (11), but rather the 
dictories HO example illustrates that 

rt.eme:ran;:trdLbl negatfon must have the same truth-value ) Or to 
take a less contrived example. 

(15) There are no brown cows 


negates 

(16) Some cows are brown 

but It happens that (16) and 


(17) All cows are not brown 

u ^non^ite truth-values, and so are conlradictoncs Despite this. 

M 7 I ^fnot count as a negation ol (16) Finally, although -John is not a man 
(17) will not ^ negation ol the lormcr 

Mom generally. "«• Fn-J-rr r4r 

blanks of one of 


(18) 


It IS false that 


It IS not the case that . 


(lb) 

we shall also count variants such as 'John ,s not a man' or Ho D.oxn co« 
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exist as negations of ‘John is a man’ and 'Some cows are brown', respec- 
tively. because there are the same statements as those obtained from the 
statement connectives of (18) Unfortunately, this raises the question of when 
two statements are the same, to which there is no satisfactory answer 
In logic these problems are avoided by introducing a special symbol, the 
dash (or negation It is stipulated that writing ' in front of a statement 
produces a new statement which is the negation of the first That is, S is a 
statement, —S is the negation ofS In fact, — is a statement connec- 

tive which produces a statement with a truth-value opposite to that of the 

one filling its blank (You may read ’ as not ) k 

given statement S has one of two truth values, true (7) or false (F) If 5 is 
true, then —5 is false, while if 5 is false, then —5 is true These facts are sum- 
marized in the following table, called the truth table for negation 


TRUTH TABLE FOR NEGATION 
5 -5 


The new statement connective can be readily used to form negations of 
statements The negations of. tor example, 

John s cow needs milking 
The sun shone brightly 
1 + 1=2 

U I + I = 2, then 6+2 — 8 
are simply 


-(John s cow needs rnilkin^\ 
-(The sun shone brightly) 

-(1 + 1=2) 

-(II 1 + 1=2, then 6+2 = 8) 


(Parenlhesos have been used here lor clanty ) 

onnTrom oM' For « “T 

le, crs ° and I ” stalenrenls by the 

sJ:. bts^aj;; .n^lhl-nrau:;"" “ 
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1 1 3 CONJUNCTION 

Someone who wants to assert two statements, say, 

(1) The golden mountain does not exist 

(2) Beef bulls are less dangerous than dairy bulls 

may assert these statements separately, or he may conjont them and assert 
a single statement to the same effect Such a statement is called a conjunc- 
tion of the two statements In English the statement connective ‘ 

and ' IS commonly used for forming conjunctions A conjunction 

of (1) and (2) is thus 

(S) The golden mountain does not exist and beef bulls are less dangerous 
than dairy bulls 

Since the assertion of a conjunction of two statements has the same effect 
as the assertion of each separately, a conjunction is true if and onlj if both its 
components are true Consequently, a conjunction is false if one or both its 
components are false 

In logic a special symbol, the dot. ' is used for conjunction, so that writ- 
ing a dot between two statements yields their conjunction (You may read 

• . as ‘ and ' ) If S and ti' are 

two statements, then S It' and It' • S are conjunctions of them Moreover, 
since a conjunction is true just m case all its components are true, conjunc- 
tion has the following truth table 


truth table for conjunction 

5 rr s 


T T T 

T F f 

FT F 

h F F 


Notice that the four possibilities~both irue, S true, 11' /also 5 false. N' true 
both false— are represented here, and only in the first case is thoconjunchon 
true Notice, also, that the conjunction IP • is true under the same condi- 
tions that i> • If' that is, when both 5 and if' are true This means that 
S • if' and IP S always have the same truth-value The components S and 
IP are called conjumis of the conjunction Thus we have just seen that the 
order of the canutncis is immatenai to tha trutti-ialuo at tfte coniunevon 
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A more mathematical way of expressing this is to say 


that con}unclion ts 


EXAMPLES 


The truth-value of each coniunction follows it Check 
by means of the truth table 


this value 


a (1 + 1=2) (6 + 2 = 8) 

b -( 1+1 = 2 ) ( 6+2 = 8 ) 

c (The Earth is a planet) (Lincoln was the first U S President) 
d -(The Earth IS a planet) (1 + 1 = 2) 


T 

F 

F 

F 


1 1 4 DISJUNCTION 

On many occasions we are unwilling to commit ourselves to the truth o 
either ol two statements, although wo are confident that at least one of them 
IS true For example, suppose that, after examining a patient, a physician 
concludes that the symptoms indicate a severe intestinal virus or an ap- 
pendicitis. although not clearly deciding between the two Then he would 
be unwilling to assert either of 

(1) The patient has a severe intestinal virus 

(2) The patient has an appendicitis 

So instead he might disjoin the two statements and assert their disjunction 

(3) The patient has a severe intestinal virus or he has an appendicitis 

This statement is true if at least one ol (1) or (2) is true (So the physician 
would protect himself ) More generally, when two statements are com 
pounded by the statement connective or the dis- 

junction of the two statements is formed The statements compounded are 
called the Jisjimcis of the disjunction 

There are two types of disjunction When the person asserting a disjunc- 
tion intends to exclude the possibility that both disjuncts are true, then the 
disjunction is an exc/»siie disjunction The disjoining word ‘or is used in its 

exclusive sense here, that is, to mean ’either - or but 

not both A shopkeeper, for example, might use this sense of ‘or when 
offering one free sample from a group One is yours for free-the plate or 
the bowl The word 'or' also has a nonexdusn e sense, the sense of the legal 

word and/or and of 'either — or and possibly both’, 

which is used to form nonexclutne disjuncuons For example, a marriage- 
license clerk with a poor memory, when asked why the consent of a parent 
was not on an application, might reply 

The applicant is over 2i or a female over 1 8 
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By using 'or' nonexclusively, our clerk would avoid the embarrassment of 
having the applicaht turn out to be both over 21 and a female 
Ah exclusive disjunction is true ,f and only if exactly one of its disjuncts is 
true, while a nohexclusive disjunction is true if and only if one or both dis- 
luncts are true In logic the wedge symbol 'V is used for nonejclusnc dis- 
lunctions, while a circled wedge ■& may be used for excl usive disjunc tioh. 

^ ■ as • exclusive-or ' ) Thus 

the two truth tables lor these statement connectives are as follows- 


TRUTH 


TABLE FOR NONEXCLUSIVE DISJUNCTION 

V IV S V Ik 

T T T 

T F T 

FT T 
F F F 


truth table for pCLU|VE DISJUNCTION 


r 

F 

T 


F 

T 

T 


1 differ only m the first row. 

Notice that the I"® that when the two disjuncts in a disjunction (ex- 
it IS common to m'" both be true, as in 'win or lose', 'boy 

pressed in ordinary lang g . then the disjunction 

or girl', 'vegetable ™ ,he,e is no dilference m truth-value bo- 

must be exclusive '■ ,hey could differ in Iruth-valuo 

tween the two _ ^o true, but this case has boon excluded by 

would be lor both disj difference whether the disjunction is taken 

hypothesis It not but there is little ground lor making either 

as exclusive or as "o logical notation is used, then the typo of 

interpretation. (Of cou . consideration, there is 

disjunction is . between the two ) There is also a presumption 

no difference in r context of an utterance explicitly indicates othor- 

in English that, un o nonexclusive sense For this reason, it will 

wise, the word or disjunctions with incompatible disiuncls as 

be convenient to imein 

nonexclusive. ,5 jiso iho primary disjunction of mathematics 

Nonexclusive disjuncnu 
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In addition exclusive disiunctions can always be reexpr^sed in terms of 

na^bercen,unct,on,andnanexdus,ved,s,uno..on,forS®.Vbastbesam^^^ 

truth-value as (S V W) ■ ~(S tV), that is, S or IK and not both ^ and If' For 
these reasons little attention will be paid to exclusive diS|unctlon and the 
circled wedge Henceforth, in tins hook the nord ■disjiiiiclioii’ Kill mean non- 
Mcfiisiie disjiiilclion' and Ihe nord or’ should be interpreted noneiclimi ely , 
unless, of course, these words are accompanied by an explicit waiver ot 
this rule 


EXAMPLES 


a + 1 «2) V (2+3 = 6) T 

b (4 + 2“ 1) V (2+3 = 6) F 

c -HI + 3 = 6) V The Sun is a star T 
d (7 + 2«l0) V-<2+3 = 6> T 


115 THE CONDITIONAL 

Ci>nt/ino«a/s are if-then statements such as 

1! Jones fed the meter, then he did not receive a ticket 
If It was hot yesterday, then the beaches were crowded 
If Rosie loved John, she would let him know it 

The if clause is called the tinfecerfcnr of the conditional, while the then’ 
clause IS called the consequent The compound ot the two clauses is the con- 
ditional between the antecedent and the consequent We shall use the horse- 
shoe symbol ‘Z5' to express lYie truth funcuonal condutonal (Read ‘ 

D 3 s if then ) (There are other types 

of conditionals, which will be discussed shortly) 

If a conditional has a true antecedent and a false consequent, then it must 
be false For a conditional states that it one thing holds, then so does some- 
thing else But in the case under consideration, the first thing does hold 
while the other does not More concretely, if James loves Mary but Mary does 
not love James, then the conditional 

If James loves Mary, then Mary loves James 

IS false Thus the conditional S D IF is false if S is true and fF is false 
\men IS 5 D IF true? Ordinary usage does not guide us very well here 
I the antecedent of the conditional is Anon /t to be false, then the whole con- 
d.iionat often loses its point, and the question of its truth-value drops In 
this respect, conditionals in ordinary language are like conditional bets. 
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such as If It rams, then I bet that Holly s Folly will not win If the condition 
of the bet-it is raining-is not satisfied, then the bet lapses Similarly, it 
seems somewhat pointless to ask about the truth-value of, say, 

(1) If the Earth is not a planet, then the Moon is not a star 

because we know that its antecedent is false Besides, it is often impossible 
to do anything but arbitrarily assign a truth-value to such conditionals Is 
(1) true or false’ Either answer seems equally disconcerting The reason lor 
this behavior of conditionals with false antecedents is that, 
not affirm a conditional unless we feel that there is some connection between 
the antecedent and the consequent And then the reason for affirming the 
conditional usually is that we do not know the truth-value of either the ante- 
cedemor the conLquent, but believe that if the antecedent is true, hen so 
IS the consequent A physician, for instance, would sound pretty silly if he 

said 

If the child s temperature is not normal, then he has measles 
having already stated that the child had measles 
We have introduced 


, connective As such, the truth-value of any 

as a ,||,ng qs blanks with statements must bo determined 

compound forrned by lilh Accordingly, we shall that 

by the , , „|5 vvith false antecedents are true Thus S O IF is 

truth fmcuoml ,™,h-value of IF is This is quite a depar- 

true If S IS false no ^ „ ,33^3 □ ^uch simpler logical theory 

tore Irom otdimry 9 9 ^'^ so long as we remember that the 

No harm can come ox,„,3„on to the conditionals of ordinary 

horseshoe is at oesi an a^p 

language mo case in which both anioccdent and conso- 

We still have t consider bizarre examples in which 

quent are hue bo ^ 9 ^3^3 „„ 3pp3,30, connection, then ordinary 

the conditionals with true antecedents and consequents 

usage tends >“ «“^„3p3|3,e on this and stipulate that a truth lunctionai 
as true W antccedenl and a Iruo consequcnl is iruo 

conditional w summarized by presenting the truth laolo lor 

me^ndmonal Vrem now on we can drop the ad,ec„ve truth luncton 

al ) 
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TRUTH TABLE FOR THE CONDITIONAL 
T IT SO V 
T r T 

T F F 

FT T 
F F T 


Notice thet there is only ohe case when 5 3 IT ,s false, that is, when S is true 
and IT IS false Also notice that 5 3 IT is true when IT is true regardless of 
S, and It IS also true when 5 is false regardless of IV 


a (J + l»2)0(l + l = 2) 

b -(6 + 2 = 8) The United States is In North America 
c C4+8-5) D (6 + 8 = 6) 
d (4 + 4 = 8)3(6+6=11) 


T 

T 

T 

F 


116 THE BICONDITIONAL 

Our final statement connective is the biconditional This is a two-way con- 
ditional and IS used to form ‘ if and only if ‘ statements such as 

This student will pass if and only if his performance on the final examination 
IS satisfactory 

There are various types of biconditionals, just as there are various types of 
conditionals, but this section concerns the truth-functional biconditional 
The triple-bar symbol is used for this statement connective (Read 

^ ‘ as ‘ if and only if ) Since 

S “ IF IS a two-way conditional, asserting It amounts to asserting (S D W) 
(IF D 5). that is. the conjunction of two conditionals Consequently, we 
can stipulate that 5 » jk is to behave just as this conjunction does, and this 
will fully determine the truth-value of S ^ IF 
Let us see how this comes out If both S and IF are true, then both 5 3 IF 
and IF 3 S are true, so their conjunction is true Thus 5 « IF is true if both 
Its components are If both 5 and IF are false, then 5 3 IF and IF 3 S are 
again both true, so S » IF 15 true On the other hand, if one of 5 and IF is 
true and the olher is false, then either S 3 IF or IF 3 S is false, so S ^ JF 
is false Thus we have the following truth table for the (truth-functional) 
biconditional 
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TRUTH TABLE FOR THE BICONDITIONAL 
5 W 5 = IK 

T T T 

T F F 

ft F 
F F T 


Notice that this shows that a biconditional ,s true ,ust in case its components 
have the same truth-value 

EXAMPLES 

a (1 + 1 = 2) -(1 + 2=3) T 

b (4 + 3 = 7) -(7 + 5=11) F 

0 (4+3 = 7) -(4 + 3 = 7) T 

d (4 + 8= 13)- (4 + 8= 12) F 


1 1 7 PA'’^NJHESES 

Parentheses, o, our statement connectives is used in 

that may arise when more than on ^„,atinn 

the same statement )«ithout additional punctuation, 

, „ M Up will Visit us 3 We Shall visit him 

(1) John will call us V He will visii u 

Cor It does not clearly mean eilher that we shall 
IS hopelessly ^ ‘ , 03 , John will call us or else we shall visit 

r dt ''TZ .he Ubipuny . easny cleared up by paron.heses 

,2, (John will call us V He will visit us, 3 we Shall visit him 
,3, JohnwillcallusV,Hewillv,s,.us3Weshallv,s,.him, 

j •» , tn mpnnina but they will also differ in truth- 
Not only do (2) and (3) di ® | Oim nor ho visits us Then (3) is 

value il John calls us and neither wo vs 

‘ 7 his"problemM"n" con, mod .0 the use o, two dillcrent statement con- 
nectives either For 

(4) I love her D She loves me 3 The world .s happy 

H . movoher ihenthoworld.shappylsholovcsrro or 

could mean eilher that if I ,5 The CiUcrence 

else that if she loves me .1 1 love nc . 

IS then between 
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TRUTH TABLE FOR 
5 tv 
T T 
T F 
F T 
F F 


THE CONDITIONAL 
5 J 
T 
F 
T 
T 


Notice that there is only one case when 5 D If is false, that is, when 5 is true 
and W IS false Also notice that S D If is true when W is true regardless of 
S, and it IS also true when 5 is false regardless of If 

EXAMPLES 

a 11 + 1=2)0(1 + 1=2) T 

t, ~(6 + 2 = 8) 3 The United States is in North America T 
c t4 + 8 = 5)Dl6 + S = 6) T 

d (4 + 4=8) D (6+6= U) F 


116 THE BICONOITIONAL 

Our final statement connective is the biconditional This is a two way con- 
ditional and IS used to form if and only if ' statements such as 

This student will pass if and only it his perlormance on the final examination 
is satisfactory 

There are various types of biconditionals. |ust as there are various types of 
conditionals, but this section concerns the truth-functional biconditionaL 
The tnple-bar symbol '=' is used for this statement connective (Read 

s ' as ' if and only if ’ ) Since 

5 If IS a two-way conditional, asserting a amounts to asserting (S D If) 
(If O S), that IS, the conjunction of two conditionals Consequently, we 
can stipulate that 5 sa ip (s to behave just as this conjunction does, and this 
will tally determine the truth-value of S ^ If 
Let us see how this comes out if both 5 and If are true, then both 5 3 If 
and If 3 S are true, so their conjunction is true Thus S s If is true if both 
Its components are If both S and If are false, then 5 3 If and If 3 5 are 
again both true, so 5 « If is true On the other hand, if one of S and If is 
tfuo and the other is false, then either S 3 If or If 3 5 is false, so 5 = If 
IS lalso Thus we have the following truth table for the (truth-functional) 
biconditional 
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TRUTH TABLE FOR THE BICONDITIONAL 
S IV s - w 

T T T 

T F F 

FT F 
F F T 


Motice that thts shows that a biconditional is true just in case its components 
have the same truth-value 

EXAMPLES 

a (1 + 1 = 2) a(i + 2 = 3) T 

b (4 + 3 = 7) 3(7+5=11) F 

c (4+3 = 7) a (4 + 3 = 7) T 

d (4+8=13)3(4+8=12) F 


1 1 7 PARENTHESES 

Parentheses, brackets, or like devices are needed to preclude the ambiguities 
that may arise when more than one of our statement connectives is used m 
the same statement Without additional punctuation, 

(1) John will call us V He will visit us D We shall visit him 

IS hopelessly ambiguous For it does not clearly mean either that we shall 
visit John if he visits or calls or that John will call us or else we shall visit 
him if he visits us But the ambiguity is easily cleared up by parentheses 

(2) (John will call us V He will visit us) D We shall visit him 

(3) John Will call us V (He will visit us D We shall visit him) 

Not only do (2) and (3) differ in meaning but they will also differ in truth- 
value if John calls us and neither we visit him nor he visits us Then (3) is 
true, while (2) is false 

This problem is not confined to the use of two different statement con- 
nectives either For 

(4) I love her D She loves me D The world is happy 

could mean either that if I love her, then the world is happy if she loves me or 
else that if she loves me if I love her. then the world is happy The difference 
IS then between 
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(5) 1 love her D (She loves me D The world ts happy) 

(6) (I love her 3 She loves me) 3 The world is happy 

If 1 do not love her. she loves me and the world is not happy, then (5) is true 
while (6) IS false 

It IS easy enough to avoid these problems by using parentheses and brack- 
ets when constructing compounds Naturally, a complicated compound will 
be rather densely populated with parentheses, and this does not make for 
easy reading Shortly, we shall take measures to avoid this pressure For the 
time being, let us stipulate that negation is to have the shortest scope that 
parentheses and grammar allow This means that 

(7) -(1+1=2) (6 + 6= 12) 

IS to be taken as 

( 8 ) [-(1 + 1 = 2 ) (6 + 6 = 12 )] 
and not as 

(S) -tU+(=l) (6+6=U)^ 

Thus (7) IS a conjunction with a negation as a conjunct while (9) is the nega- 
tion of a conjunction Similarly, 

(10) -il + I = 2) 3 (6 + 3= 10) 

IS a conditional with a negation as antecedent To obtain the negation of a 
conditional, we must use punctuation to lengthen the scope of negation, 
namely, 

(11) -t(l + ! =2) 3 (6+3= 10)1 


EXERCISES FOR SECS. 1.1.1 TO 1.1.7 

A For each of the following groups of three statements identify the two which are 
contradictories 

1 a. All cals are mammals 
b No cats are mammals 

c Some cats are not mammals 

2 a. Some cattle produce milk 

b Some cattle do not produce milk 
c All cattle produce milk 

3 a Jones is at home and Smith is at work 

b Jones is not at home or Smith is not at work 
c Jones *$ not at homo and Smith is at work. 
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4 a It IS raining or it is snowing 

b It IS not raining or it is not snowing 
0 It IS not raining and it is not snowing 

5 a No men are bald 

b Not all men are bald 
c All men are bald 
Give the truth-values of the following 
1 -( 7 + 1 = 12 ) 

(7 + 5=12) (1 + 1=2) 

(7 + j= 12) V (5+6= 13) 

(7 + 5= 12) D (6 + 6- 12) 

(7 + 5 = 12 ) 3 ( 6 + 6 - 10 ) 

(6+6= 12) » (6+6- 13) 

(6+6= 12) ■ (6+7= 13) 

(6 + 6 = 14 ) 3 ( 6 + 6 = 12 ) 

(1 + I = 3) V (6 + 5= 13) 

(7 + 5=12) (6-6=13) 

(7 + 5= 14) « (6+ 6 = 13) 

_(7 + 2=9) V (6 + 6= 12) 

/7 4- *» sa 9) D —(1 + I “ 2) 

J(7+'2 = 9) (6 + 6=13))3(5+5=I2) 

1= -((6+6= ambiguous insert parentheses in each in two 

The sentences lalse statement and a true statement from the 

ditferent ways so as o ,3 

sentence Indicate wh VVashington is the lirst lady This is the 

1 Washington is „ 0,0 laOy is followed by a dot and not a 

nineteenth century {Note The wo 

period ) , , ,1 s President V Lincoln was assassinated Grant 

2 Washington was the h ^ The word assassinated is followed by 

was the second u u 

a dot and not a perio > Confederacy 3 Jefferson Davis was 

^ ''''ePre°Ji'dentofTe Confederacy 3 Grant was a Confederate general 

4 (6+6= a a "Honolulu IS in Hawaii 3 Honolum is in Hawaii (Num 

= r word ' J^pan IS followed by a dot. and not a period ) 

1 8 TRUTH-FUNCyONAL STATEM^^^^ ,,P,h.tunctionaJ 

The logical “.j^ans the truth-values of ovary compound formed 

itatement ® ’ .| ’,eiy determined by the truth-values of the state- 
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10 

11 
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14 
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acleri 2 alion more exact by avoiding the phrase completely determined by’ 
and putting the matter as follows 

A itaunum coniiecinc is truth-functional if and only if the miih-vahic of 
eicry compound formed by filhns ils blanks remains imchaliged under all 
allcralians of the blank-fillins components which preserve the tnith-v allies 
of these components 

Thus ' - V — truth-functional since any compound 

5 V It' will retain its truth-value under all changes of 5 and W so long as 
the statements replacing 5 (respectively. It') have the same truth-value as 
S (respectively, VV) In a similar way it can also be seen that the other logical 
statement connectives are truth-functional 
Any compound built from given statements and truth-functional statement 
connectives will be said to be a truih functional compound of these statements 
Thus the compound statement 

(1) (l-H = 21D((6+6=10)V(l+ 1 = 2» 

IS a truth-functional compound of 1 + 1*2’ and '6 + 6 * 10’ On the other 
hand, the compound 

(2) (6+1*7) (Sea water corrodes silver because sea water contains 
salt) 

while a truth-functional compound of ’6 + I *7’ and 'Sea water corrodes 
silver because sea water contains salt is not a truth functional compound of 
6+ 1 = 7' and Sea water corrodes silver', and Sea water contains salt' 

This IS because the statement connective ' because ’ 

must toe used to build (2) from the latter three statements, and it is not truth- 
functional As the example illustrates, one compound may be a truth- 
tunctional compound of one set of components from which it can be built, 
but not of a set of simpler components 

We have asserted that ‘ because • is not truth- 

functional Let us see why this is so To this it is necessary to consider some 
compound formed from it. say. 

(3) Sea water corrodes silver because sea water contains salt 

This compound and both its components are true So if the connective is 
trulh-tuacUoaal. any replacement of these components by other true state- 
ments will produce another true compound But this is not so. for consider 
Iho compound 

(4| Soa wafer contains salt because sea water corrodes silver 

wftich results trom interchanging the components at (3) Its components are 
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both true, but it is false This replacement technique may be used to show 
that other statement connectives are not truth-functional The reader should 

try It on the connectives ‘given that. it is probable that.^ ’ 

and ‘it IS mathematically true that— ‘ 

It must always be possible to construct a truth table for a truth-functional 
statement connective For the truth-value of every compound formed from 
the connective is always determined by the values of the components filling 
the connectives blanks, and a truth table simply describes the relationship 
between the truth-values of the components and that of the compound In- 
deed. a statement connective is truth functional if and only if it is possible 
to specify a truth table for it 

In having truth tables truth-functional statement connectives contrast 
markedly with non-trulh-functional ones, and even with their counterparts 
in English But there are other ways in which the logical connectives differ 
from their English counterparts that bear mentioning Relevance is a major 
area of difference In English we do not ordinarily compound two statements 
unless we feel that there is some relevance between them In English we do 
not usually say 

(1) I + 1 = 2 or there is life on Mars 

(2) If 1 -h 1 =» 3, then some cats eat beef 

and so the question of the truth-values of such statements does not arise 
By contrast, the statements 

(3) (1 + I = 2) V (There is life on Mars) 

(4) (I + 1 = 3) 3 (Some cats eat beef) 

do have truth-values (both are true) even though there seems to he no rele- 
vance between their components But this is simply a consequence of the 
truth-functional nature of V and ‘D‘. relevance (real or sensed) has no 
effect upon the truth-value of a truth-functional compound 
There are examples of so-called differences between logical statements 
and the English counterparts, however, which vanish when the component 
statements in the examples are fully stated Take, for instance. 

(5) Mary was married and Mary had a baby 

(6) Mary had a baby and Mary was marned 

which seem to show that and is not commutative, although a conjunction 
IS By indicating the time, however, at which Mary was married and had her 
baby, commutativity can be restored 

(S') Mary was married in 1963. and Mary had a baby in 1965 
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(6'J Mary had a baby in 1965, and Mary was married in 1963 

Turning to the conditional, however, a marked difference between condn 
tionals of ordinary language and our logical conditional arises which restate- 
ment will not eliminate Consider, for example, these conditionals 

(7) If Paul had been a Roman, he would not have been a saint 

(8) If Paul had been a Roman, he would have been a pagan 

(9) If Paul had been a Roman, he would have been a saint 

Since St Paul was not a Roman, the antecedents of each of these condi- 
tionals IS false Thus, if they are interpreted as truth-functional, each con- 
ditional IS true But it seems quite obvious that some of these are not true 
In particular, (7) and (9) could not both be true Thus we must conclude that 
these conditionals are not truth-functional In fact, they are what are known 
as coHJiiei/nchiflf coiiJuioiia/s Anyone who affirms a counterfactual is con- 
vinced that the antecedent is false— contrary to the facts— but still wants to 
tell us what things would have been like if the facts were different (This is 
why these conditionals are often phrased in the subjunctive mood } Counter- 
factuals are not only used for speculating about alterations of the past, they 
are also used for speculating about events which one thinks will never 
happen, tor example 

(10) II 1 jumped off the Empire State Building, I should be killed 

(11) if 1 jumped off the Empire Stale Building, 1 should fly to the moon 

(12) If this S1Q0 bill were set on fire, it would be destroyed 

(13) If this SlOO bill were set on fire, it would change into two $100 bills 

Of course, (10) and (12) are true while (11) and (13) are false-at least this is 
what ordinary usage prescribes On the other hand, a truth-functional inter- 
pretation of these statements would count all of them as true, since their 
antecedents are false and a truth-functional conditional with a false ante- 
cedent IS true 

Counterfactuals also appear to have an important role in science To say, 
for example, that something is soluble m water is to say that i/it were placed 
in water, then it would dissolve Every lump of sugar is soluble in water, but 
not every lump of sugar will be placed in water. Thus, certainly, some state- 
ments about the solubility of certain lumps of sugar are tantamount to coun- 
terlaciual conditionals about these lumps Many other dtspostuon terms 
(-»/»/<- Of -able terms) are important In science (malleable, irritable, fission- 
able etc ). and so philosophers of science are concerned about the proper 
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analysis of counterfactuals UnfortunateJy, no easy treatment of them is 
known, and the issues are too complex to be studied here 
Despite Its inability to handle counterfactuals, the truth'functional condi- 
tional can be used quite successfully in treating problems in deductive logic 
This will become evident as the book develops 


1 1 9 COMPUTING TRUTH-VALUES 

Let us suppose that we start with one or more statements whose truth- 
values are known to us and compound them truth-functionally Then, of 
course, the truth-values of the compounds can be computed from the truth 
tables given before Thus we may assume that the truth-values of the com- 
pounds are known to us, too Consequently, if we also truth-functionally 
compound these compounds, the truth-values of the new compounds can 
be computed, too For example, if we start with 

( 1 ) \ + \ = 2 

(2) 1 + 3 = 5 
then we can form, say, 

(3) (1 + 1 =2) V (] +2 = 5) 

(4) -(1 + 1=2) 

We can next form, say, 

(5) -f(] + 1 =2) V (I +3 = 5)J 

(6) -(1 + 1 = 2) 2) I + 1 = 2 

and since (3) is true and (4) is false, we know that (5) is false and (6) is true 
Clearly, any number of iterations of this procedure will yield compounds 
whose truth-values can be computed from the truth-values of our initial state- 
ments and the truth tables for our statement connectives More generally. 
any compound bmlt from a gixen group ofinittal statements and our logical state- 
ment connectnes \\iUbe a truth-function of these imtiat statements, (f the truth- 
values of the initial statements are known, then the truth-value of the com- 
pound may be computed by means of the truth tables 
In carrying out these computations it is best to start with the simplest 
compounds contained in a complex compound statement and work up from 
these For example, let A and B be true statements, and A’ and Y false ones 
Then, in order to compute the truth-value of 

1{X - r) V i~X • A}] D ~B 
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first obtain the truth-values of 


-X r 

-B f 

X « r T 

and then of 

-x-A r 

and next of 

(X s y) V {~X • A) T 


and then, finally, of 

[U s V) V (-^ -yl)] D -B F 


1 \ to TRUTH-FUNCTIONAL SCHEMATA 

Schemata, you will recall, are diagrams of the logical forms of statements 
A special type of schema, truth-functional schemata (TFS, for short), will be 
used to diagram the truth-functional forms of statements As a starting point, 
simple statements (or any statement which we wish to treat as simple) will 
be represented by the letters 'g'. These are called staieiiient 

fellers, and they are the simplest kind of TFS Since we may want to repre- 
sent more than four different simple statements at the same time, the same 
letters with numerical subscripts attached to them will also count as state- 
ment letters Thus we are assured ot an inexhaustible supply of statement 
letters, namely, 

P.<l.r.s.p^,q,,s,p.,il,.r,.Sj. 

Consider the simple statement 

(1) Boston IS north of Washington 

It wo represent it by 'p‘. then its negation 

(2) -(Boston IS north of Washington) 

can bo represented by ‘—p' or ‘p’ Next let us represent 

(3) St Louis IS west of New York 

by g Then the conjunction of (1) and (3) can be represented by ‘p • g', the 
disjunction between them by 'p V g\ the conditional by 'p O g', and the 
biconditional by > « </' Notice that the conditional heiwcm (3) and (1) is 
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now represented by 'q D p' Because these diagrams reflect the mode of 
statement composition used in building these statements, this method can 
clearly be extended to more complex statements For example, 

(-(Boston IS north of Washington) v St Louis is west of New York) D 
St Louis IS west of New York 


IS diagrammed by 'ip V ty) D q' As these examples illustrate, TFS look ex- 
actly like truth-functionally compounded statements except that the places 
occupied by simple statements are now occupied by statement fetters 
Nonetheless, neither statement fetters nor the compounds built from them 
are statements They are diagrams of statements, they do not state anything, 
they are neither true nor false They give rise to statements when their state- 
ment letters are replaced by statements, but these statements must not be 
confused with schemata It is essential to keep the difference between 
schemata and statements clearly in mind, otherwise many of the subsequent 
developments will remain unclear and confusing 
Now we shall present precise rules for constructing TFS To begin with, 
any statement letter counts as a TFS These are building blocks for forming 
further TFS If we take a statement letter and put a ’ in front of it (or over it), 
we get a new TFS More generally, prefixing a ’ to any TFS yields another 
TFS Thus p', p', 'p', and 'p' are allTFS Reflecting our other modes of state- 
ment composition, we may also build TFS fay taking two (not necessarily dif- 
ferent) TFS and placing ‘ 'V. ‘D’, = between them and enclosing the resuli 

in parentheses (These parentheses are necessary to avoid ambiguities How- 
ever, as they are used with ’, V’. D', or 's’, they need not be used with —•) 
The construction of a TFS by means of these rules can be analyzed by 
means of a tree diagram, where the TFS itself is the “root", its TFS parts the 
■’branches”, and the statement letters, the ' tips of branches" For example, 
the construction of 


i-ip V q) D «p = r) V q)) 

may be pictured as follows 
p 

I 


(/r V^) 

-ip V q)^ 


“ '■f V ii) 
i-ip V q)3 ((p^r)V q)) 


A compound expression is a TFS just in case it has been properly con* 
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structed Irom sliorier TFS statement connectives and parentheses A simple 
expression, ol course, is a TFS it and only it it is a statement letter For this 
reason most of the TFS with which we shall deal can be recognized as TFS 
at a single glance However, there Is also a purely mechanical test tor deter- 
mining whether an arbitrary expression is a TFS For our purposes the test 
has more theoretical than practical interest, but in order that the reader may 
see what a purely mechanical test is like, it will now be described in some 
detail 

TEST t-oR RECOGNIZING TFS In this test it IS assunted that negation signs are 
not written above expressions 

Sup I Determine whether the expression to be tested begins with a state- 
ment letter (if so, go to step 2). a — ‘ (if so, go to step 3), or a (’ (if so, 
go to step 4) If It begins with none of these, it is not a TFS 
5icf) 2 The expression is a TFS if and only if it is a statement letter standing 
alone 

Step i Cross off the initial and return to step 1 and test the remainder 
The original expression is a TFS if and only if the remainder is 
Step 4 [This step isolates the left component (it any) of a conjunction, dis- 
junction, conditional or biconditional ) Count the parentheses in the 
expression, counting -FI for each left parenthesis and -1 for each 
right parenthesis, for example, the count on '-{-{p V r/)))— ))’ Is 
1,2,1, 0,-1, -2.-3, on ((t>Vr/))(((( — ))* it is 1,2,1, 0.1 .2,3,4.3.2 
(Neither expression is a TFS ) When the count of t falls on a ncht 
parenthesis or else on a left futrentbests followed b\ a pfoiii 
/c«tr<ir<)»c aH> mimbtro/linits.then mark the symbol which 

follows the right parer\thesis(or thestatemenUetler, as the case may 
be) 11 no symbol is marked (because the count is never right) or if 
the marked symbol is not a . 'V’. D‘, or ‘s', then the expres- 

sion IS not a TFS Otherwise continue with step 5 
Steps Take the total expression which occurs to the left of the marked 
symbol Cross olf its leftmost parenthesis and test the resulting ex- 
pression by returning to step 1 If this expression is not a TFS. then 
neither is the original expression Otherwise, continue with step 6 
Step 6 Now take the total expression to the right of the marked symbol and 
cross olf Its last symbol (If the original expression is a TFS, this will 
bo a )• ) Then return to step 1 and test the resulting expression The 
original expression is a TFS if and only if this expression Is 

a Expression to bo tested V 
Trsi Not a TFS Step t failed 
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b Expression to be tested p 

Test Passes step 1 Applying step 2 three times yields p’ By step 1 this 
IS a TFS, thus, so are p*. — p , and ‘ p' 

c Expression to be tested {p \/ q) D t' 

Test Passes step 1 Step 2 tells us to go to step 3 
The count is 1 on (', and this is followed by a statement letter so V’ is 
marked and we go to step 5 This says test ‘p and this is a TFS by step 1 
So we go to step 6 This says test ‘q) d r , which fails to be a TFS at 
step 2 So the whole expression tested is not a TFS [Later (p W q) D r' 
will abbreviate the TFS ((p V <?) D r)' ] 

The test is inefficient for us to use, since it involves reading an expression 
one symbol at a time, but since it involves only this and crossing out symbols, 

It can be easily carried out by a machine Thus there is a mechanical test 
procedure for recognizing TFS, or as logicians put it, there is a deasio/i pro- 
cedure for TFS 


1111 DISCOURSE ABOUT EXPRESSIONS 

From now on we shall speak frequently about TFS and the way in which they 
are constructed so it will be useful to have a convenient notation for doing 
this Our current talk of expressions has been burdened with such locutions 
as 

(4) The result of writing a "D' between two expressions and enclosing this 
in parentheses 

which are cumbersome The load can be lightened by using capital letters 
S, ll', and E to represent arbitrary expressions Then (4) can be written as 

(5) the result of writing a *D' between J and W 

However, a much greater simplification can be obtained by replacing (5) by 
a ‘picture’ . that is, 

(6) (5 3 ty) 

Notice that (6) is not a TFS, since 5 and tV are not TFS It is really a diagram 
of any expression we can obtain by replacing J and IK by expressions, that 
IS. a shorthand description of what we obtain by taking an expression (S) 
and then an expression (IK) (which does not have to be a new expression) 
and writing ‘3 between them and enclosing the result in parentheses 
Similarly, —S is a shorthand description of the result of prefixing a - to an 
expression 
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li we use this device, the rules for constructing TFS are easily restated For 
they may now be pul as follows 
a Every statement letter is a TFS 

b If S and W are TFS. so are ~S, {S W). {S V W). (S 3 W). (5 ^ W) 
c An expression is aTFS if and only if its being so follows from (a) and (b) 

This type of specification is known as an mducuve definition Such definitions 
consist of three clauses a basis clause, an inductive clause and an extremal 
clause The basis clause provides an initial supply of things to build from 
[clause (a)] The inductive clause states how new things may be constructed 
tTOiTi things already obtavned [^clause while the eKtremal clause states 
that only things obtained via the first two clauses belong to the class defined 
[clause (c)] [The word ‘inductive used here has no connection with induc- 
tive logic The terminology derives instead from mathematics) 

The notation introduced above is to be used for formulating general state- 
ments about all expressions Another device will be used to speak about 
particular expressions It consists in simply enclosing the expression to be 
mentioned in single quotation marks Thus, to refer to, say, the first letter of 
the alphabet, we may name it by quoting it This is done, for example, in the 
sentence His name ends with an ‘o'" The same device applies to logical 
symbols, for example, ‘ Disjunction is symbolized by 'V‘ ’ Single quotation 
marks are used for talking about expressions, that is, mentioning them, and 
this must not be confused with usinfi these expressions Thus the expres- 
sion New York' is used to name a city, but when we say "The expression 
New York' contains seven letters", we do not use the nameof acity, we nic» 
uun It and say something about its spelling Here are some additional exam- 
■pJ/as b'ltteteTice teeVweeri xise HnO menhoTi 

a New York is a large city 
b New York is north of Washington 
c How do you spell New York’? 

d I could not read the word completely, but 1 think it was ‘New York’ 

In (a) and {b) New York' has been used, in (c) and (d) it has been mentioned 
{Whore else has it been mentioned m this paragraph?) 

t t t2 ABBREVIATIONS OF TFS 

Abbreviations which dispense with certain parentheses will now be intro- 
duced so that the task of reading and writing TFS can be made easier The 
tirst IS that the ouiermost pair of parentheses siirroundiuft a TFS may be omitted 
(This docs not apply to negations) 
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EXAMPLES 

Abbrexiated TFS Unabbrexialed TFS 

q)-{pV q) i(pO q)-(p\/ q)) 

P^iP^ q) q)) 

p ^ {q f) (p (q r)) 

pV-(pVq) (p^/-(pV q)) 

This convention applies only to the outermost pair of parentheses, so it may 
not be used to abbreviate, for example, ‘p = (p V q)' as ‘p ^ p V q' or 
‘(p Z) q) p’ as 'p D q ■ p It is also easy to see that the convention does not 
introduce any ambiguities into our symbolism, since an unabbreviated TFS 
may be immediately recovered by enclosing its abbreviation in parentheses 
The next two conventions deal with conjunctions and disjunctions They 
may be stated as follows 

We may omit the pair of parentheses contaimnn o conjunction x\htch is itself 
the left component of a conjunction, and w e may omit the pair of parentheses 
Lontaininp a disjunction which is itself the left component of a disjunction 

This allows us to abbreviate TFS of the form (5 • If') • E as 5 • \V E, and 
those of the form (5 v If*) V £ as 5 v if' v E The rules also apply to con- 
junctions which occur within other schemata, such as ’p D {{p v 9 ) v r)', 
which may be abbreviated as ‘p D (p V 9 v r)' Furthermore, the rule may 
be applied several times to the same TFS, so that ((p q) • r) ' s' may be ab- 
breviated first as (p (?) r s' and then as ‘p q ' r • s' 

EXAMPLES 

Abbrexiated TF^ Unabbrexialed TFS 

(p V V r) = (5 p ■ q) «(P V q) V r)^ {(s - p) - q)) 

ip' q r ‘ ) V (p V q V r) <((p ' <7> r) V {(p V V r)) 

(p V t/ V r V D {(p - q) V r) ((((p V </) V /•) V j) D Up • q) V r» 

Note that the two rules do not apply to disjunctions which are components 
of conjunctions, so that ‘(P V q) r' is not abbreviated as 'p ^ q ‘ r' 

The rules do not apply to conjunctions or disjunctions which are not left 
components of conjunctions or disjunctions This means that ‘p V (t/ V rY 
is not abbreviated as 'p V q ^ r and that (p V t/) V (r V i) is not abbrevi- 
ated as 'p V V r V 5 ' This prevents the use of one and the same abbrevia- 
tion for two distinct TFS and guarantees that from every abbreviated TFS an 
unabbreviated one may be uniquely obtained It happens, however that for 
most purposes 'p V (p V r)' and ’p V V #•), (p • q) r and p {</ r) 

'((p V q) V f) V 5 * and 'p V (</ v (r v s))'. etc . are interchangeable So ordi- 
narily. we can write conjunctions and disjunctions which have any number of 
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components, without worrying about parentheses When parentheses are 
called Jor, our convention ensures that they will be restored in exactly one 
way. that is, by grouping to the left 

Our final convention concerns conjunctions which are components of dis- 
junctions, conditionals, or biconditionals We shall think of ‘V’, *D', and 
■=’ as marking a "greater break" than in aTFS just as ‘ and mark 
greater breaks than in sentences Then 

We may omit the pair of parentheses containing a conjunction svhicli is a 
component of a disjunction, conditional, or biconditional. 

Thus {5 • jvr> V £, £ V fS - WJ, fS - (V) 3 £, £ 3 (S * W), (S • W) = £, 
£ = (5 . IV) are abbreviated, respectively, asS • IV V E, £ V S • fV, 5 IV 3 
£, £ 3 S • IV, 5 • fV = £. and £ s 5 • |V Notice that, once again, parenthe- 
ses can be uniquely restored to an abbreviated schema 


EXAMPLES The following TFS will be abbreviated m stages, using all the 
rules 


(Wp • cj) V r) V s) ® Up • <|) • r)) 

(Up • q) V r) V j) a ([p • q) • r) 

Up • q) V r V j) a ((p q) • r) 

(p w) V r V j) a ((p • <7) • r) 

(p • r/ V r V j) s (p • <7 • /•) 

(p*</\/rVi)a»p*c/’r 

Parentheses will be restored in stages to this abbreviated TFS 


p ' q D {.r W s W p • q) ' {p • <i ' r = s) 
ip • q) D {r W s ^ p • q) • (p ' q ' r ^ s) 

(p • 3 ((r V j V p • q) • (p • q • r s s)) 

(P • q) 3 Ur V s V (p • 9 )) • (p • • r 3 j)) 

(P ‘ q) 3 (Ur V V (p ■ </)) • (p • r/ • r s ,)) 

(P • q) 3 (Ur V j) V {p • q)) • ((p • q) ' r s ,)) 

(P • q) 3 (((r V j) V (p • q)) • (((p • q) • r) ^ i)) 
<(P • qJ 3 (((r V i) V (p • q)) • (((p • q) • r) s j))) 


Negation still has the shortest scope possible (This is a feature of our 
rules tor constructing TFS) We cannot, therefore, omit the pair of paren- 
theses surrounding an expression which has a *-■ prefixed to it For example 
wo cannot write '-(p 3 q)’ as ‘-p 3 q\ (or the first schema diagrams the 
negation of a conditional statement, while the second diagrams a conditional 
with a negation as an aniocedent Of course, we can always write the nega- 
tion Sign above the schema negated, as in 

P (p-qj*, and (p 3“q)' 
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and anyone who used this n otatio n extensively could abbreviate these nega- 
tions as 'pVg . iFT and p D <7 Bulthiscourse will not be adopted in this 
book 


EXERCISES FOR SECS 1 1 8 TO 11 12 

A Which of the follov^ing statement connectives are truth functional’ 

1 and 

2 because 

3 It IS true that 

4 It IS known that 

5 that—— IS a consequence of. 

6 It IS mathematically true that 

7 r V - -) ^ — 

a ,f H were the case that then it would be the case that 

g jhat 'S fhe reason that 

10 not both 

B Where A and B stand for true statements and JT and K stand for false ones com 
pute the truth values of the following 

1 iX A) = A 

2 -AM X 

3 -H D JO 

4 A (B D -JO 

5 (J- - B) V -B 

6 -IX DB)-tB V 1) 

7 UX 10 V W Bno X 

e -«x D r)^ tA ^ X)> 

3 n V (JT V 10) = w -®> 

10 iA -- B} = A 

11 (X = 10-X 

12 (X A) ZHX-A) 

13 -fW B) V IB D X» 

14 -f/l 3 B) -(X D n 

15 l-A V B) (-X » W «> 

16 (M ■> Bl V (X - -10) V 

17 -11-0 V ^B)D(X- «) 

IB X D in B) V -|\ “ 10) 

19 (1 . .J) V IB D IB - on 

20 -KB D (B D B)l V (X A» 
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C Which of the following expressions are genuine TFS? 

1 PV Q 

2 (P (<? V r}) 

3 \p~ g) 

4 (5 V fF) 

5 if p then a 

6 ~pO qD r 

7 p (£j V r) 

8 (p q r) 

S -ffp D q) r) 

D Abbreviate these TFS as much as possible by applying the three rules for omitting 
parentheses 
t Wp q) V r) V j) 

2 (p r» (q r)) 

3 (q Ur V j) V p)) 

4 ({(p q) f) V (p (q r))) 

5 (lip q) 3 (P V q)) D -fp q)) 

6 (((p q) V (If p) i)) V f) 

7 Ulf V il V p) V Up V i) V q» 

8 (Up q) 3 Up q) r» (p q)) 

E Obtain unabbreviated TFS from these abbreviated ones 

1 p q r 

2 P V q r 

3 p q V r V j 

4 p q D U V s V p) 

5 p •» q j f 

6 p q r ^ (r j V -p q) 

7 p (q r) D (p V q V r) (# p ■= p) 

8 P q r *• (p q V (r s i) V p) 

F In which ot the toUowing is the expression Red Rover used? 
t Red Rover is a game 

2 Red Rover is a name of a game 

3 Red Rover is an expression 

4 Let us play Red Rover 

G Translato this into plain English If s and JF are TFS so is —(5' V IF) 


1 2 TFS AND THEIR INTERPRETATIONS 
' 2 1 INTERPRETING TRUTH FUNCTIONAL SCHEMATA 
A TFS IS by vlselL a mcaamglass toim vibicb is TieAheT itue nor lalse How- 
evci Vihen iho slalcmont lottcra of a TFS are replaced by stalements, a 
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meaningful statement is produced Since this replacement assigns meaning, 
SO to speak, to the TFS, it is natural to speak of this operation as mierpreimg 
the TFS The statement produced by interpreting a TFS is, naturally, true or 
false Consequently, we say that a TFS comes oni true or false when it is 
interpreted, although a TFS is never simph true or false When a TFS is so 
interpreted that it comes out true (that is, the statement produced is true), 
then It has received a true mterpretaiwo, when it comes out false, it has re- 
ceived a false mterpreiation Since different statements may be substituted 
for each statement letter in a TFS, every TFS has more than one interpreta- 
tion In addition, a schema may behave differently for different interpretations 
by coming out true under some and false under others 

EXAMPLES The following are interpretations ofp ^ p ■ q 


a (1 -FI = 2) D (1 -t- 1 =2) • (2-F2-4) 

b (3 + 5 = 8) 3 (3 -F 5 = 8) • (2 -F 3 - 0) 

0 (2 -F 3 = 0) D (2 -F 3 = 0) • (3 -F 5 = 8) 

d (2-F2 = 7) 3 (2-F2 = 7)-(2-F2-7) 

Notice that while all occurrences of a statement letter must be replaced by 
the same statement, two statement letters may be replaced the same 
statement [as in (d)] The true interpretations of > 3 p q are (a), (c), and 

'"’suppose that we interpret the TFS > 3 (p 3 q)' by replacing V by 
• 1 -F 1 = 2 and by 6 + 6=12’ Then we obtain the true statement 

(1) (1 + 1 =2) 3 ((I +2 = 2) 3 (6+6= 12)) 

which IS a truth-functional compound of 'I + I = 2' and 6 + 6=12' There- 
fore if either '1+ 1 = 2’ or ’6+ 6= |2’ is replaced by other true statements, 
other true interpretations of the TFS will be produced Similarly, if we ob- 
tain a false interpretation of our TFS, say, 

(2) (1 + 1 = 2) 3 ((1 + 1 = 2) 3 (I + I = 3)) 

. of ■! -4- I = '»• and 'J + I = 3’ whtch have the same 

lruth-values'’whrproduce another' false interpretation More generally. 
The trmh u,U.e of the mterpretot.on of., TFS ,s Jeteroune.! hs the troth- 
.aloes of the statements replacng its statement letters 
For every interpretation of a TFS is a truth-functional compound of the state- 
ments o, most fundamental notions ol 

I and bv i°s meansTe important concept ol validity can be delined to 
usrg the nouL of interpretation, however, we sha.l not be concerned with 
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the aciiial statement produced by interpreting a schema, but rather with the 
irutli-\alue of that statement Since this truth-value is uniquely determined 
by the truth-values of the statements replacing the schema’s statement let- 
ters. It wilt be simpler to forget about statements altogether and think of 
TFS as being interpreted by assigning truth-values to their statement letters 
More precisely, 

A siatement letter is interpreted by assigning one (and only one) truth-vahie 
to It A TFS is interpreted by interpreting its statement letters 

The truth-values assigned to the statement letters of a TFS are its interpreta- 
tion, and different interpretations of a TFS are obtained by assigning differ- 
ent truth-values to its statements letters The TFS has a true interpretation 
(comes out true) if the computed truth-value for its interpretation is true, 
otherwise it has a false interpretation This constitutes our "official ' defini- 
tion of the interpretation of a TFS 

EXAMPLES The following are interpretations of 'p ^ V r p)* 


a 

T B (F V F • D 

P 

7. 

*? 

7*1 r 

F 

b 

Fb (F V F* F) 

P 

F. 

<! 

F, r 

F 

c 

F^iTV T ’ F) 

P 

F, 

<t 

T,r 

T 

d 

7 B {F V T D 

P 

7. 


7, r 

7 


The assignments are indicated on the right The true interpretations are (b) 
and (d) 

12 11 RULES OF RESOLUTION 

The process of computing the truth-value of an interpretation of a TFS can 
ba simplified considerably by employing the follovnng rules of resol, , non 

1 Replace '—7' by 'F' 

2 Replace '-F' by T’ 

3 Replace a conjunction with ‘F’ as a 
component by ‘F’ 

4 Drop ‘T as a component of a con- 
junction 

5 Replace a disjunction with T’ as a 
component by T' 

6 Drop 'F' as a component of a dis- 
junction 

7 Replace a conditional with T as a 
consequent by T* 


RULES FOR NLCATION 

RULES I OR CQSiUNCTlON 

RULES I OR DISJUNCTION 

rllis » or rm. conditional 


PART ONE TRUTH FUNCTION THEORY 


51 


8 Drop T' as an antecedent of a condi- 
tional 

9 Replace a conditional with 'F' as an 
antecedent by T' 

10 Drop ‘F' as a consequent of a con- 
ditional and negate its antecedent 


RULES FOR THE BICONDITIONAL 11 
12 


Drop ‘T as a component of a bi- 
conditional 

Drop ’F’ as a component of a bicondi- 
tional and negate the other component 


EXAMPLES 


a (-F V F) ^ r 
-F V F 
-F 
T 

b r D (F V D 
F V r 
T 

C (F • r ^ T) D F 
-(F T « D 
HF~T) 

-F 

T 

d (r V (F ^ D) D F 

T Z) F 
F 


by (11) 
by (6) 
by (2) 

by (8) 
by (5) 

by (10) 
by (3) 
by (11) 
by (2) 

by (5) 
by (8) 


(F 


^ F) • (F 
T 


‘-F)D T 


by (7) 


^nnlied in any order, the selection ol one rule to apply 
Since the rules can PP ^ is much simpler than one produced 

first may produce a P illustrated in examples (d) and (e) 

ms«ic°ln lor thfrules is in order It is clear that Rules t and 2 
A word °< 1“="'' computations Rule 3 is correct because every con- 

always " oompoh^h' is false On the other hand, the correctness 

lunction with a fals P truth-value of a coniunction with a 

'’“"'lo!rt hinges upon the values of its other components Similar 
true ®oles 5 and 6 Turning to Rules 7 and 9 since condi- 

ithTalse antecedents and true consequents are true, they are cor- 
tionals with false ^ complex A conditional wilh 

a mu Jantec°edent is true if its consequent is, otherwise it is false so every 
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thing depends upon the truth-value of the consequent Thus we may ignore 
the antecedent and compute the value of the consequent If and only if we 
obtain a T IS the whole conditional true Thus Rule 8 is correct On the other 
hand, a conditional with a false consequent is true if and only if its antece- 
dent IS false If we ignore the consequent and simply compute the ante- 
cedent. then getting a T will mean that the conditional \s false But we want to 
end with the real truth-value of the conditional This is ensured by computing 
the negation of the antecedent Thus Rule 10 is correct Similar comments 
apply to Rules 11 and 12 


12 12 THE NUMBER OF INTERPRETATIONS OF A TFS 

Every TFS has a limited number of statement letters, and there are only so 
many ways to assign truth-values to these statement letters Hence every 
TFS has a limited number of distinct interpretations Now if we consider 
schemata which contain only one statement letter, say, 'p' or (p = p) V p' or 
q D q q', we notice immediately that they have exactly two interpretations 
One IS obtained by assigning the single statement letter the value true, the 
other by assigning it the wa\Kie false Turning to TFS which contain two state- 
ment letters, we see that four interpretations exist For consider any TFS 
containing only the two letters ‘p’ and 'q The letter 'p' may be assigned 
T or F Suppose that it is assigned T Then we may continue and assign T or 
F to 'q This accounts for two interpretations (7 to 'p and 7 or F to 'q') 
Similarly, when 'p' is assigned F. Y may be assigned 7 orF, which yields 
two more interpretations But this is all that is possible So a TFS with two 
statement letters has exactly four different interpretations Let us represent 
these interpretations by means of the following diagram 


P 




7 

/ \ 


7 F 


F 

/ \ 


7 


F 


Hero the first line represents the two possible interpretations of 'p while the 
second line lopresems the' continuing' assignments to Y The diagram may 
bo naturally extended to cases of three or more statement letters by simply 
adding additional lines and branching with each new line, namely 
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T F t F 

A A A A 

T F T F T F T F 



TFT 

A A A 

T F T F T F 


Each diagram consists of two inverted trees , and a path through either 
tree represents an assignment of truth-values to the statement letters in 
question There are just as many assignments as there are paths, so a TFS 
with 4 statement letters has 16 interpretations Let us turn to the general 
case and consider a TFS with « statement letters, where « is any positive 
whole number By ordering the statement letters so that one is first, another 
second, etc . we may construct a diagram such as those given above Since 
each new statement letter {each new row) doubles the total number of 
branches m the whole diagram, a diagram with n statement letters has 
2 X ’’ X X 2, that IS, 2" branches This means that a TFS which contains 

n times ^ i * 

exactly » statement letters has exactly 2” distinct interpretations This fact 

will play an important role in the next section 


122 TRUTH-VALUE ANALYSIS u . ki 

Since a TFS has only finitely many interpretations, it is theoretically possible 
to investigate systematically the behavior of a TFS for each of its 'nterpreta- 
tions Such an investigation will be called a lr,„h-,alue analysis of the TFS 
and Its results will be summarized in a Irulli table for the TFS Since many of 
the important properties of TFS can be studied by means of truth-value 
analyses and truth tables, it will be worth our while to study the construction 


of truth tables 

Let us begin by looking at a simple example 


n q P iq^p)'=>p 

T T F 

T F T 

FT T 

F F T 


The schemas statement letters head the two left-hand columns These are 
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called the reference coUimm o1 the truth table The schema itself heads the 
right (third) column of the table, which is called the mam column of the table 
This column is written under the mam connective of the schema, that is, the 
last connective used in constructing the schema Each row of the table dis- 
plays an interpretation (presented in the reference columns) and the value of 
the TFS for the interpretation (presented in the main column) The value in 
the mam column is simply computed Ironr the values in the reference col- 
umns (' Scratch paper" may be necessary in performing the computation ) 
The truth table for every TFS has a mam column (headed by the TFS) and 
a reference column for each statement letter [Let us order statement 
letters as follows 


Then we can stipulate that the earliest statement letter in this ordering is to 
head the first reference column, the next is to head the second reference 
column, etc Thus the reference columns of the table for \s V p) D qf are 
headed by ‘s', and •</,', taken in that order ] A truth table has just as many 
rows as the TFS to which it belongs has interpretations Thus the truth table 
for a TFS with n statement letters has 2* rows 
Truth tables are constructed so that schemata with the same number of 
statement letters have identical entries in the reference columns of their 
truth tables For example, the reference columns of all truth tables of all 
TFS with lUSt two statement letters are filled as follows 


T T 

T F 

F T 

F F 


(01 course, the mam column of each trulh table varies from schemata to 
schemala. since its entries rjepend upon the behavior of the schema under 
each mlerprelation ) These startdardrzed reference columns are a conse- 
quence cl abiding by Ihe lollowing method lor filling in reference columns 
(hero It IS assumed that Ihe truth table has 2- rows) 


1 

2 

3 


Fill the upper halt ol the lirst (that is, left) column with 2"-' Ts fill the 
lower hall with 2* ' F's 

Fill Iho upper quarter of the second column with 2-= T's, the next 
quarter with !• ’ T s, the next quarter with 2- > F s, the next with 
/ s, and the last with 2' * F s 

Fill the upper eighth ol the third column with 2 - T’s, the next eighth 
With 2* » s. etc 
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When there are more than three reference columns, smaller blocks of 7*s 
and F’s are used for filling the addition column, but the size of each block 
IS always half of those used in the preceding columns This means that, by 
the time the last row is reached, T s and F s are simply alternated (Note that 
2"-" = 2"= I ) This procedure, which mimics our tree diagrams, guarantees 
that each interpretation is represented by one and only one row of a TFS 

EXAMPLES 



F T T F 

F T F T 



After the reference columns have been filled in. the mam column is filled 
row by row The entry for a row is obtained by computing the value of the 
TFS for the interpretation represented m the reference columns of that row 

EXAMPLE The truth table for '—Ip • <7 ^ V v» 

Step by ‘Step Constntction 
I Setting up the reference columns 



2 Fillimi out the mam column 
a p “ c/a(py_v)j 


b 


-{p ■ IP V wH 
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c p {] ~(p Q ^ {p 

T T p 

T F T 

FT T 

F F 


d p <7 — (P g ^ V g)) 

r r 

T F T 

FT T 

F F F 


1 2 3 truth-functional VALIDITY AND CONSISTENCY 
A TFS which comes out true under every interpretation is said to be iruth- 
/»Hc/io/ifl//y vfl/vd (or simply, valid, for short) Truth-value analysis will quickly 
determine whether a TFS is valid or not, since a TFS is valid if and only if 
the main column of its truth table contains only T's Here are some examples 
of valid TFS 

a p V /7 
b p D p 

c pap 

d (p V q) ■ (^ V p) 

0 -(p‘p) 

The reader may easily venfy that these TFS are indeed valid As an example, 
the validity of (a) is established by means of its truth table 

EXAMPLE Truth table for p V p’ 


£_ 

T 

F 


P'^ p 
T 
r 


Truth funcitonally consisimr (or simpty, consistent) TFS are TFS with one 
or mure true interpretations Trulh-vatue analysis also may be used to 
determine consistency since a consistent TFS has at least one T in the main 
column of its truth table Some examples of consistent TFS now follow 
a p 
b p • </ 
c p V p 
d r> O 

c p O (p » <ji 

Nonce that (c) is an example of a TFS which is both valid and consistent 
IS IS simply because a TFS which is true under interpretation must 
oo true under ur Iran ane inlerpretalion Thus eieo talij TFS is consislcnl 
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But not Gvory consistGnt TFS is V3iid, ss thG othGr GxamplGS of consist©nt 
TFS show 

A schema which is not (truth-functionally) valid will be called (truth- 
functionally) imahd One which is not (truth-functionally) consistent will be 
called (truth-functionally) inconsisient Invalid TFS have truth tables with 
one or more F's in the main column, while inconsistent TFS have truth tables 
with only F's in the mam column Consequently, every mconstsieni TFS is 
invalid The converse is not the case, as may be gathered from examples 
(a) and (b) below 

EXAMPLES 


Invalid TFS 
a p V <7 
b p^q 

c p • p (also inconsistent) 

Inconsistent TFS 
d p p 
e p s p 
f -ip V p) 

No schema is both valid and inconsistent, although some schemata are both 
consistent and invalid This situation may be pictured as follovrs 
Invalid 


Valid 


Inconsistent 


□ 


Consistent 

Observe that the consistent and invalid regions overlap, but that the valid and 

'"schemS leSrs^tlt’ementrrnd validity resembles truth This resem- 
Schemata _„ssed far, however. For while every statement is either 

blance neither valid nor inconsistent Moreover, 

ImtLent or its negation must be true, a TFS or its negation need 
h I rt An example is V, this TFS and its negation -p’ are both consist- 
ent and^nvalfd The following relationships between schemata and the nega- 

tions do hold 

1 A schema 5 is 1 aW if and only it its negation -S is mcons.s,cn, 

2 A schema S IS ,11. aW If and only it its negation -5 is cuns„ten, 

, . =..ewhv (Ills true II J IS valid, then It IS true under every interpretation 

ro Its negation -5 is false under every interpretation and is inconsistent 
Conversely, d inconsistent, and so lalso under every interpretation 
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5 must be true under every interpretation, and so valid This establishes (1) 
The reader may establish (2) 

If the statement letters of a vo/id TFS are replaced by statements, then a 
true statement must be produced For the statements replacing the state- 
ment letters interpret these letters, and a valid TFS is true under every in- 
terpretation (It is assumed, to be sure, that the same statement replaces 
fli/ occurrence of a statement letter in aTFS ) Similarly, statements produced 
by replacing the statement letters in inconsistent schemata must be false 
Statements thus produced from valid TFS are known as tautologically true 
siaieinents (or tautologies), while those obtainable from inconsistent TFS are 
known as contradictory statements (or contradictions) 

CX^MPLES 

Tautologies 

a (1 -I- 1 = 2) V-(l + I = 2) 
b (U rams) O (It rains) 

c (John loves Jane) (Jane loves Bill) 2> (Jane loves Bill) 

Contradictions 

d (1+ I «=2) •-(! + 1 = 2) 
e (Joe likes ice cream) » —(Joe likes ice cream) 

Tautologies and contradictions have attracted the attention of philoso- 
phers, since their truth-values seem to be determined solely by their logical 
structures and not by empirical circumstances One might say that tau- 
tologies are true in every possible world, while contradictions are false in 
every possible world Consequently, tautologies and contradictions convey 
no genuine information about this world they are bound to have the truth- 
values they have, no matter what the circumstances may be Other state- 
ments, by contrast, derive their truth-values from actual circumstances 
Since their truth or falsity is dependent upon these circumstances, they are 
known as contingent staieineitis For instance, the statement 
The moon will explode in the year 200t 

IS neither a tautology nor a contradiction, and (if true) it conveys very im- 
poitant information These philosophical questions are beyond the scope of 
this book, however 

One final but important point about truth-functional validity there is a 
mechanical test to determine whether a TFS is valid For clearly, the truth 
table lor any TFS can be mechanically constructed (computers have already 
done this), and once this is done, the validity of the TFS can be decided by 
reading the truth table Thus there is a decision procedure for truth-functional 
tuhJity 
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EXAMPLES 


a ‘p s (p V p • (j) IS valid 

Test 

p q p = (P V P q) 

T T T 

T F T 

FT T 
F F T 


b ‘(p V <?) D p* IS not valid 
Test 


p q (p V q) ^ P 

T T T 

T F T 

FT P 

F F T 


Since the invalidity, consistency, and inconsistency 
determined by truth-value analysis truth-functional 
and inconsistency have decision procedures too 


Of a TFS can also be 
invalidity, consistency, 




B 


1 

2 -T OT F 

3 r = (7 D F) 

4 -(7 V (T^JV 

5 T DP F 

6 (T V Ip - V)) 

7 pD ITV q) 

a p f = itd-t) 

9 -IP qDIT^-lq F))) 

10 p Iq FVr -IT D 71) 
Apply the rules of resolution to 


these expressions so as to obtain a TFS 


F 


t FVp 

2 TOIP q T) 

3 7 a (</ V (7 3 F F)) 

4 Ip D q) D IT O r) 

5 IT q=Tr)VFq 

C Construct truth tables tor these TFS 

1 p^ip'^ P) 

2 p ^ tP 
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3 p V q /) 

4 r D (p = f) 

5 p D (p ® (<7 V r)) 

6 (s U (p V q)) -(P '?) 

7 -{(5 =r)Vp s) 

8 (p V q) D (g S/ P) 

9 pD{{q r) = s) 

10 p (r V i) V ^ 

D Test the following TFS lor consistency and validity 

1 P 3 tq V q) 

2 p-p p 

3 p ^ p q 

4 (p 3 V £/ 

5 (p s p) (9 V q) 

6 p 9 3 (p V r) 

7 p p V -(<J » q 9) 
a ((P V 9 ) V r) 

9 ((p V 9) V r) » (p V (9 V r)) 

to (p • 9) ■ (P ® 9) 

E Determine whether the following are tautotogies conuadictions, or neither ot 
these 

1 The large cow broke her leg V —(The moon is blue) 

2 The large cow broke her leg -(The moon is blue) The moon is blue 

3 The moon is made of cheese D (A cow jumped over the moon V -(A cow 
jumped over the moon)) 

4 An election is held O (The government will lose = The government is 
unpopular) 

5 I sent the teller » (-(t seal Ihe teller) v -0 seal ihe teller) (Someone read 

•m 

F True or false? 

1 A valid TFS must contain at least one statement connective 

2 A valid TFS must contain more than one statement connective 

3 Any conjunction of two consistent TFS »s always consistent 

4 The dis/unchon of two consistent TFS is always consistent 

5 A conditional with a valid consequent is valid 

6 The conjunction of two valid TFS (s valid 



1 2 4 TRUTH-FUNCTIONAL IMPLICATION 

Logic in its rolo as an instrument of criticism and proof relies heavily upon 
tho concept ot inip/iciition The reason tor this Is evident enough a statement 
toiiows logically from one or more statements, just in case it is implied by 

620/6 
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them As a consequence, an argument is valid if and only if its premisses 
imply Its conclusion Thus, to arrive at a characterization of valid arguments, 
we must study statementa! implication This in turn requires us to discuss 
implication between schemata 

First, let us introduce the notion of stntuUaneotis interpretation of two or 
more TFS This is simply an assignment of truth-values to all the statement 
letters that appear in any of the TFS in question Thus a simultaneous inter- 
pretation of several TFS interprets each TFS In addition, any statement 
letter which appears in more than one of the TFS is given the same assign- 
ment for each appearance For example, to simultaneously interpret 'p = q' 
and 'p D r, we must make assignments to *p’, *«?’. and ‘r If all three are as- 
signed T, then both TFS come out true for the simultaneous interpretation 
This can be represented as follows 


pgr . 

7- T T ^if': Looj 

t' 

This leads in turn to a generalized type of truth table which will summarize 
the behavior of several simultaneously interpreted schemata Let us call such 
truth tables extended truth tables An extended truth table for two or more 
TFS may be constructed by using all the tetters that occur in these TFS to 
head its 'reference columns”, and the TFS themselves to head the “mam 
columns" The entries under the reference columns are filled by treating 
those columns as if they were columns of a regular truth table The mam 
columns are filled by referring to the reference columns m the usual way. 

EXAMPLE. An extended truth table for > V q. 'q D r\ and ‘p D q- r' 


p g r py g 

T T T T 

T T F T 

TFT T 
T F F T 

F T T F 

F T F F 

F F T T 

F F F T 


V = r 
r 

F 

F 

T 

T 

F 

F 

T 


P ^ g’ r 

F 

F 

T 

F 

T 

T 

F 

T 


The notion of simultaneous interpretation may now bo used to define truth 
functional implication 
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A TFS S truth'functionally implies a TFS IV if and only if every simultaneous 
tiuerpreiauon of the two which makes S true also makes iV true 

Thus 5 implies W if and only if, in the extended truth table forS and iV, every 
T under S is matched by a T’ under IV (If there are no T s under 5, then 
5 also implies W ) 

EXAMPLE That 'p' implies '/> V q' »s shown by the following extended truth 
table 


P q P P^q 
T T T T 

TFT T 
F T F T 

F F F F 


Suppose that 5 implies IF, and consider their extended truth table A 
regular truth table for5 D IF may be obtained from this extended truth table 
by simply putting a ‘O' between 5 and IF (and perhaps adding some paren- 
theses) and then filling in the column under the ’D' Since in the extended 
truth table, there is never a T under S matched by an 'F' under IF, the 
column under the ‘O' will contain only Ts Thus, if 5 implies IF, 5* D IF is 
valid Next, suppose that 5 D IF is valid, and consider its truth table By 
first erasing the 'D' and the mam column and then filling in the columns 
under S and IF, we shall obtain an extended truth table for S and IF But 
since 5 D IF IS valid, there can never be a T’ under 5 which is matched by 
an F under IF So if 5 3 IF is valid, then 5 implies IF In sum, S implies IF 
sf und onl> i/ S 3 tF »3 1 olid 

txinise Construct a truth table for q) from the extended truth 

table (or p' and p V </’ given above 

As a TFS S implies a TFS IF just in case every T in the column under 5 in 
the extended truth table for 5 and IF is matched by a T under IF. the table 
may bo used to test the implication between S and IF Since this truth-table 
test IS purely mechanical, there is a decision procedure for truth functional 

iiiiphi Ilium 
LXAMl H-S 

a p <i implies ‘p V «/ 

Fen 

p o P O P V u 

T T T T 

T h F T 

F T F T 

F h F F 
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b. 'p V q’ does not imply ‘p\ 

Test 

P «/ P V tf P 

T T T T 

T F T T 

F T T F 

F F F F 


Besides the truth-table test for implication, there are hvo shortcut tests 

which, although not always applicable, will save us a lot of time and energy 

The tests, which are catted (ha /e/i-ns/u and nsf>t-feft rests, witt be presented 

m recipe fashion and justified afterward 

THE LEFT-RIGHT TEST 

Question ^^nsuered. Does 5 imply 

Frecondition for Application S must have exacth one true interpretation 

Examples of such TFS 'p\ ‘p * <l\ 'p\ > * (p 3 t?)' 

Method. ^ Find r/ie assignment which makes 5 true A truth-value analysis 
of S can be used to do this if necessary 

2 If 5 and IV share any statement letters, then assign truth-values 
to the occurrences of these letters in IK as prescribed by step 1 
Note that this may not completely interpret IK Apply the rules 
of resolution as far as possible If this produces T or a valid 
TFS, then S implies IV. otherwise It does not 

3 If S and IK do not share statement letters, then test IK for 
validity In this case 5 implies W just in case IK is valid 

EXAMPLES 

a ’p’ implies 'q D p' 

Test. 1 >' has exactly one true inten^retation, namely, when it is as- 
signed T 

2 We assign T to >' in 'qOp' This yields 'q D T Resolution 
{Rule 7} produces T. 

b 'p • q' implies V V r‘. 

Test 1 'p ‘ f has exactly one true interpretation 

2 Step 3 of the method applies and r v /■’ is valid, so the implica- 
tion holds 

c >' does not imply > • q' 

Test t 'p’ has only one true inlorprelalion 
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2 Applying step 2 of the method, we resolve 'T q This pro- 
duces (Rule 4) 'q\ and this is not valid 

d ‘p (p 3 q) does not imply q' 

Test 1 ‘p (p D qV has exactly one true interpretation, namely. When 

both 'p' and 'q' are T 
2 Applying step 2 to q produces F 

Now that the left-right test has been staled and illustrated, its correctness 
should be demonstrated To do this let us assume that we are given two TFS, 

S and IV', and want to use the test to determine whether 5 implies W We must 
assume, of course, that the test is applicable Thus let us assume that S has 
exetcHy one true mterpretat/an, and consider any simultaneous interpretation 
of S and 11' which makes S true This, of course, brings the one true interpre- 
tation of S under consideration If 5 and IV share statement letters, then these 
letters are interpreted alike in both TFS Moreover, step 2 of the method ap- 
plies Now step 2 will result In T. or a valid TFS, if and only if the interpreta- 
tion of the letters which both 5 and W share is bound to make W come out 
true no matter hon the other letters (if any) o/IK may be interpreted Thus step 
2 produces 7, or a valid schema, if and only if 5 implies W So step 2 (if ap- 
plicable) IS correct Next suppose that S and W share no statement letters 
Then they may be interpreted independently even when interpreted simul- 
taneously Since 5 has a true interpretation, 5 will imply W if and only if W 
has no false interpretations, that is, if and only if W is valid So step 3 (if 
applicable) is also correct 
We turn next to the right-left test 

THC RIClIT-LErT TLST 

Question Answend Does J imply IK? 

PreionJtitonfor Application IK must have exactly one/«fse interpretation 
Examples of TFS \Mih Exactly One False Interpretation 
P. P V q. p O q,pO (q 3 r) 

Method 1 Find the assignment to IK which makes It false 

2 If 5 and IK share any statement letters, then assign truth-values 
to their occurrences In S as prescribed by step t Apply the 
rules of resolution U this produces F or an inconsistent TFS, 
then 5 implies IK, otherwise it does not 

3 If S and W share no statement letters, then test S for consist- 
ency S implies IK in this case if and only if S is inconsistent 

I X\MI'LlA 

a p q implies V»‘ 

Tnt 1 ft' has exactly ono fatso interpretation 
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2 By step 2 we resolve ‘F q' and obtain the value F 

(Note that the lelt-nght test can be applied to this example too ) 

b 'p V q' does not imply ‘p 3 s' 

Test 1 ‘p D j’ has exactly one false interpretation, namely, when p IS 

false and ‘j’ is false 

2 Resolving 'F V q' according to step 2 yields 'q', which is 
consistent 
c ‘p • p’ implies 'q 3 r' 

Test 1 ‘<7 3/- has exactly one false interpretation 

2 Step 3 applies, and ‘p p is inconsistent 

d <? does interpretation, namely, when y is 

T and ‘r’ is F ^ ^ 

2 Resolving T V according to step 2 produces T 

These two tests are used to obtain answers to ihc same quest, a„ Does 

^7'^'‘'’rtrrmTs:r"-- 

righZertestworhsintheop^^^^^^^^^^^^^^ 

right test However, le . ^ ,q jf 5 and IK share statement letters, 

that the ^f'-'^r'tep 2 produce p „r an inconsistent schema if and 
then step 2 app simultaneously interpreted as false 

only If S IS bound t mj^res F or an inconsistent schema if and only 

But this means that s P P then S and W may be interpreted mdepend- 
emirand'J"w!!lte'’fa,se whe’never IK is, ,f and only if ,t is inconsistent 

^7:%' obLTema. some guest, ons may be answered by either test The 
question 

Does 'p q' imply ‘P'J ‘l’’ 

n he answered by either test Some questions can bo an- 
l°:e'r"ed bTonly one o, the tests For esampte, only the lelt-nght test applies 
to the question 

Does 'p • </' iniply 'p’<t‘ 

. .u rsht ifift test applies to the question 
while only the right-ieu tesn 

Does ‘p V q' imply 'p ^ 
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Then there are questions to which neither test is applicable for example 
Does p - q imply q-v ’’ 

IBoth TFS have two false and two true interpretations ) But then we cart al 
ways apply the extended truth table test to these TFS This longer tes 
while always applicable is often far less efficient than the left right or right 
left tests This is illustrated by the next example 
EXA 1 . 1 PLE Does p imply p V (q 3 r) t 


Left right Test 1 p has exactly one true interpretation 

2 Resolving TM r) yields T so the implication 
holds 


Loni, Test 



At this point It will be uselu) to list and justify several fairly obvious laws of 
implication If you have understood the two shortcut tests several of these 
laws should be immediately apparent to you 

LAW 1 Any TFS implies itself {refiexf\e Ion) 

Jiisdficaiion Any interpretation of a TFS which makes it true always 
makes it true 

LAW Z If S implies W and W implies E then 5 implies E {transitu e Ian) 
Jiisnficaiion Assume that 5 implies W and that IK implies E Next 
consider any simultaneous interpretation of 5 and E which makes S 
true Wo want to show that b must be true Since W may not be in 
terprcied yet (because it may contain statement letters which ap 
pear in neither 5 nor E) assign the uninterpreted letters (if any) any 
values for example make them alt T Then S W and E are simul 
taneously interpreted Since S ts already true W must be true be 
cause S implies IK But then E must be true because iV implies E 
But as t must bo true whenever S is 5 Implies E 
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LAW 3 a Valid TFS are implied by all TFS 
b Valid TFS imply only valid TFS 

Jiisiificaiion a Let W be a valid TFS and S any TFS Whenever 
they are interpreted simultaneously, IF must be 
true, so IF is true under every simultaneous inter- 
pretation which makes S true 
b Let S be a valid TFS and tV be any TFS which 5 
implies We want to show that IF must be valid 
Consider all the simultaneous interpretations of 
S and IF These interpretations include all inter- 
pretations of both TFS All make S true since it is 
valid But since 5 implies IF, all of them make IF 
true too Hence IF is valid 


LAW 4 a Inconsistent schemata imply every schema 

b Inconsistent schemata are implied by inconsistent schemata 
only 

The task of justifying Law 4 is left to the reader 


1 25 STATEMENTIMPLICATIONANDTHETRUTH-FUNCTIONAL VALIDITY 

OF ARGUMENTS 
We shall say that 

, nr,«t n tlalemenl B Iriilh-fiiiiclionalli tf and onl) if there are 
TFSs'Z’iV "sfch lha. S implies IF and A can be oh, rimed from S. and B 
fZ I by replacms Iheir slalemen, tellers by slalenienis. 

, „ the statement letters of S and IF by statements, it is essential 

In „mch occurs in both TFS be replaced by the same 

that a could arrive at the absurd result that every state- 

Statement statement For y implies y, and every statement 

n^ent / by it Thus, if we took y as both 

may be obtained ^^7^ ^ impties B lor any two statements A and B 

^ !r'l nL“n°really reduces the problem of statement implication to two 

implication between schemata and simultaneous diagram- 

"iTtements viaichemata t For the best way to find TFSi and IF which 
ming Statem statement implication is to simultaneously diagram 

actenzed as follows 

„,ollaneous diag.amm.ng of several schomaia. any »-a:cmonl lha. aha.. .. 

'LeldTo ill. 
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The suitemau A implies the statement B (truth functionally) if and only if 
there li (I simultaneous dui}>ramnuni; of A and B such that the schema dia- 
i>rainimnf’ A implies the one duiHfttmminf! B. 

\We shall study the problem of dtagramming statements later in some de- 
tail, but this study will not be necessary lor comprehending the present sec- 
tion ) In addition, a statement A implies a statement B just in case A D B is 
a tautology For a TFS diagramming/1 implies one diagramming B if and only 
if the conditional between them is valid and/4 D B can be obtained from this 
conditional by replacing its statement letters by statements 

EXAMPLES 

a 'If It rains, the game is canceled’ implies 'If the game is not canceled, it 
does not rain' 

Test 1 'p ^ f diagrams the first statement, 'g D p' diagrams the 
second 

2 Applying the right-left test establishes that > D q' implies 
'ilDp' 

b 'John IS at school and George is at home* implies 'It is not the case that 
either John is not at school or George is not at home' 

Test’ 1 The first statement is diagrammed by 'p • q, the second by 
*-(/) V </)' 

2 Applying the lett-nght lest establishes that *p q' implies 
V <7(' 

The laws of implication established above for TFS have versions which 
hold for statements 

LAW I Every statement implies itself 

LAW 2 It statement A implies statement U and statement B implies state- 
ment C. then statement A implies statement C 

I Av* 5 a Tautologies are implied by every statement 
b Tautologies imply tautologies only 

Law 4 a Contradictions imply every statement 

b Contradictions are implied by contradictions only 

Tho luslilical.on ol ihcso laws is lolt lo (ho teader as an exercise This task 
can bo made lairly simplo by bringing to bear tho corresponding laws for 
mo iFb diagramming the statements in question 
V^hon mo conjunction ol two or more statements (or schemata) implies 
a 0 cr statement fschema). wo shall simply say that these statements 
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(schemata) imply the other statement (schema) For example the two 

statements 

John loves Mary 

If John loves Mary John will marry her 
imply the statement 
John will marry her 

because their ccmunction , mpl.es th.s statement By the same token p and 
p V « imply q We are speaking now of thejnmi implication of a schema 
(statement) by several schemata (statements) When there is any danger of 
confusing this with the separate implication of a schema (statement) by each 
of several schemata (statements) we shall make the distinction ^ 

saying that such and such schemata (statements) jau„h mph a given 
schema (statement) For example is (separately) implied by and p r, 

"Z cTara^teri^e the truth functionally valid argu 

meats In later chapters we shall be able to specify other kinds of v^alid 
rgumelts ?u. the apparatus required to do th.s is no, available now Here 
IS our long awaited definition 

An a,s,nne,U ,s fnnc.onplly M ,/ an.l onls ,/ prc»„rr« jcpirh 

imply (iriiilifuncuoiutlly) us conclusion 
EXAMPLES OF VALID ARGUMENTS 

a I, will ram tomorrow or it will snow But „ cannot snow So it will ram 
ip y q and q imply p ) 

c „ oMon If and only if every number is divisible by 2 Not 
"" eve^ number is even Hence not every number is divisible ty2(p-q 

and p imply q ) ^ „ 

C „ , love her she will no, love me So either 1 do no, love her or she will 

not love me ( p 3 </ "PP"®= ^ > 

. wh.rh IS truth tunctionally valid will be valid in the pre 
An "'’f discussed m the introduction For a truth 

systematic sense of va y ^ conclusion if its premisses are 

functionally valid argum^ ^ .j ,ru,h functionally valid there must bo 

true Let us see w y and which is implied by the TFS d.a 

a TFS which tuesrams „ ,na premisses could bo true and the 

grammmg the ^^gj^ent P ^ simultaneous interpretation of the 

conclusion talse then conclusion which would make the 

TFS diagramming 'P® P'°™“aller come out talse But this ,s imposs bio .f 
former come out true and the lauer i.wn 

the former imply the latter 
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We have already seen that the implication between TFS is mechanically 
decidable Accordingly, our "logic computer will be able to determine 
whether one TFS implies another Its abilities do not extend to statements, 
however For it does not seem possible to mechanize completely the task of 
diagramming statements by schemata There are, we shall learn later, just 
too many linguistic nuances involved lor a machine to handle Although it 
IS possible to design machines which can handle simple diagramming prob- 
lems, they are incapable of tackling problems which are moderately difficult 
for the average student (Future developments in computer technology may 
make these statements false, or at least misleading ) This means that we can- 
not build a logic machine which can cope with the total task of determining 
the truth-functional validity of an argument which is formulated in a natural 
language such as English. French, or German (Machines can cope with 
arguments formulated in certain highly restricted artificial languages ) How- 
ever, we can do this we can assign the process of diagramming arguments 
to the data-preparation stage and then let the logic machine take over from 
there It will tell us whether the argument, ue Iwi e diagranmied u, is truth- 
lunctionally valid, this because its task is now one of deciding whether 
certain TFS jointly imply another TFS, which is, of course, mechanically 
decidable But the burden of supplying these TFS to the machine lies with 
us, and as was emphasized in the introduction, supplying implicit premisses 
and paraphrasing are two sources of human error in this instance So, like 
all machines, our logic machine remains no better than its human users 


1 2 6 TRUTH-FUNCTIONAL EQUIVALENCE 

Two TFS are (iniihfii/icitoriall}) equiiolent if and only if they take on the 
same trutti-value under every simultaneous interpretation The TFS 'p' and 
■/> . for example, are equivalent because both are true when ‘p’ is true and 
both are false when p' is false If two TFS. S and Jf'. are equivalent, then 
Saw must be true under every interpretation, because every interpreta- 
tion results In T » T or F » F Thus it two TFS are equivalent, their bicondi- 
tional IS valid Conversely, if the biconditional between two TFS is valid, then 
they must agree in point of truth-value under every interpretation Hence 

n S urt- Cipnuilcfu if imd onh ifthe hiumdiuonu! betix een them ts i ulid 

There fj « deetuon proa dure fi^r iiiiiiiaUtne because we can use an ex- 
tended truth table to determine whether two TFS agree under every simul- 
lanoous mtorproialion 
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EXAMPLE, 'p' IS equivalent \o 'p p ’ Q 
Test: 


p q p py P‘ p 

T T T T 

TFT T 

ftp F 

F F F F 


The biconditional between two equivalent ^ -^^5 = It' has the same 
truth-value under eve^ 

S IS equivalent to O' i and “ 7 IP ^ j are valid. (WhyV) Con- 

valid m turn if and only if both S D iv ana 

sequently, 

Tit 0 TFS are equivalent if and only if they imply each other 
For this reason, the 

:o^:::r;an^ r;::a^irceTr<;'eTht .es. may be lelt-riqht or riqh.-lel. 


EXAMPLES 

A. 'p' is equivalent to 'p V ^ 

Test- 1 under only one interpretation. ^ 

b. using a lelt-right test, T V 7 • <, reduces to T. 
2 .p V p ■ g only one interpretation. 

H i s,naar,ght.lelltest.-fVF-u reduces -o 


B. 'p V IS equivalent to > 3 </ . ^ 

Test: 1 -p V <;■ .^j'Jalse under exactly one interpretation. 

b. U^sm/a r, gm-.e« .es..'fvr reduces to T. 

2 -p D <,■ a , 30 under exactly one interpretation 


c. 


•p D (f IS 
Pest: ‘p 


not equivalent to p V </. ^ 
V ,/■ does not imply 'P => '/ ■ 


Notice that although two tests are 


needed 


(Use fighl»Ieft test ) 
to esinhhih an equivalence one 
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negative test is sufficient to refute a putative equivalence It should be re- 
membered that, since the left-right and right-left tests are not always ap- 
plicable as tests for implication these tests are also not always applicable 
as tests for equivalence The TFS p = <7 and q = p , fof instance, are 
equivalent, but the short tests cannot be used to show it Similarly, the short 
tests cannot be used to demonstrate that ‘p = g and p^q are not 
equivalent 

Since equivalence amounts to mutual implication, the following laws of 
equivalence must hold 

L\w 1 Every TFS is equivalent to itself (reflexive law) 

L uv 2 It S IS equivalent to W and W is equivalent to E, then S is equivalent 
to £ (/rri/wi/iie fan) 

L\w 3 If 5 IS equivalent to IK. then IV is equivalent to S’ (symmetric law) 
LAW 4 Valid schemata are equivalent to each other and to each other only 

LAW 5 Inconsistent schemata are equivalent to each other and to each 
other only 

In addition to these five laws, two important laws for interchanging equiva- 
lent TFS hold Suppose that the TFS S is part of the TFS E Then we say that 
IK has been mierclwn},e(J null S Miihin E when one or more (possibly all) oc- 
currences of S within £ are replaced by occurrences of W (S and £ may also 
be the same ) 


rXAMi LLS 


a £ p V (p D q). 5 p. IK r 

Result of interchanging (one occurrence) r V (p 3 q) 

Result of Interchanging (the other occurrence) pM (r n q) 

Result of interchanging (both occurrences) r "q (r Z) q) 
b £ p D </ • f S q r, W p q Q 
Result of interchanging p o {p q </) 
c L pq q, S pq q IK r a 
Result of interchanging r » </ 

Tho/iar Am of ifU<rc/u«n>,c is Stated as follows 

Ul .V be Ihe retuh of inurcimnkmg IV unit i c Thin ifS and IV are 

eililixoleiit. so are i\ anJ t 


Lol u5 500 wh, ihis law must hold Consider any simultaneous inlerpretalion 
el \ and t This also mietpiels 6 and If Suppose lhal they are equivalent 
men they have the same liuth value under this intorprelalion But N and C 
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are truth-functional compounds of S and ir. and /V differs from E only in 
that some places occupied by ^ m £ are occupied by tV in N Since these 
places have the same truth-values accruing to them, they have the same 
effect upon the interpretations of N and E, that is, N and E must take on 
the same truth-value Thus N and E are equivalent 

EXAMPLE E:pV(pDq), S p. jy p. JV pV(pV q) 
Interpretations 


P q pv (pO q) pM (pZi q) 

T T TT T TT T 

T F TT T TT T 

F T FT F FT F 

F F FT F FT F 


Notice that the columns under 'p' and 'p' have the same entries 
The first law of interchange says that wserchangmg eqimalent TFS /?w 
duces eqimaleiu results It does not imply that interchanging nonequ/valents 
will always produce equivalent results Indeed, the next example shows that 
this IS not so 

example E : p D (p ^ q), S p. W p. N p fp q) 

Test for Equnalence 


p q p:o{p^q) P D (P m(f) 

T T T T 

T F F T 

F T r T 

F F T F 

The next law states that interchanging equivalents preserves all the impor- 
tant logical properties we have studies 

Second law of interchange Let X be the rfsult of wierxliuneun; IF huA 5 
%xithin E. Suppose ihitl S and IF are equnalcnt, then, 

a // S IS I ul/d, so ts X. 

b If E is tnxahd, so is X. 

C If E IS consistent^ io is X, 
d If E IS inconsistent, so ts X. 
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e If E implies (or is implied by) a schema, so does (is) N. 
f IfEis ecpin alent to a schema, so ts N. 

Ut us see why (a), (c), and (f) are true. First suppose that S and W are 
equivalent Then, by the first law of interchange, N and E are equivalent 
So, by the fourth law of equivalence, if one is valid, so is the other This 
shows that (a) holds If £ has a true interpretation, then so must N (since 
they are equivalent) Thus (c) holds Finally, by the second law of equivalence, 
if N IS equivalent to a schema, so is N (since it is equivalent to E) Thus 
(f) holds The reader is left with the exercise of establishing that the other 
parts of the law hold 

Many TFS may be converted to simpler TFS by interchanging some of 
their parts with simpler equivalents 
For example, the TFS 

(1) (p V (p • V (0) a (p 3 (r V r)) 
may be simplified to 

(2) (p V (p • (j V (/)> « tp 3 (r V f» 

since ‘p’ and ‘p and ‘q' and *§’ are pairs of equivalent TFS Then, since 'q' ts 
equivalent to ’p a v </’, (2) may be simplified as 

(3) (p V t/t a (p 3 (r V m 

Lastly, since 'p 3 (r v r)’ is equivalent to V V r’ (both are valid), (3) may be 
simplified to 


(4) (p V 3 (f V r) 


tt we wanted to test (t) lor, say, validity, then the two Jaws of interchange 
loll US Ihot we can tesl (4) mstead For (1) and (4) are equivalent, so one is 
valid it and only il the other is For the benelit of the reader and for the 
purposes of exercises, a list of useful eituii aleuces wilt now be presented 


LSLI UU LQU^VALL^CLS _ 
t i Is equivalent to a S 

b S-S 


c S V S 
d 5 V S • IF 
0 S ■ (5 V II') 
f 5 • )F V J • iK 
g {5 V IF) ♦ (5 V IK) 

2 i U’ IS equivalent to IK • S 

3 (S IK) £ IS oquivalcnl to S . ^iK • O 

4 S \ U' IS equivalent to IK v 5 
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5 5 V (jy V £) IS equivalent to (5 V H^) V £ 

6 S H' IS equivalent to -(5 V TfO 'I 

7 5 V Jf' IS equivalent to —{5 W) 

8 -(5 iV) IS equivalent to S' V ^ Morgan’s laws 

9 —{S V W) IS equivalent to S W . 

10 i" D py IS equivalent to a S V IV 

b -iS W) 

11 5 s |{/ IS equivalent to a (5 D IV) (IV D 5) 

b ^ fV V S W 
c (SV IV) (S V W) 

12 S (IV V E) IS equivalent to S' IV V 5 E 
EXAMPLE Find an equivalent of 

"((p Zi q) y p r) 

m which only statement letters are negated 

Solution Step by step 
a -(Cp 3 q)y p r) 
b -(pDq) -ip r)) by (9) 

C -(p V q) “(p r) by (10) 

d p 5 — (p r) by (9) 

® P V t-) by (1) (a) 

f p q (p V r) by (&} 

Q p q (p V r) by (1) (a) 

h p (p V r) by (2) | 

I q ip (P V r)) by (4) [ Optional further simplifications 

] q p by(1)(ej 

Let u$ turn now to equivalence between slatemenls 

The statement A is truth functfonall} eqiinalcnl to the statement B if and only 
if there are TFS S and IV such that S is equnaknt to IV. and A and li can he 
obtained from S and IV by replacing statement leiltrs by state/mnls 

Lest it happen that all statements are equivalent, it must be required (as was 
the case in implication) that any statement letter which occurs in both S and 
IV be replaced by the same statement In particular, if A and li are different 
both cannot be obtained from *p’ This reduces the problem of statement 
equivalence to that of diagramming statements and that of equivalence be- 
tween schemata Thus 

The Slaicmcnl A is equnaleitt to the statenunt B if and unl\ if there it a 
simidtaneous diaKramming of A and B such that the schema diui,r(ininunv ^ 

IS cquoalcni to the one diagramming B 
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Also notice that ^ is equivalent to B just in case /I = B is a tautology J^or 
/I s B IS a tautology it and only if it can be obtained from a valid TFS S = W 
by replacing statement tetters by statements Then and only then are there 
equivalent TFS which diagram A and B 

EXAMPLES 

a 'Either the dictator will resign or both the dictator will resign and the 
army will take over’ is equivalent to ‘The dictator will resign’ 

Test 1 The statements may be diagrammed by ‘p V p q’ and ’p’. 
respectively 

2 ‘p V p i?’ is equivalent to ‘p’ 

b ’If I go to the movies, then I will be broke* is equivalent to If I will not be 
broke, then I will not go to the movies’ 

Teal \ The two statements may be diagrammed by ‘p D q' and 
'q D f>\ respectively 
2 'p D q' and 'q O p are equivalent 

The laws of equivalence stated above for schemata also have versions 
which hold for statements Thus, for example, interchanging equivalent 
statements will produce equivalent results Moreover, since equivalent state- 
ments imply and are implied by the same statements, interchanging equiva- 
lent statements within an argument will have no effect upon the validity of 
that argument In short, equivalent statements have the same logical import 
Thus, in applying logic, there (s no need to rest with a particular statement if 
an equivalent one is at hand which is simpler or more convenient for the 
given application 

LXAMPi E Suppose that we want to determine whether the statement 
a It IS not the case that either the Moon is a planet or the Moon is a star 
implies both 

b It the Sun is a star, then the Moon is not a planet 
c The Moon is not a star or the Earth is not a planet 

t4ow wo could proceed straightforwardly to determine whether (a) implies 
tb) and whether (a) Implies (c) But. on the other hand, (a) is equivalent to 
the simpler statement 

d The Moon is not a planet and the Moon is not a star 

tiow td) has the form [>• q . (b) has the (orm r D p\ and (c) has the form 
V r J Out {> impUesV D p (usealefWighttcst), and p • q implies p', so 
by iho transitive law of implication. */» • q' implies 'r D p' and (d) [and also 



PART ONE TRUTH-FUNCTION THEORY 


77 


(a)] implies (b) Similarly. 'p ■ q’ implies ‘(/'.which in turn implies ‘9 V j.so(a) 
implies (c). 


EXERCISES FOR SECS. 1.2.4 TO 1.2.6 

A Using extended truth tables, determine which implications and equivalences hold 
between the members of the following lists of TFS 


p V g. p g. "(P ^ ^1 
p D (g D p). g ^ p. P~‘l 
p-q. q‘p. p^g. pgvp-g 

(pB q)^r, r-(p-q). P “ 

^ pOq, p qV P q. P qV P qV P q 
Use lelt-right or right-left tests to determine whether 
1 ‘p’ implies ‘p ♦ (p o p>‘ 

■p* implies 'p ® V r)’. 

•p’ implies ‘p * (9 V q) 

‘p q' implies 'p Z> iq"^ 

'p D q' implies 'q v p' 

‘p {q D r)' implies ‘p V q’ 

V V s' implies ‘s D p 
‘-(p V qY implies 's • {s ^ pY 
\p O q)D p implies 'p‘ 

'p (p ® rY implies V • fl) V j ^ ^ 

‘p’ IS equivalent to (p V </) (p V q) 


^ (p V p)' IS equivalent to *p D */ 

*p D g' IS equivalent to ^ P 
■p is equivalent to — <P V ^) • p • 

15 V D (g D rf ,3 me members ot the to, lowing 

Determine which implication r 
lists of statements 

' ^ :,rhe^g™:'sr;o^rrnrr.eemd,dno.,o. 

g 1 rLXl'rn'sTc^rrdon. broegh. a gen, the Job w„t not be 

0 The 1^0™ troublesome, then either Jackson docs no. own a car or 
o reTob™S':o^he^mob,esomeorJo^csbrough.agun 

3 a. The hunt wai be over d and onJ,.<thoJ«;''““ 

b The loa will be tolled or the nt ^ ,0.1 

c II the hunt «s over, then the lo* 

a a. ltlamly.hg..henmys.a.e.nen.sarelaso 

b My statements are ^ ,, statemenU are not hue 

c My statements arc true if and only y 
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5 a If there is a fight then I will or will not lose 

b If I will not lose then there will be a fight and 1 will lose 
c U IS false that both there will be a fight and I will lose 
Determine the validity of the following arguments 

1 The old king is dead and if the old king is dead the prince is the king now 
Hence the prince is king now and the old king is dead 

2 If price controls are not initiated inflation will not cease If inflation ceases 

1 shall be able to make ends meet Thus if price controls are initiated I shall 
be able to make ends meet 

3 If price controls are initiated then inflation will cease and I shall make a 
budget If \ make a budget or iriflation ceases then I shall be able to make 
ends meet Therefore if price controls are initialed then I shall be able to 
make ends meet 

4 That horse bucks if you whip him If that horse bucks you will be thrown and 
if you are thrown you will be sore So if you whip that horse you will be sore 

5 If you do not whip him that horse does not buck If you are thrown then he 
will have bucked If that horse bucks and you are thrown you will be sore 
So If you are sore you will have whipped that horse 

E Using the uselul equivalences presented m the text fmd as simple equivalents 
as possible of these TFS 

1 — (/) p) 

2 l/J 3 <i) ~(p q) 

3 V p q) (p V p tr 3 j)> V p) V p q 

4 “(rVj)3i 

5 (p “ </) V -(p ■ q) V p 

6 (p 3 </) (p 3 q) 

7 p q'^ p q'^ p q 

8 (p 3 p q) (p V (r a s)) 

9 -((P V q) V (p 3 q)) 
to (p 3 (q 3 p)} Ip 3 q) 

f Establish the following 

\ A tautology is Implied by alt statements 

2 All contradictions are equivalent 

3 If each of two TFS implies a third then so does their coniunclion 

4 li Statement ^ implies statement » and statement D implies statement C 
then A Impl cs C 

5 II J and If arc ncilbor varid nor Inconsislonl and share no staleinem loHors 
then 5 does not inipty H and tf does not imply s 


) 3 APPLICATIONS TO ARGUMENTS IN ORDINARY LANGUAGE 

*”“"9 ''^'‘'‘tly, Impltcalton, and equtva- 
lonco apply drroctly only lo schomala. In order lo tesi arguntonis lor vahd.ly 
sialomonls lor impi, canon and cquivalonco wo musi lirsl diagram me 
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statements involved by schemata In a few cases, doing this is very simple 
For example, it is easily seen that the statement 

(1) John likes fish and Jane likes meat 
can be diagrammed by the schema 


(2) p q 

On the other hand, most statements expressed in ordinary language are more 
difficult to diagram Often it is necessary to paraphrase ° 

words more closely resembling symbolic notation As an example, consider 

the statement 

(3) Although John either sails or swims and skis he is not much of an 
athlete indeed, he detests sports 

A little reflection shows that (3) may be rephrased as 

(<^hn <wims and John skis, and John is not 

(4) Either John satis or both John swims anu 

much of an athlete, and John detests sports 

Although ,4, ,s ‘=f-us and 

the semicolon and comma in (4) ma 9 

respectively, it can be diagrammed by 

(5) ((p V 9 r) 5) P, 

or dropping parentheses, more simply by 

(6) {py q r) s p^ 

frnm 13) to (4) thence from (4) to (5), seems du- 
Perhaps the passage from ( * J not always clear, and 

bious to you To the beginning s a detailed discussion of the 

for this reason this section wi diaaramming statements expressed 

ditficulties and techniques step from ( 4 ) to ( 5 ) involves three 

in ordinary language You w.ll note that tne s 

major substeps ^ 

a. The statement connectives of ordinary rang 

rH.narv language for rndicating grouping are replaced 
b The devices in ordinary lang u 

by parentheses statement letters 

c The statements are J „amout will bod.scussed 

Each of these steps and the me a word ol warning Diagramming 

separately But before we turn to n , ^ mechanical procedure 

statements in ordinary '^'’SuaS® statement must bo considered in its 
There are no hard-and-last rules Each 
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5 a. U there is a fight, then I will or will not lose 

b If I will not lose, then there will be a fight and I will lose 
c It IS false that both there wiU be a fight and I will lose 
D Determine the validity of the following arguments 

1 The old king is dead, and if the old king is dead, the prince is the king now 
Hence the prince is king now and the ofd king is dead 

2 If price controls are not initiated, inflation wiU not cease If inflation ceases, 

1 shall be able to make ends meet Thus. i( price controls are initiated, I shall 
be able to make ends meet 

3 if price controls are initialed, then inflation will cease and I shall make a 
budget If I make a budget or inflation ceases, then I shall be able to make 
ends meet Therefore if price controls are initiated then I shall be able to 
make ends meet 

4 That horse bucks if you whip him If that horse bucks you will be thrown, and 
\t'}o\iareth,ro'Mn you wtt be sere So dyouvihip that horse, you will be sate 

5 If you do not whip him, that horse does not buck If you are thrown then he 
Will have bucked If that horse bucks and you are thrown, you will be sore 
So if you are sore, you will have whipped that horse 

E Using the useful equivalences presented m the text, find as simple equivalents 
as possible of these TFS 

1 --(p p> 

2 (p 3 -(p q) 

3 (Ip V p q) (p V p (r D S)) V p) V p q 

4 -IfVjIDs 

5 fp *• </) V -ip a V p 

6 (p 3 q) (p D q) 

7 pq'Jpq^pq 

8 (p 3 p q) (p V (r a s)t 

9 -Up V V (p D g)) 

10 (p 3 (V 3 p)) (p D q) 

F Establish the following 

1 A tautology ts implied by all statements 

2 4,11 contiadictions are equivalent 

3 11 each of two TFS implies a third, then so does their conjunction 

4 it statement A implies statement U and statement 8 implies statement C, 
then A implies C 


5 


It 5 and It are neither valid nor inconsistent and share 
then S docs not imply W and W does not imply S 


no statement letters 


13 APPLICATIONS TO ARGUMENTS IN ORDINARY LANGUAGE 
Tho tcchmques wo hovo loo, nod lor lesLng val.dity, impl.cal.on, and aqu.va- 
icnco app,, p„ec,iy p„iy schemala In order to lest arguments lor val.ddy 
and sla.emenls tor .mpl, cation and cqu.valenco. we must Itrst diagram the 
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statements involved by schemata In a few cases, doing this is very simple 
For example, it is easily seen that the statement 

(1) John likes fish and Jane likes meat 
can be diagrammed by the schema 

( 2 ) P q 

On the other hand, most statements expressed in ordinary language are more 
difficult to diagram Often it is necessary to paraphrase them in a form of 
words more closely resembling symbolic notation As an example, consider 
the statement 

(3) Although John either sails or swims and skis, he is not much of an 
athlete, indeed, he detests sports 

A little reflection shows that (3) may be rephrased as 

(4) Either John sails or both John swims and John skis, and John is not 
much of an athlete, and John detests sports 

Although (4) IS barbarous and cumbersome, it is far easier to diagram As 
the semicolon and comma in (4) mark its greatest and next>greatest breaks, 
respectively, it can be diagrammed by 

(5) {{p V q r) s)^p^ 

or dropping parentheses, more simply by 

(6) (pVq r) s 

Perhaps the passage from (3) to (4), and thence from (4) to (5), seems du- 
bious to you To the beginning student such things ate not always ctaaT, and 
for this reason this section will be devoted to a detailed discussion of the 
difficulties and techniques involved in diagramming statements expressed 
in ordinary language You will note that the step from (4) to (5) involves three 
major substeps 

a The statement connectives of ordinary language are replaced by logical 
symbols 

b The devices in ordinary language (or indicating grouping are replaced 
by parentheses 

c The statements are replaced by statement letters 

Each of these steps and the methods for carrying them out will be discussed 
separately But before we turn to this, a word of warning Diagramming 
statements in ordinary language is not a purely mechanical procedure 
There are no hard-and-fast rules Each statement must be considered m its 





own right, and careful attention must be paid to its context and to its author s 
intent Frequently, preliminary paraphrasing requiring careful thought and 
critical analysis will be needed Consequently, the procedures offered in this 
section should be regarded only as rough rules which hold for a large num- 
ber of examples but which also admit frequent exceptions 


1 3 1 SYMBOLIZING STATEMENT CONNECTIVES 

The first rules we shall discuss are used to symbolize those English state- 
ment connectives which are used to form negations , c onjunction s, ^s- 
juncttons, Vco nditionalSt and biCQnditionalS 4 ^When these rules are applied 
to an English statement, a symbolic statement is produced Since some of 
our logical symbols differ in meaning from their English counterparts, the 
symbolic statement is not a complete translation of the English statement 
Yet the symbolic statement may be viewed as an idealization of the English 
statement in which certain features of the English statement have been 
ignored for the purpose of solving logical problems 
Logicians have found that, for the most part, a symbolic idealization of an 
argument will do complete justice to its original English version Unfortu- 
nately. there are exceptions to this, and a symbolized argument may turn out 
to be valid, while the English version of it seems intuitively incorrect As an 
example, consider the argument 

It IS not the case that if there was a flood in the Sahara then Rome would 
have been submerged 

Hence there was a flood in the Sahara 

This argument surely seems incorrect However, symbolizing it yields the 
valid argument 

-(.There is a flood m the Sahara 3 Rome is submerged^ There is a hood 
in the Sahara t 

i -(f» 3 «j)’ implies '(}' 1 How are we to explain this surprising result? An 
observant reader will have noticed that the premiss of the English argument 
IS the negation of a counterfactual conditional So he might suggest that 
wo simply forgo symbolizing arguments that contain counterfactuals How- 
ever, since many other arguments involving counterfactuals can be symbol- 
ized with impunity, this solution seems rather drastic Unfortunately, no 
saiislactory solution is known today Logicians have not succeeded m com- 
plctoty determining which arguments can be treated by truth-functional 

'Th^ »|mbol mjjr t)« read as 


increfore 
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EXAMPLES Here are pairs ot English and symbolic negations 
a John never met Jane —(John met Jane) 
b The lamb was nowhere to be found —(The Iamb was found) 
c You are not in the least welcome —(You are welcome) 
d Nobody loves me —(Somebody loves me) 

The technique can also be applied to the suspected negations of com- 
pound statements, but here it is important to be sure that you are dealing 
with a negated component 
For example, the statement 

(4) John does not sing and Mary does not act 
must not be confused with 

(5) —(John sings and Mary acts) 

since statement (4) is not a negation but rather the conjunction of two nega- 
tions On the other hand, an English version of (5) is 

(6) U IS not the case that both John sings and Mary acts 


I i I 2 CONiUNCTlONS 

With comunction the clue words are the essential thing , for once the clue 
word has been spotted, the conjoined statements are usually simply the 
statements which tlank the clue word Here is a list of some of the expres- 
sions used for conjunction 


but 

although 

however 

nonetheless 

moreover 

still 


in spite of 
despite 

notwithstanding 

while 

whereas 

yet 


tl might seem strange to you that words such as ‘although', ‘but’, and 
however are used to express conjunction Perhaps an example will explain 
why The statements 


(7) Although John was late, his mother gave him dinner 
(Q1 John was late but his mother gave him dinner 

are both compounds, moreover, both are true if and only if John was late and 
his mother gave him dinner Thus both (7) and (a) may be symbolized as 
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(9) (John was late) (His mother gave him dinner) 

Of course, (7) and (8) differ rhetoncaliy from each other and (9) Someone 
might utter (7), for example, if John s mother had /aid down a rule that no 
one who is late will get dinner, while uttering (9) would not emphasize [as 
do (7) and (8)] that an exception to the rule had been made But such subt/e- 
lies do not affect the truth values of (7), (8), and (9), and so logic ignores 
them 

Notice that in (7) the clue word although’ is not flanked by the conjoined 
components Nevertheless, it is usually fairly easy to identify the conjoined 
components even when they are arranged unusually 

EXAMPLES English and symbolic conjunctions are paired 

a John married Jane although her father opposed this 
(John married Jane) (Her father opposed this) 

b While Jack held the robber at bay, his brother called the police 
(Jack held the robber at bay) (His brother called the police) 

c Peter went to college, whereas Jack was kept at home 
(Peter went to college) (Jack was kept at home) 

Some of our clu e words are not alw ays us ed as statement connective s, 
and this is^omething to beware of In th¥liexl three statements neither yet, 
and . nor still is a statement connective 

Jill IS not home yet 

Jack and Jill went up the hill ioseiher 

Jack and JilJ are still up on the hill 

Punctuation marks, especially the comma and semicolon, are often symp- | 
tomatic of conjunction Here are some examples of this 1 

Jane runs, Jim plays golf, and Steve sails 

Although Jane runs and Jim plays. Steve sails, all three are athletic 
I came, I saw, I conquered 

Naturally many occurrences of commas and semicolons do not mark con- 
junction In the following statement, for example the comma indicates 
disjunction 

The burglar either jumped the waif, went out through the cellar, or walked 
out the front door 

In the next sentence the semicolon even has a non-truth-fonctiona/ use 
We cannot go to the movies tonight, for alt the theaters arc closed for the 
holiday 
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The truth ef the last statement does not depend upon the truth-values o1 its 
components alone, tor it is true only if the reason why we cannot go to he 
movms tonight is that all the theaters ate closed for the holiday Conjunction 
also combines with negation m words such as ‘nor’ and without 


The statements 

Paul does not eat oysters, nor does he eat crabs 
Paul lelt without paying his bill 

can be symbolized as 

-{Paul eats oysters) —(Paul eats crabs) 

(Paul left) -(Paul paid his bill) 

As a consequence neither nor ’ translates as — ( )•"■( )< 

so that we may symbolize 

Robinson neither sails nor swims 


as 

-(Robinson sails) -(Robinson swims) 

^Observe that p n is equivalent to — tp V q)', so that 'neither p nor q may 
also ba symbolized as -(p V </) ) 


13 13 OISIUNCTION 

The following words are used to express disjunction 

or either or 

or else unless 

01 these, only unless’ poses a problem lor the beginner Why should it be 
taken as a clue to disjunction? To answer this, recall that a disjunction is a 
compound which is true just in case at least one of its components is true 
Now consider the following statement 

(10) Picrponl IS on his boat, unless he is counting his money 

If Pierpont is not on his boat and not counting his money, then (10) is false 
On the other hand. (10) would be true if Pierpont was on his boat or if he was 
counting his money So (10) behaves like a disjunction and can be sym- 
bolized as 

(Pierpont is on his boat) V (Pierpont is counting his money) 

Wo must remember not to translate occurrences of exclusive, or’ as ‘V* 
tn the loilowing statement, lor example, or’ has an exclusive sense 
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(11) Taxpayers must file exactly one return, but it may be a single or a joint 
return 

Since (11) would be false if a taxpayer could file both single and joint returns, 
the occurrence of 'or' m (11) must be construed as an exclusive 'or' There 
are a variety of ways in which the exclusive 'or', itself, may be symbolized 
since > or but not both' may be expressed as' (/>V^) -(p 7)’, which is in 
turn equivalent to (p v 7) (p V 7) and ‘p ^ Thusfll) could besymbol- 
ized as 

(Taxpayers must file exactly one return) ((The return is a single return) 
= — (The return is a joint return)) 

EXAMPLES English and symbolic disjunctions are paired 

a Either the moon rose or lightning struck (The moon rose) V (light- 
ning struck) 

b Unless the bridge is out, traffic is light (The bridge is out) V (traffic 
IS light) 

c I shall be there, unless my mother will keep me at home (I shall be 
there) V (My mother will keep me at home) 

I 3 I CONDtnONAL 

Many of the clue expressions for conditionals will be found in the following 
list 

if p. then q p only if q provided that p, q 

if p, q p only when q q provided that p 

when p. q </ if P </ P 

All these expressions are to be symbolized as > D 7', even those in which 
‘7 appears first These examples might convince you of this 

(12) I shall come If I am invited 

(13) I shall come in case ! am invited 

(14) f shall come provided that I am invited 

Does not each of these statements affirm that if I am invited I shall come? 

So cannot each be symbolized as 

(15) (I am invited) D (I shall come) 

That ‘p only if 7’ can bo symbolized as *p D 7‘ ‘S a stumbling block tot 
many students However, perhaps the next example wilt help fcmoi.o this 
obstacle 
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(16) You will pass the course only if you take the exam 

Now this IS not a promise that you will pass if you take the exam, rather it is 
a threat to fail you if you do not take it In other words, (16) means 

(17) If you pass the course, then you will have taken the exam 

So both (16) and (17) have the form > 3 g However, the frequent reluc- 
tance of the beginning student to accept the symbolization of p only if q as 
p 3 (/ IS not entirely unfounded First, although the symbolization is quite 
accurate with respect to mathematical and scientific discourses, there are 
cases in everyday discourse when the meaning of ‘p only if q' is closer to 'if 
q, then p' or p if and only if q' For example, the most likely interpretations of 

(18) I will ask Jones only if everyone else refuses 

are either that, if everyone else refuses, then I will ask Jones, or that 1 will 
ask Jones if and only if everyone else refuses Second, ‘only if p, q’ is best 
symbolized as q D p' For 'only if p, q' also means q unless p', that is, 
qVp. and this is equivalent to 'q 3 p* (Observe that 'p only if q' could be 
put as p unless </', and this m turn as ‘p V q', which is equivalent to 'p "D q') 
The moral is, once again, that there are no hard-and-fast rules m this busi- 
ness of symbolization U is an operation which requires much thought and 
the careful application of analytical skills 

cxAMPLES English and symbolic conditionals are paired 
a The bells ring if there is a fire (There is a fire) 3 (The bells ring) 

b Provided that the gale is open, the horse will be able to get water 
(The gate is open) 3 (The horse will be able to get water) 

c Only If he calls, will you meet him at the station (You wil) meet him at 
the station) 3 (He will have called) 

d School will open tomorrow provided that the teachers do not strike 
—(The teachers strike) 3 (School will open tomorrow) 


13 15 BICONDITIONALS 

The standard phrase tor the biconditional is 'it and only if, but in addition 
these expressions are often used for the same job 


if and only if p. q 
if p and only then q 

provided that and only provided that p. q 


P when and only when q 
in case p, q and only then 
P just in case q 


LXAvifLus English and symbolic bicondilionals are paired 
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a You can come it and only »t you pay your dues (You can come) « (You 
pay your dues) 

b A conjunction IS true ]ust m case both Its components are (A conjunc- 
tion IS true) ^ (Both its components arc true) 

c If you work hard and only then will you have a chance to graduate (You 
work hard) = (You will have a chance to graduate) 

1 3.1.6 NECESSNRV AND SUFFICICNT CONDlTlOSi 

In scientific and mathematical writings the terms 'necessary*, ‘sufficient*, and 
'necessary and sufficient' are frequently used to form conditional and bi- 
conditional statements For example, the statement 

(1) A sufficient condition for the conjunction '/> • ly' to bo false is that 
be false 

Simply means 

(2) If 'p' IS false, the conjunction 'p * q' «s false 
On the other hand, 

(3) For */> • <i' to be true, it is necessary that >' and ’q' both bo true means 

(4) If 'p ‘ </* IS true, then y and V arc both true 
in gonorat, 

p IS a necessary condition for q 
p IS necessary for q 
fori/, /j IS necessary 
a necessary condition (or q is/» 

can all bo symbolized by 'q D p , while 

/> IS a sufficient condition for q 
p is sufficient for q 
for q. p IS sufficient 
a sufficient condition lor »/ is p 
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someone who says ’For you to sleep, it is necessary that you relax first’ 
means ‘If you sleep, then you will have relaxed first', or equivalently, 'If you 
do not relax first, you will not sleep ’ (> D q' is equivalent to 'q D p' ) 
Scientists also speak of necessary, sufficient, and necessary and sufficient 
causes For example, ‘A sufficient cause of death is the cessation of heart 
action’ means in part ‘If the heart action stops, death will ensue’ On the 
other hand, ‘A necessary cause of fire is an adequate oxygen supply’ means 
in part ‘If there is a fire, then the oxygen supply is adequate’ As the examples 
show, if the sufficient cause is present, the effect must come out (If you stop 
a man’s heart action, he must die) Yet the effect need not come about in 
the presence of a necessary cause, although it will not come about without 
It (You cannot have a fire without an adequate oxygen supply, but many 
things remain in the presence of enough oxygen to sustain a fire without 
catching on fire ) Finally, a necessary and sufficient cause is one whose 
presence will bring out the effect and without which the effect could not be 
For example, the sun’s rays are the necessary and sufficient cause of the 
earth’s daylight 

As the last example shows, ‘necessary and sufficient' can be symbolized 
by 's’ Thus ‘s' symbolizes all the following 

p IS necessary and sufficient for q 
p IS a necessary and sufficient condition for q 
A necessary and sufficient condition forp is q. 

You will have noticed, no doubt, that the terms 'necessary' and ‘sufficient’ 
were not discussed along with the other readings of "D', such as 'if, 'only 
if, ‘provided that', etc This is because reading ‘p d q' as 'p is sufficient for 
q' C.T 'q \s. fc>r p‘ \o odd resuhs for if we read 

■D’ in this way. it follows that a true statement is a necessary condition for 
every statement and that a false statement is sufficient for every statement 
However, it is not being recommended that 'p D q' be read as ‘p is sufficient 
for q'. all that is being suggested here is that sometimes 'p is sufficient for q' 
can be symbolized as 'p O q' The passage from 'o' to ‘sufficienf is not 
licensed, and the passage from ‘sufficient’ to ’D' is permitted only with 
reservations Similar remarks apply to ‘necessary’ and ‘necessary and 
sufficient' 


EXERCISES FOR SEC. 1.3.1 

Paraphrase the following so as to replace English statement connectives by 
their symbolic counterparts Insert necessary parentheses 

1 Jones is by no moans pleased 

2 You will pass, but he will not pass 



5 Unless he pays me, 1 shall have to sue him 

6 ) shall sue him only if he does not pay me 

7 I did not mvite him. nor did I urge him not to come 

6 Peter and John share the car with James, although none of them is haoi 
about It ^ 

9 Provided that my expenses are paid I shad do (he job 

10 I shad do the job or I shall get someone else to do it. provided that my expense 
are paid 

11 You will get along wed with him if you meet him halfway 

12 So long as you meet him halfway, you wid get along well with him 

13 This bell rings just in case that cord is pulled 

14 When and only when the door is open, the goat tries to get out 

15 In order for you to pass, it is necessary for you to study 

16 For you to fail, it is sufficient for you not to study 

17 Although John passed without studying, a necessary and sufficient condition foi 
your passing is your studying 

18 In case I am late, my assistant will take over, however, neither am I late nor will 
my assistant take over 

19 It IS not the case that he visits her only when he is sober 

20 This story is in no way true, nonetheless it is interesting 

21 While this conjunction has two components, that one has three components 

22 In spite of the fact that his past behavior was not up to par, he was admitted 

23 Although I am still awaiting his reply. I shall write him if he writes me 

24 His reply is late still, provided that he writes me, I shall write him 

25 John will be nowhere to be found, unless he is careless 

26 I shall not help you in case you refuse to help me. moreover. I shall help you only 
If you have helped me 

27 Neither is his act justified nor is it legal, however, he will not be punished, pro* 
vided that he is found insane 

28 I looked, I listened, but t did not see him, nor did I hear her 

29 If you take a course m philosophy, you will find a previous course in logic quite 
helpful provided that you studied and retained whaf you learned 

30 Neither all will pass nor all will fail, but you will pass just in case John does 


1 3 2 GROUPING 

Ordinary language has many subtle ways of indicating the grouping of com- 
ponents in compound statements Unfortunately, once the staiomcni con- 
nectives from ordinary language have been replaced by (ogicaf symbols 
many of these devices are no longer in effect Their role is taken over by 
parentheses, naturally, but a statement can bo diagrammed correctly only 
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if its grouping is mirrored in the schema diagramming it, and this will happen 
only if parentheses are correctly placed in the schema 
For example, the statement 

(1) if John went to school, then John went to the beachor John took a swim 

IS unambiguous Yet if we replace its statement connectives by logical sym- 
bols, the statement we get, 

(2) John went to school D John went to the beach V John took a swim 

is ambiguous between the forms ‘p D (q y r) and ‘{p D q) y r A little re- 
flection on the grammatical structure of (1) shows that it has the form 
■p D (<7 V r) To avoid this kind of ambiguity, it is necessary to supply 
parentheses in passing from (1) to (2) How to do it is the subject of the 
present section Once again, it is impossible to give hard-and-fast rules, but 
It IS possible to call your attention to devices in ordinary language and let 
you take it from there 

13 2 1 ‘IF then’, ‘both and’, ‘either or’, and ‘neither 
nor’ 

The grammatical requirements on constructions involving expressions such 
as ‘if then' or both and are valuable aids to discerning grouping 
For example, grammar demands that a clause which begins a sentence and 
starts with 'if be followed by a ‘then’ or a comma or semicolon Thus the 
portion between the 'if and the first ‘then’, comma, or semicolon marks the 
antecedent of a conditional For example. 

If p or q then r 

cannot have the form ‘p y {q D r)’. because the *if’ would be left dangling 
Again, 

if p only If q, r 

has the form {p D q) ^ r , and not ‘p D (</ D r)’ This device, however, only 
helps to determine the antecedent of a conditional, and does not apply to its 
consequent Thus 

if p then q or r 

IS ambiguous between *p 3 (p V r)’ and (p D q) V r’ Placing a comma be- 
fore the then' will give it the first form Yet it can be given the second form by 
exploiting another grammatical requirement and writing it as 


either if p then q or r 
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Here the construction 'either ... or’ serves to mark the boundaries of the 
fefl-hand component of the disjunction. It is not necessary to go into the 
grammat/cal details of this and other relevant constructions here Indeed, 
the way m which they work is made sufficiently clear in the following table 
of constructions and schemata. 


CONSTRUCTION SCHEMA 

It ;> then either or r p {q y r) 

either if p then q or r (p D q) V r 

either or if q then r p V (q d r) 

if yj then both </ and /■ poq r 

both if p then </ and r (p d q) r 

if p and q then r p q o r 

if/Mhent/onlyifr p D (q d r) 

if p only if (f then r (p D q) D r 

both n or (/ and r (p V q) r 

p or both q and r p'q q r 

neither both yi and nor /■ -(p q) -r 

both neither/} nor V and r p q>r 

It IS false that both p and q -(p q) 

both It IS false that p and <7 p q 


This table is far from complete, but it illustrates some of the many construc- 
tions which ordinary language uses to avoid ambiguities of grouping 

1.3 2 2 EMPHASIZING STATEMENT CONNECTIVES AND TELESCOPING CLAUSES 

Ordinary language also indicates grouping by emphasizing one connective 
in order to show that it marks a greater break in a sentence than another 
For example, the occurrence of 'or else' m 

John must pay his bills and Harry must return the car or else John will go to 
jail 

shows that this statement has the form ‘p • </ V r* To convert this to the form 
■p • ((/ V r)‘ It IS sufficient to play down *or’ and emphasize 'and', as m 

John must pay his bills and, furthermore. Harry must return the car or John 
will go to jail 

Another device for emphasizing connectives is the 'case that’ construction 
Thus ‘it IS the case that p or q and that r’ has the form ‘(p V < 7 ) r', whereas 
■it IS the case that p or else that q and r’ has the form ‘p V q r’ 

Another method used in ordinary language to bring out grouping is the 
reiescoping of clauses When we write, for example. 'John will smg and play', 
we telescope the two clauses 'John will sing’ and 'John will play into one 
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Moreover, expanding the telescoped sentence must yield ‘John will sing and 
John will play‘, for both ‘will sing' and ‘will play' need a subject and the word 
■John' IS the only appropriate one This tells us that the grouping of 

John will sing and play or he will be sent home 

takes the form 'p q y r' Telescoping with respect to 'or* produces the other 
grouping the statement 

John will Sing and he will play or be sent home 
has the form 'p (q V r)' 

EXAMPLES Telescoping as a device for grouping is illustrated in the follow- 
ing statements, each of which is accompanied by an appropriate diagram 

a If John sings or plays, then he will have a good time 
{py q)0 r 

b The market will drop and close early if the President dies or declares war 
iry s)Dp'q 

c Only if Anderson is promoted and given tenure or Jones is fired will 
peace in the department be restored 

s D (p q y r) 

d Jackson fled the scene but left his address if no witness saw him 
r D p - q 

EXERCISES FOR SEC. 1.3 2 

Paraphrase the following so as to replace English statement connectives by 
their symbolic counterparts Insert necessary parentheses 

1 l( ho gets tho grant or someone gives him a fellowship, then he will go to Europe 

2 11 both John gets married and Sarah goes to college, then we shall be able to sell 
this house 

3 Either the police will handle it or both the fire department wiU come and the army 
will bo called in 

4 Neither shall I accept if nominated nor shail I seek tho nomination 

5 Both tho college wilt close H no funds are available and the town will die in case 
tho college closes 

6 Qoih John will bo hero or one of his friends will be and wo shall extend our 
welcome 

7 II wo get the contract, then wo can build the road if we are not behind schedule 
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8 Provided that the building is open, we shall be able to go into the office in case 
this key opens it 

9 The police will collect the tickets and direct traffic if we give them a share of the 
proceeds 

10 The police will collect the tickets, and if we give them a share of the proceeds, 
they will direct traffic 

1 1 If Jones phones or writes and Smith gets the message, then the shipment will be 
made 

12 I cannot buy the car unless it is m good condition and reasonably priced 

13 John will sue you or Jane will divorce you and moreover your friends will re- 
ject you 

14 Jackson will be fired, but he will appeal it. or else no one will mention the incident 

15 There was a witness only if John was shot but also brought to the hospital in 
time to save his life 

16 If the university neither recognizes the organization nor accedes to its demands, 
then there will be a not, moreover, the trustees will give up the project and fire 
the president in case there is a not or a student strike 

17 The building will be completed and the club can start operations provided that 
the zoning change is approved funds are available, and the members are ready 
to proceed 

16 If the army suppresses the uprising and if the populace cooperates then the 
government will win the election and carry out its programs 

19 Unless both something is done for the poor and race relations improve there 
will be a major not, and if the police use violent methods, then many innocent 
people will be killed 

20 It IS the case that Jones or Smith is president and that Jackson or Lewis is vice- 
president, but neither is Jones vice president nor is Jackson president 

21 if It snows, the streets are plowed and traffic is tied up, then the county will have 
to raise taxes, or both the sanitation department and the police force will have to 
take pay cuts 

22 If you see a yellow dog, take another drink, however, you are not drunk if you do 
not see one or if you are still depressed 

23 If you marry my daughter without obtaining my permission, I shall shoot you but 
if you get my permission or give me some money, then I shall welcome you 

24 Provided that the butler shuts the door or (he cook puts the cookies away, we 
shall have a rat-free evening and enjoy ourselves 

25 If Robinson sells, the deal will go through only if it is the case (hat Washington 
was informed and that the necessary papers are available 


1 3 3 IDENTIFYING STATEMENTS 
1 3 3 7 THE FORMS OF A STATEMENT 

The last step in diagramming a statement by means of aTFS consists in re- 
placing Its component statements by statement letters In the examples in 
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this section we shall replace only those components which themselves are 
noi truth-functional compounds of further components In other words, the 
statements replaced by statement fetters will not be subject to further truth- 
functional analysis This will cause our diagrams to reveal the complete 
truth-functional structure of a statement This completeness, while pedagog- 
ically useful, is not always necessary For example, the statement 

(John loves Mary D Mary loves John) V —(John loves Mary D Mary loves 
John) 

is a tautology It can be obtained from the valid TFS (p D (/) V — (p D q)’ 
by substituting John loves Mary' for ‘p* and 'Mary loves John' for V While 
‘(p D V — (p D r/)’ does reveal the complete truth-functional structure of 
the statement, the schema ‘r V r' can also be used to show that the state* 
ment is a tautology by substituting 'John loves Mary O Mary loves John' for 
‘r’ While *r V r' reveals (ess structure than ‘(p D q) V — (p D < 7 )’, it surely 
provides the more efficient solution to the problem On the other hand, re* 
vealing the complete truth-functional structure of a statement guarantees 
that It gets the fullest hearing possible For instance, suppose that the state- 
ment 

(1 -f- I »2) ' (2 + 3 = 5) D -(-(I + I = 2) V -(2+ 3 = 5)) 

were diagrammed as simply 'p D q’ Then it would not be counted as a tautol- 
ogy Yet It IS one. as can be shown by reveating us complete truth-functional 
structure by means of p • </ D — (p V </)' This is why we shall pay less atten- 
tion to the question of efficiency in this section However, any reader who 
can save an exercise problem by not revealing the complete truth-functional 
structure ot the statements invotved is welcome to do so It is often possible 
to show that a statement is a tautology or a contradiction or that one state- 
ment implies or IS equivalent to another by revealing less than the complete 
structure of the statements involved On the other hand, the complete struc- 
ture IS necessary to establish that a statement is not a tautology or a con- 
tradiction or that one statement docs not imply or is not equivalent to 
another 

Wo shall also speak ot the (orm ol a statement, although, strictly speaking, 
no slalcmcnt has a unique form There are two reasons (or this First, given 
any statement, there may bo more logical structure in it than our techniques 
can reveal The statement, for instance. 

1*0 logic book is easy 

must now bo treated by us as simply of the form p , but in later chapters wo 
snail bo able to expose more of its logical structure Second, many stato- 
r-'ents can Co obtained from several nonequivalcnl TFS by replacing their 
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statement letters by statements Every statement can be obtained in this way 
from ’p'. Yet the statement 

(It IS raining) V (It is snowing) 

can also be obtained from ‘p V q' Thus, when we speak of the form of a 
statement in this section, what we really mean is a TFS from which the state- 
ment can be obtained by substituting statements for statement letters and 
which reveals the complete truth-functional structure of the statement 
To obtain the form of a statement we must replace all repetitions of the 
same simple statement by the same statement letter and distinguish differ- 
ent simple statements by using different statement letters for them 

For example, it would surely be a mistake to diagram 

(1) If David kills Goliath, Israel will be saved 

by ‘p D p\ because then we should count (1) as logically true, which it most 
definitely is not The mistake here consists in replacing different statements 
by the same letter On the other hand, we could err m the other direction by 
counting 

(2) David did or did not ki(f Goliath 

as contingent, when it is in fact logically true This would happen if we mis- 
takenly diagrammed (2) as ‘p v q’ or 'p v q\ In the case of (2), replacing 
repetitions of the same statement by the same statement letter yields the 
valid schema 'p V p' Recognizing and distinguishing statements requires 
linguistic and critical skills, but attention to grammar helps once again 
For example, consider the argument 

(3) Joe IS guilty of murder or bigamy If the former is the case, he should be 
hanged, but if the latter is true, he should be imprisoned Thus Joe 
should be hanged or imprisoned 

It IS diagrammed by ‘p v q, (P ^ r) • (q D s) rV s' f Seeing this, however, 
requires us to find the antecedents of 'the former’ and ’the latter' in (3) 

As another example, consider 

(4) Dmitri killed the Cossack, but if he did that, then he cleaned his knife 
So he cleaned his knife. 

This has the form 'p • (p D q) /. q‘. but in order to understand why this is so 
we must recognize that the word 'that* in *he did that' refers to Dmitri s kill- 
ing the Cossack and that ’he' in all its occurrences refers to Dmitri In the next 
argument the important pronoun is 'the latter 

tThe symbol ‘ ’ may be read tberelore 
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(5) Alexander the Great was a great general or a magnificent lover The 
latter ts not the case So he was a magnificent lover 

This argument is not valid because it has the form ‘p q,q q' The words 
‘the latter' refer to the second alternative and not the former if we replace 
‘the latter’ by 'the former’, then we should have a valid argument, it would 
have the form 'p V q, p q’ 

Differences in tense need not be counted as marking different statements 
Consider the argument 

(6) If John gets the grant, he will go to Oxford 

He will get the grant Hence he will go to Oxford 

It contains ‘John gets the grant* and 'John will get the grant', but as the 
context shows, both may be represented by 'p' This valid argument has the 
form 'p D q, p . q' 

1 3 3,2 TUB FALLACY OF EQUIVOCATION 

The discussion of tenses and pronouns has been aimed at getting you to 
recognize statements as the same even when they are expressed in differ- 
ent forms of words On the other hand, it is just as important to recognize 
that distinct statements can be expressed via the same form of words This 
point was recognized and illustrated in the discussion of the difference be- 
tween sentences and statements (See the Introduction ) Failure to recog- 
nize It now can lead to mistaken assessments of validity, logical truth, and 
contingency For example, 

(7) King ate rice and was still hungry, but he ate hash and was no longer 
hungry 

might bo diagrammed as 'p ' q r </', and thus count as logically false But 
this would bo a mistake If King was still hungry’ and King was no longer 
hungry were uttered with reference to the same occasion, then it would be 
proper to diagram them by '</’ and '<7* However, In (7). these two sentences do 
not refer to the same occasion tho lust reiers to the time when King ate 
rico, the second to when he ate hash Thus (7) could be expanded to 

(8) King ate rice at a limo / and was still hungry at the time /, but he ate hash 
at a timo r' and was no longer hungry at the time /' 

This has the form '/>•</ r • i* and therefore is contingent 
Sameness of expression coupled with diltcrcnco ot meaning is illustrated 
again in the (ollowing ininliJ argument 

(9) Jones is an unreliable stockbroker, and if ho sells again, ho will hear 
from mo 
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(10) Thus, if he does not hear from me, he will not sell 

This argument superficially resembles the following \alid argument 

(11) Jones IS my teacher, and if he gives me an A, he wiJJ pass me 

(12) So if he does not pass me. he will not give me an A 

This argument has the form ‘p ' (q "D r) r zy q\ and consequently it is valid 
The first argument, however, only seems to have this form It really has the 
form > • (? D /■) .• f D q This is because the meaning of the expression 
‘hear from’ differs from (9) to (10) Jones's unreliability indicates that the 
phrase 'will hear from me’ means ’will be reprimanded by me’, in (9), and that 
in (10) the same phrase means ‘is restrained by me’ 

Expressions which have more than one meaning are called eqmxocai A 
very simple example of an equivocal word is the word ‘even’ Some of its 
different meanings are illustrated m the following sentences 

Now we are even 
Two IS an even number 
John even kissed Jane 

Equivocacy is no villain in itself, but sometimes it results in misunderstand- 
ings (due to or invalid arguments caUed/allaaes ofequnocation 

If a sentence is open to more than one interpretation, then the sentence is 
ambiguous For example, the sentence 

(13) John was so green 

IS ambiguous because it could mean 

(14) John was so green in color 
or 

(15) John was so inexperienced 

Of course, (13) is ambiguous only because we have considered it in isolation 
from both linguistic and situational contexts When we speak to each other, 
the situation in which our sentences are uttered or the linguistic context 
surrounding them usually prevents such ambiguities If, for example. (13) 
was part of a story about John s seasickness, it would probably have the 
sense of (14), but if (13) was part of a discussion about new employees then 
it would probably have the sense of (15) Again, jf some one utters She s a 
bitch’ and points to a dog. he has said something acceptable in polite so- 
ciety", but if he utters the same thing while pointing to a woman he may get 
his face slapped (Here linguistic surroundings do not avoid ambiguity, but 
the situation does ) 
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Of course, sometimes situation and linguistic contexts are not sufficient 
to determine a unique interpretation of an utterance Then we try to resolve 
the resulting ambiguity by questioning the speaker Or if he is not present, 
we can try to follow the consequences of the possible interpretations in order 
to see which is more likely If this fails to produce positive results, we may 
have to count the utterance as hopelessly ambiguous and give up trying to 
understand it This type of difficulty can arise, especially in written works, 
since no one speaks or writes with complete clarity all the time Here are 
some examples which illustrate these cases 

Ambi^uit} Resol\ed by QuesUomng 

Get me a compass Oo you mean one for drawing circles'^ No, I want a 
navigator s compass 

hy Following Consequences 

Mr James once said. No rule can be long ’ This could mean that no method 
can have a lengthy statement or that no reign can have a long duration, but 
since James was a political scientist, he probably meant the latter 

iloiHicssly Ainbigtuuis 

Ho wrote me that my point was a nice one, but since it was a minor point, I 
could never decide whether he was comptimenling me or merely remarking 
on the subtlety of my criticism 

By playing upon the meanings of equivocal expressions one can also 
construct invalid arguments which, at first sight appear to be valid No one 
IS likely to bo fooled for long by the arguments (9}-(10), but such changes of 
meaning in midargument can lead to more subtle invalid arguments For 
this reason invalid arguments of this typo have been given extra attention 
by logicians and the special name, fallacies ol equivocation From the point 
ol view ol truth functional logic, such fallacies usually arise when someone 
treats different statements as if they were the same This is illustrated in the 
following example 

ttC) Vou will attain the end of your lilo i 1 you are elected 
(t7) If you attain the end ol your life you will bo dead 
(16) So if you are elected you will bo dead 

Now assuming that your y,Oidinlife is to bo elected and that when you reach 
ihf fair mutiieni of \our life you will die then (16) and (17) aro Iruo But then 
You .Tiiam the tndof your life must have a different meaning in (16) and (17) 
Thus trio argurnunt has tho form /»Di/rD 4 p D s and is invalid On 
If 0 otr«jf hand il you alta n tho cod of your life is interpreted as the same 
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in both premisses then of course the argument will have the valid form 
p D q q D r /; D r In this case however, one or the other of its prem 
isses would clearly be false and the argument (though valid) would not 
be sound 

Now we can see why people try to use fallacies of equivocation to con 
vmce their opponents By playing on one meaning of an expression they 
manage to make all their premisses true Then by changing this expression s 
meaning they cast the argument in a valid form But of course they cannot 
have It both ways The argument will be valid if and only if its premisses imply 
Its conclusion Changing ones statements by means of equivocation 
amounts to changing one s premisses or conclusion and thus to changing 
one s argument 

EXAMPLES OF FALLACIES OF EQUIVOCATION The fallacy of eqUIVOCatlOn IS 
committed in each of the following arguments The expressions equivocated 
upon are underlined and each argument is followed by diagrams of both its 
apparent (and valid) form and its real (but invalid) form 

a If that act was a departure from law it should be punished 
If It happened by chance it was a departure from law 
So if that act happened by chance it should be punished 

Apparent form p D q r D p r D q 
Real form p D q r D s rO q 

b If James IS only five feet tall he is a small man and if he is a small man 
then he will be difficult to manage We shall not hire him unless he is not 
difficult to manage So if James is onty five feet tall weshall not hire him 

Apparent form (p ^ q) {q o r) s V r p D s 
Real form (p q) iq, ^ r) s V r p D s 

c Hugo s error is apparent or concealed If it is concealed we shall not dis 
cover his error Yet if it is only apparent then it is not an error at all and 
we shall not discover his error So in any case we shall not discover his 
error 

Apparent form p y q (q r) {p O s r) r 
Real form (P q) iq O r) D s r) r 

q James is a groom if and only if he takes care of horses But he is also a 
groom just in case he has {ust been mamed So James takes care of 
horses if and only if he has just been married 

Apparent form (p = q) (p = r) {g = r) 

Real form (p = q) is ~ r) ig - r) 
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e If Kant's theories are difficult to understand, he is an obscure philoso- 
pher But Kant is not an obscure philosopher, he is recognized as one of 
the greatest philosophers So his theories cannot be difficult to under- 
stand 

Apparent form p O q, q r ^ p 
Rea! form p D q, s - r .. p 

1 3 4 DIAGRAMMING STATEMENTS. EXAMPLES COMPLETELY 
WORKED OUT 

In this section several statements will be diagrammed and discussed in de- 
tail This will both help tie together the more abstract discussion of the 
previous sections and provide additional illustrations of the problems and 
techniques mentioned 
Let us start with a few simple examples 

(1) If the tram has arrived and the baggage has been unloaded, James will 
bring the car and Jackson will take Miss Susie’s trunk 

(2) Peter calls the police or the fire department only if an emergency arises 

(3) Provided that Carlton promised Lydia eveivthing but gave her Arpege, 
he had a wonderful date 

As the first step toward diagramming these statements, let us replace their 
truth-functional statement connectives by logical symbols When this is 
done, of course, some of the devices for indicating grouping will be lost, so 
we must also add parentheses at this step if the need for them arises In 
the wotd 'iV occurs once and the word and' occurs twice All three are 
used as statement connectives too In (2) we find ‘or’ and 'only if, while in 
(3) we have ‘but and 'provided that’ If you recall that 'p only if q is translated 
as 'p O q\ 'p but q' as 'p ■ q’. and ‘provided p, q as'p D q, then you will 
see that (1), (2), and (3) may be transformed as follows 

O') The tram has arrived • The baggage has been unloaded 3 James 
will bring the car • Jackson will take Miss Susie's trunk 

(2') (Peter calls the police V Peter calls the fire department) 3 An emer- 
gency has arisen 

(3’) Carlton promised Lydia everything • He gave her Arpege 3 He had a 
wonderful date 

Notice that in passing from (2) to (2’) we had to un-telescope the clause 
Peter calls the police or the fire department' To preserve the sense of (2). it 
was also necessary to change the tense of its last clause 
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Diagrams (1) to (3) are now easily obtained from (1') to (3') by replacing 
the component simple statements of the latter by statement letters. It is 
obvious that no statement is repeated m these examples and that all the 
components are to be replaced by distinct statement letters This yields the 
following diagrams of (1) to (3), respectively 

( 1 ") p - q D r- s 
(2") (p V 9 ) D r 
(3") p • q O r 

As these three schemata illustrate, it is convenient to replace the first, that 
is, leftmost, statement in a given example by the next by ‘q\ the next by 
V, and so on Statements (1), (2), and (3) are three separate examples, al- 
though they are under simultaneous discussion, and therefore there is no 
objection to reusing >’ in both {2) and {3) If, on the other hand, (1), (2), and 

(3) had been presented in the same example, say, as elements of an argument 
to be tested for validity, then It would be wrong to reuse ‘q\ and V in 
diagramming them For this would be a case in which a simultaneous dia- 
gramming would be needed, and in such a case, all the statements involved 
would be treated as if they were a single statement To take a concrete case, 
‘(p V q) D r’ implies 'p ' qZ> r\ as a right-left test shows, but it is intuitively 
clear that (2) does not imply (3) Hence, if we were attempting to determine 
whether (2) implies (3), it would be wrong to diagram them as they have been 
diagrammed above Instead, we should have to diagram them simultaneously 
by, say, '(p V < 7 ) D r' and ‘s -p, 3 < 7 ,’. respectively. A right-left test now 
shows that the first schema does not imply the second, and accordingly (2) 
does not imply (3). 

Misrepetition of statement letters can have amusingly paradoxical con- 
sequences For example, someone might argue that all simple statements 
are equivalent, because {as long as we reveal no structure) they can ail be 
diagrammed by 'p\ and y ts equivalent to itself. Or someone might argue 
that any two statements having the same logical form are equivalent since 
they can be diegremmed by the same schema The mistake behind these 
claims should now be clear If the statements in question are taken as 
separate examples, then of course they can be diagrammed by the same 
schema, but if the statements are being tested for equivalence, then it will 
almost always be erroneous to use the same schema to diagram them 
Let us now turn to a more complicated example 

(4) If price controls or excess profit taxes are instituted, then, unless inter- 
est rates are lowered, the stock market will fall and a depression will 
follow. 
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Although it is not difticuSt to recognize the truth-functions in (4), it is hard to 
determine its grouping at a glance Accordingly, let us break (4) into several 
components and work on these separately. This can be done by paraphrasing 
inward, that is, by first picking out the main connective of (4), then by identify- 
ing the mam connective of its immediate components, and so on The first 
comma and the 'if . then’ construction used in (4) show that (4) is a 
conditional Thus it can be transformed as 

(4a) (Price controls or excess profit taxes are instituted) "D (Unless interest 
rates are lowered, the stock market will fall and a depression will 
follow) 

Now let us turn to the antecedent of (4a) Telescoping shows that it can be 
paraphrased as 

(4b) Price controls are instituted V Excess profit taxes are instituted 

and this possesses no further problems The consequent of (4a) is more 
intricate, however Since ‘unless’ is translated as 'V, the comma tells us 
that the consequent of (4a) can be paraphrased as 

(Ac) Interest rates are lowered v (The stock market wiW fall and a depres- 
sion will follow) 

which in turn becomes 

(4d) Interest rales are lowered V (The stock market will fall • A depression 
will follow) 

Then, by combining (4b) and (4d). we gel 

(4e} (Price controls are instituted V Excess profit taxes are instituted) 
D (Interest rates are lowered V The stock market will fall • A depres- 
sion will follow) 

And from (4e) we see that (4) has the form '(p V q) o {r y s • p, )’ [Note that 
none of the simple components of (4e) have any repetitions ] 

Next let us do an example in which both grouping and statement identifica- 
tion pose problems 

(5) The movie will be banned unless the risqu6 scenes are eliminated or 
redone, but if this is done, then it will be boring if someone does not 
come up With a better idea 

This sentence contains two commas, and the second ona precedes an oc- 
currence of ‘then The 'if that goes with this 'then' only governs the clause 
this IS done', so the second comma cannot mark the greatest break in (5) 
Thus the mam connective in (5) is 'buf, and (5) may be rewritten 
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(5a) (The movie will be banned unless ihe nsque scenes are ehminated or 
redone) (If this is done then it will be boring if someone does not 
come up with a better idea) 

Breaking (5a) into components and making a few of the (by now) obvious 
translations we obtain 

(5b) The movie is banned V (The risque scenes are eliminated V The 
nsqu^ scenes are redone) 

(5c) This IS done D (It will be boring if someone does not come up with a 
better idea) 

[In (5b) telescoped clauses have been expanded The comma is responsible 
for the grouping of (5c) ] 

While (5b) needs no further analysis (5c) requires careful attention The 
phrase this is done is not a complete statement by itself it refers to some 
action To make sense of (5) we must interpret it as referring to the elimina 
tion or revision of the risqu6 scenes Thus This is done can be expanded to 

(5d) The nsqu^ scenes are eliminated V The risque scenes are redone 

Turning now to the consequent of (5e) we supply the antecedent of the pro 
noun It and write 

(5e) Someone does not come up with a better idea D The movie will be 
boring 

7^en ive make t^e vse of negauon expUot and obfatn 

(5f) —(Someone comes up with a better idea) o The movie will be boring 

Now combining (5b) (5d) and (5f) we get the following paraphrase of (5) 

(5g) [The movie is banned V (The risque scenes are eliminated V The 
risque scenes are redone)] [(The risque scenes are eliminated V The 
risque scenes are redone) O (—(Someone comes up with a better 
idea) D The movie will be boring)] 

This can now be diagrammed by the following schema 

[p V ((/ V /■)] iiq V r) O (j- D p,)] 

Of course it is quite obvious that statements are repeated in (5g) Yet this was 
not immediately apparent in the case of (5) Thus it can be quite useful to 
paraphrase a compound statement in a more transparent form before dia 
gramming it One can now see read ly that (5) implies 
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(6) II someone does not come up with a better idea, the movie will be 
banned or boring 

All the work on (5) has facilitated the diagramming of (6), for we can dispense 
with the intermediate steps and go immediately to the diagram D (p V Pj)'. 
It IS necessary to comment on the choice of our statement letters Since we 
test (5) and (6) lor implication, we must look for statements which (5) and (6) 
have in common Since these statements have already been represented by 
statement letters in the diagram of (5). we have to be faithful to this repre- 
sentation in diagramming (6) Thus V stands for ‘Someone comes up with 
a better idea*, ‘p’ for ‘The movie is banned’, and ‘p/ for The movie is boring’ 
Now that you have seen several examples worked out, your own sensitivity 
to the logical structure of statements in ordinary language should be height- 
ened And with this heightened sensitivity, the task of diagramming state- 
ments should become much easier Of course, it can never become com- 
pletely trivial, because this is not a mechanical matter, such as a truth-value 
analysis Indeed, even the most skilled and experienced logician can be 
stymied by an intricate argument or statement from ordinary language On 
the other hand, you need not be pessimistic, for no really new skills have 
been imparted in these sections if you are able to speak, write, and compre- 
hend the ordinary language of the educated layman, you should already have 
the skills needed to diagram statements 


EXERCISES FOR SECS. 1.3.3 AND 1.3.4 

A Diagram the statements given in the exercises presented at the end of secs 13 16 
and 1322 Reveal as much truVh-tuneUonat stTuctUTe as possible 
B Diagram these statements Reveal as much truth-functional structure as possible 

1 Smith Will be elected, but if that does not happen, i will pay you $1 

2 Peter or Mary is at home, however, if he is at home, watch out, while you 
will be welcome if she is there 

3 Jackson and Jones are both officers, but the former and not the latter is the 
one who can sign for this 

4 The new model will contain additional features just m case the design de- 
partment finishes the project this month, however, if all that is the case, then 
it IS not the best policy to buy a new model 

5 The Smiths went to Honolulu and returned healthy, but they went to India 
and returned sick 

6 It Smvth rur\s for the Senate, he will be elected, but it he runs for the Presi- 
dency, he Will not be elected 

7 If It rams, the picnic will be canceled moreover, it will ram and the picnic 
Will bo canceled 
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8. Unless I talk to him first, he will plow the field, but it is false that if he does 
not plow the field, then I will t^k to him afterward 

9 While Jackson tends the horses or Smith cares for the goats, the first does 
not do what the second does 

10. The butler committed the murder, but if that is so. he cannot be trusted, 
moreover, if that is also true, no one can be trusted 
C Determine the validity of these arguments 

1. Either John or ( will meet you. but if John does, he will bring the truck On 
the other hand, I will bring the car in case that I meet you So I will bring the 
car, or else John will meet you and be will bring the truck 

2. If you want to be healthy, then you will go to bed earlier and rise earlier If 
you do the former, you will miss the sunset, while if you do the latter, you will 
see the sun rise So if you do not see the sun nse. you do not want to be 
healthy unless you miss the sunset 

3 If she comes closer, she will seem even more beautiful Provided that she 
marries you, she will seem even more beautiful Hence if she does not marry 
you, she will not come closer. 

4 I will not pass the course if I do not take the test, while if I take the test then 
I will answer only half the questions Answering only half the questions is 
sufficient for not passing the course Therefore I will not pass the course 

5 The table is made of pine or walnut If it is made of pine, then it will scratch 
easily, but it does not So unless I am mistaken, the table is made of 
walnut 

6 If he has ten children, then that character will be written on his face If his 
character rs written on his face, he cannot deceive us So either he cannot 
deceive us or he does not have ten children 

7 If he IS late, there is no reason (or it He will be late, and although he will 
try to prevent it. his car will break down, thereby causing a delay So there 
will be no reason for his being late 

8 The owner will shoe the horse or hire someone to do it if the horse loses a 
shoe Unless the owner does not shoe the horse, (he owner will have a sore 
back The race will be canceled if the owner has a sore back Hence, if the 
horse loses a shoe, the owner will not hire someone to shoe him only if the 
race is canceled 

9 I am mistaken just in case that man is not my uncle, but he is my uncle if 
and only if you are not my aunt On the other hand, you are not my aunt if 
I am not mistaken, although you are my aunt unless I am not mistaken There- 
fore I am mistaken and a fool 

10 It IS not the case that John will leave without telling his mother His mother 
will let us know if he tells her, although there is no action for us to take un- 
less she lets us know So there is no action for us to take provided that John 
leaves 

11 If you are convicted of manslaughter or of drunken driving, your license will 
be revoked But you have not been convicted of manslaughter Therefore if 
your license has been revoked, you were convicted of being drunk in a public 
place 
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12 Had Franklin D Roosevelt been a Socialist, he would have been willing to 
nationalize industries and would have done so in the thirties But no indus- 
tries were nationalized by Roosevelt m the thirties So he must not have been 
a Socialist 

13 If the rudder does not break and the fuel holds out, the ship will get safely 
to port and no one will drown If the fuel holds out but the rudder breaks, 
then the ship can be steered by means of its propellers, and if that is true, it 
will get safely to port If the aidder does not break, the fuel will hold out 
Therefore the ship will get safely to port 

14 He can have many friends only if he respects them as individuals, but if he 
respects them as individuals he cannot expect them all to behave alike He 
does have many friends Hence he does not expect them all to behave alike 

15 11 the first disjunct is true, the disjunction is true but this is also the case if 
the second disjunct is true Hence, if the disjunction is false, both disjuncts 
are false 

16 To pass Professor Black s course it is sufficient to take the final moreover, 
you cannot pass his course without taking the final So taking the final is both 
necessary and sufficient (or passing his course 

17 The truck will pull this stump out it it does not have a taproot and provided 
that we cut its lateral roots first The tractor will pull this stump out so long 
as we cut its lateral roots first So, as tong as we cut the lateral roots first, 
the truck or tractor will pull the stump out, and we shall not need a bulldozer 

18 If the intellectuals take over, business will suffer but the poor will benefit 
The poor will benefit only if they obtain better housing- which they will not 
Hence the intellectuals will not take over 

19 When duty and desire conflict, one must do his duty But duty and desire 
conflict only when something pleasurable is forbidden Hence one must do 
his duty only when something pleasurable Is forbidden 

20 If you plow, you must disk, yet you must plant if you disk Although you 
disked, you did not plow So you cannot plant unless it is not the case that 
you must disk when you plow 

1.4 TRUTH-FUNCTION THEORY AND ELECTRONIC-CIRCUIT THEORY 
One o1 the most dramatic and important applications of logic concerns the 
simplest branch of logic— truth-function theory. Truth-functional principles 
have been applied in the study and design of electric circuits, and even the 
circuits which computers use to “add “subtract”, etc , may be studied by 
truth-functional methods Thus today truth-function theory is an essential 
tool in the design of electronic computers We shall investigate computer 
circuits, but first let us look at simpler ones, namely, two-terminal switching 
circuits 

1 4 1 TWO-TERMINAL SWITCHING CIRCUITS 

A two-terminal switching circuit is a network of wires and switches with one 
wire leading in to the network and another leading out Let us use the letters 
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for (c) are examples of series parallel circuits When switches follow one 
another as in 


they are said to be arranged serially, but when they are placed as m 



they are said to be parallel 
14 11 CIRCUITS AND TFS 

Current will flow through a senes circuit if and only if all the switches are 
closed On the other hand, current will flow through a parallel circuit just in 
case one or more of the switches are closed Thus a series connection func- 
tions like conjunction, and a parallel connection like disjunction Indeed, 
given any series-parallel circuit, we can write a TFS corresponding to the 
circuit To do this we represent 


by 'p q and 



by p q' Analogously, we represent 


by p f/ r s' and 



by p V (/ V r V 5* Thus the circuit 
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IS represented by the TFS 'p ‘ q ^ g ' (r v s V p)' (here "top to bottom” 
corresponds with “left to right”) Conversely, given a TFS composed of only 
‘V, and statement letters, in which appears overstatement letters 

only, a corresponding series-parallel circuit can be easily obtained Thus 
the TFS ‘r V p • (p V 9 • r)’ corresponds to 



One of the chief questions that can be asked about a switching circuit is 
"What positions must the switches be in. in order for current to flow through 
the circuit'?” In the case of series-parallel circuits, this question may be 
answered by applying very simple truth-functional techniques Let us repre- 
sent closed switches and circuits by T's and open ones by f's Then, whether 
or not current will flow through a given circuit when its switches are in given 
positions can be viewed as a truth-function of the positions of the switches. 
Indeed, the truth-function is represented by the TFS corresponding to the 
circuit Let us check this with an example Let the circuit be 



Then the corresponding TFS is ’p • </ V (p • ^ V r • i)'. Suppose that p is 
closed, q IS open, r is closed, and s is open Then current cannot get through 
the top branch because q is open It cannot gel through the middle branch 
because p is open But it can get through the lowest branch since both r and s 
are closed Alternatively, if 'p' is assigned T, 'q F. Y T, and 's' F. then > q V 
(p • <7 V /■ s') comes out T 

I.4.I.2 CIRCUIT DtSIGN 

It Should now be clear that a truth-value analysis of the TFS corresponding 
to a series-parallel circuit will reveal the complete behavior of the circuit for 
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for (c) are examples of series-parallel circuits. When switches follow one 
another as in 


they are said to be arranged serially, but when they are placed as in 



they are said to be parallel 
1 .4. 1 . 1 CIRCUITS AND TFS 

Current will flow through a series circuit if and only it a)) the switches are 
closed. On the other hand, current will flow through a parallel circuit just in 
case one or more of the switches are closed Thus a senes connection func- 
tions like conjunction, and a parallel connection like disjunction Indeed, 
given any series-parallel circuit, we can write a TFS corresponding to the 
circuit To do this we represent 


by 'p • q' and 



by 'p V q\ Analogously, we represent 

o p — <7 r s 


by ’p q • r • s' and 



by /> V </ V r V s'. Thus the circuit 
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,s represented by the TFS > • 9 V 9 • (r V t V pY (here “top to bottom 
corresponds with "left to right") Conversely, given a TFS composed of only 

■V and statement letters, in which appears over statement letters 

only, a corresponding series-parallel circuit can be easily obtained Thus 
the TFS 'r V p ■ (p V 9 • r)' corresponds to 



One of the chief questions that can be asked about a switching circuit is 
“What positions must the switches be in, in order for current to flow through 
the circuit’" In the case of series-parallel circuits, this question may be 
answered by applying very simple truth-functional 

sent closed switches and circuits by Ts and open ones by F s Then, whether 
or not current will flow through a given circuit when its switches are in given 
positions can be viewed as a truth-function of the positions of the swi ches. 
mdeed, the truth-function is represented by the TFS corresponding to the 
circuit Let us check this with an example Let the circuit be 



Then the corresponding TFS is > • 9 V (p ■ 9 V r • s)' Suppooi) Hull /; |, 
closed 9 IS open^ is closed, and x is open Then current cannot gut Hiiui/gl, 

Z top branch because 9 is open It cannot get through the mIMh 

becIuL p IS open But it can get through the'owest branch slnc„ ,u||, , ,„ld I 

are closed Alternatively, if V is assigned T, 9 F, r T, and , / ,Hi.„i p ,, , 

(.p ■ q V r ■ s’) comes out T 


1.4 1 2 CIRCUIT DESIGN , ,, , 

It should now be clear that a truth-value analysis ol III)) 1 1 (j / iniiKtiunamP 
to a series-parallel circuit will reveal the comploto biiliiivlqr 9I Hu, uicwt 'o’ 
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the various positions of its switches Furthermore, this behavior can be “read 
off” the truth table for the TFS By reversing this procedure, that is, by writ- 
ing a truth table first and then a TFS and finally a circuit, one can design 
circuits which will behave in a predetermined manner For example, sup- 
pose that two men have the power of life and death in a given community, 
but they must act with unanimity. They obtain an electric chair, and anyone 
they are to pass judgment upon must be strapped into the chair While each 
has a switch for the chair, the chair electrocutes its victim if and only if both 
men close their switches The situation may be pictured as follows 



The problem is to design a switching circuit for operating this electric chair 
The behavior of the circuit may be represented by the following truth table 


SWITCHES CIRCUIT 

P <7 


T T T 

T F F 

FT F 

F F F 


The TFS 'p • <j’ has this truth tabte. so the TaquiTsd oncurt is 

Now let us (perversely) alter the story and have the victim electrocuted if and 
only if the two judges disagreel Then the truth table is 

p q CIRCUIT 

T T F 

TP r 

FT T 

F F F 


A TFS which has this truth table is *p • q V p • q’. thus the following circuit 
will do 
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P q 

P q 

Let us turn to a more mundane example— a light switch for a room with two 
doors Here we want to be able to turn the light on or off by using either 
switch without having to alter the position of the other switch We must 
first choose a combination of the switches which will turn the light off Any 
combination will do, and we can think of this as the way the switches will 
be when the light is connected to the circuit Let us suppose that the switches 
are both open (off) When we enter the room and turn on switch p, say, then 
we want the tights to go on Similarly if we enter and turn on switch q Thus, 
when one switch is off and the other on, the light is on On the other hand, 
if we had turned the light on at switch p. we want to be able to turn it off at 
switch q without returning to switch p, and similarly if we had turned the 
light on at switch q Thus, when both switches are on, the light is oj/ Finally, 
if we had turned the light on at switch p, we can turn it off at switch p by 
turning the switch off The same holds for switch g Thus the fight is on if 
and only if the switches are in opposite positions This leads us to the same 
truth table as that just given for the electric chair, and thus to the same 
circuit 

As the preceding discussion indicates, finding a truth table that will de- 
scribe the behavior of a proposed circuit can be a nontrivial problem Once 
we have the truth table however, it is easy to find a circuit, for there is a 
mechanical method for finding a schema having the truth table, and a cir- 
cuit can be obtained from this schema We sha^t indicate the method by 
means of an example Let us suppose that the circuit is to have three 
switches, p q, and r (The method works for any number of switches ) If the 
circuit IS always to be open, so that our truth table contains all Fs in its 
mam column, then the schema we want (s> p q r’ (Why’) In every other 
case the truth table will have one or more Ts in its mam column For ex- 
ample, suppose that the truth table is 




pgr 

T T T T 
T T F T 
T F T F 
T F F F 
F T T F 
F T F T 
F F T F 
F F F T 
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We put a check beside each T in the main column For each checked row 
we obtain a conjunction whose components are 'q, and V with or with- 
out negation signs. This is done by looking at the entry under ‘p\ 'q\ and V’, 
respectively, for the row If it is 'T, the letter in question is not negated, if it 
IS 'F\ the letter is negated Thus, m our particular examples, the conjunctions 
we obtain are 

p q - r, P ' q' f. p q F P q r 

(Here the order from left to right corresponds to top to bottom ) Notice that 
each conjunction comes out true under just the interpretation given by the 
row from which it is obtained For example, 'p • q • f comes out true if and 
only it ‘p’, ‘q\ and 1' all come out true And these jointly come out true if and 
only if ‘p’ IS false, 'q' is true, and V is false Once we have obtained conjunc- 
tions for each checked row, a schema having the truth table in question is 
simply the disjunction of all these conjunctions Thus, for the truth table 
given above, the schema we want is 

p q • f \/ p ' q f y p ' q r V p • q r 

Notice that this schema (and any schema obtained by the same method) has 
to come out true under just those interpretations which correspond to 
checked rows For when the schema is interpreted as indicated by a checked 
row. one of its conjunctions comes out true But when it is interpreted as 
indicated by an unchecked row, none of its conjunctions comes out true The 
schema we have obtained corresponds to a series-parallel circuit, and clearly, 
any schema obtained by the same method will correspond to a series-parallel 
circuit 

The method aW^ays produces a oroud, but it does not always produce a 
very simple one For example, suppose that we start with the truth table 

p «/ 

T T T 

T F F 

F T T P* 

F F T 


(This IS the table lor 'p u q ) The method yields the schema "p • q V p • q y 
P q , and thus the circuit 
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Yet ‘p V q' has the same truth table, so that the simpler circuit 



will serve as well Indeed, let us return to the schema ‘p ■ q ■ r V p q ' f y 
p ' q • f y p • q which gives rise to the circuit 



The schema is equivalent to 
p • q ‘ {rV r) y p • r - (q y q) 
which in turn is equivalent to 
p • q y p r 

This yields the simpler circuit 




The notion of a simpler circuit is ambiguous Any circuit which is a "sim- 
pler” version of a given circuit must have a TFS which is equivalent to the 
one corresponding to the more complex circuit But what is to be meant by 
a simp/er circuit besides this will depend to a large degree upon practical 
considerations If, for example, one wants to minimize the number of series 
connections used, then the circuit 




will be considered simpler than the circuit 
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For the first puts two parallel circuits in a series, while the second puts two 
series circuits in parallel On the other hand, if one wants to minimize parallel 
connections, the second circuit will be considered simpler In addition, one 
might be willing to drop out rediindaiit switches, that is, switches which make 
no difference to the state of the circuit as a whole Then, for example, the 
circuit 



can be replaced, simply by 


o p o 

Notice that in this case the two circuits will not only have different switches, 
but also different truth tables But since the switch q has no function in the 
first circuit— current will pass through so long as p is closed — for many 
purposes the two circuits will have the same function (But to return to the 
electric-chair example, if one of the judges was to be given the illusion of 
power, he would need a switch, and the first circuit would be an appropriate 
one) 

A simpler circuit is, of course, cheaper to build, and it may even be more 
reliable than a more complex circuit Thus electrical engineers have devoted 
a great deal of attention to methods for simplifying circuits Because these 
methods are rather complex and because the exercises to be given in this 
book can be done very easily without them, they will not be discussed here 


EXERCISES FOR SEC. 1.4.1 

A Obtain TFS which represent these circuits Which circuits are closed when p is 
closed? 
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B For each of these TFS, obtain an equivalent which does not contain 'D' or and 
in which — ■ governs only statement letters Then obtain a circuit from the equiva- 
lent 

1 /? 3 4 

2 p^q 

3 -<p ^ q) 

4 (p D q) D p 

5 — (P Y q) (r 3 p) 

6 Cp * q) D r s 

7 -(p •q)0{rW s) 

8 (r V q) 3 p -(P 3 q) 

9 «r 3 q) V (p 3 q)> p 
to (r ■ q) (p 3 q) V r 

C Obtain as simple equivalents as possible of the circuits given in A (You need not 
retain all the switches p. q. r. etc ) 

D Circuit-design problems 

1 Design a circuit to control a light having two switches, which is on when 
both switches are on or when one but not both are off 

2 Design a circuit for controlling a light, which has three switches p, q, and r 
but which is on just in case p is on 

3 Design a circuit for a burgtar alarm, which has a master switch p and a door 
switch q and a window switch r and which rings just in case the master 
switch IS on and the door or window is opened 

4 Design a circuit for controlling a voting indicator, which lights just m case 
two or three ot the voters p. q, and r vote yes 

5 Design a circuit for controlling a voting indicator, which lights just in case 
two or three of the voters p, q, and r agree in voting yes or in voting no 

6 Design a circuit tor controlling a tight with three switches, which changes 
from on to off or off to on just in case the position of any single switch is 
changed (Assume that the light is oil when all three switches are off ) 

142 BASIC COMPUTER CIRCUITS 

14 2 1 BINARY NUMBERS 

The next circuits we shall consider are those used in modern electronic 
compulers to ’add" and “subtract” Because computers operate with elec- 
trical impulses, addition and subtraction for computers consist in taking two 
olectncal impulses— the “numbexs” to be added or subtracted— and pro- 
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ducing a third Fortunately, one can translate ordinary numbers into com 
puter numbers, and conversely Thus, before we can discuss computer cir- 
cuits, we must discuss computer numbers 
Computers use the binary-number system. Our own number system is the 
decimal-number system We use ten symbols to represent each number. Start- 
ing from 0 we can go to 9, then we have to add an extra column of symbols 
to get 10. and then another to get 100. and then another to get 1,000, and so 
on. Each time we add a new column (digit), we can represent 10 times the 
amount of numbers we could represent before Thus, with our basic 10 sym- 
bols, we can represent the first 10 numbers (starting with zero), with two 
digits we can represent the first 100 numbers, etc Thus the number 376 is 
300+70+6, or 3 X lO^ + Tx I0' + 6X lO®. since 10“- 1 In general, an 
/j + I — digit decimal number 

a«_, • ' • «o 
equals 

<i„X 10''+ X IO'>->+ • • • + «, X !0'+O(, X lOo 

In the binary-number system, however, we use only two basic symbols, 'O' 
and ‘V This means that we must add new digits more frequently since each 
new digit only doubles the amount of numbers we can represent The first 
11 numbers are given in binary notation by the following table 


DECIMAL 

BINARY 

TRANSLATION EXPRESSION 

0 


0 

0x2® 

I 


t 

/ X2® 

2 


10 

I X 2* + 0 X 2® 

3 


II 

1 X 2' -1- 1 X 2® 

4 


too 

1 X 2 '+ ox 2 ' -FOX 2® 

5 


101 

1 X 2* + 0 X 2‘ + 1 X 2® 

6 


1 10 

1 X 2* + 1 X 2' -F 0 X 2® 

7 


III 

I X2» + 1 X2» + 1 X2® 

8 


1000 

I x2*+0 X 2* + 0 X 2* + 0X 2® 

9 


1001 

1 X 2* + 0 X 2* + 0 X 2' -F 1 X 2® 

10 


toio 

1 X2» + 0X2*+ 1 X2‘ + 0X2® 


Given a number in /i+ 1-digit binary notation </, a,., • • • a, a„-that is. 
a string of O’s and 1’s of length n+ I— one can obtain its decimal equivalent 
by evaluating the translation formula 

fl, X 2" + fl„_, X 2"-' + ■ ■ - + «, x2* + tf„x 2* 

Thus. 100110 IS I X 2 S+OX 2 <+OX 2»+ I X 2* + I X 2* + OX 2“. that is. 
32 + 0+ 0+4 + 2 + 0, or38. 

It IS more difficult to go from decimal to binary notation But a procedure 
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ts available v/htch is based upon the fact that a number can be expressed in 
one and only one way as a sum of the powers of 2, that is, as a sum of one or 
more of 1,2,4,8,16,32,64. Then, in the binary notation, digits T mark 
the powers of 2 that occur in the sum, while digits 0’ mark the missing 
powers For example, when the number 10 is expressed as 8 + 2, we have 

Powers of 2 8 4 2 1 

Binary digits 10 10 

Thus T' and O' are the only digits needed, since each power of 2 occurs 
only once, if at ail. in such a sum The following algorithm routinizes the 
process of discovering such a sum and the binary representation ot a 
number 

1 Determine the highest power, A. of 2 which is not greater than the number 

2 Divide the number by 2‘ The quotient is the first digit, the remainder 
r, IS used in step 3 

3 a If r, IS larger than or equal to 2‘~', divide r, by 2‘-* to obtain 
the second digit The remainder is used in step 4 

b If IS smaller than 2^ the second digit is 0 and r, is used in step 4 

4 Repeat step 3 with the result of (a) or (b) and continue until all powers of 
2 less than k have been used (Note that in the repetitions of step 3 the 
word 'second' is replaced by third', fourth', etc) 

6 Once the digits a„. a„,,, . have been obtained, the binary number 

IS Simply a„a„., 

LXAMPLES 

a To represent 25 in binary notation k \s A since 2*— 16 and 2^= 32 
25-16=1+9/16 So 0^=1. r, = 9 2^ < 9 and 9-8= 1+1/8, so 
< 1 , = 1 and r, = 1 I < 2*. so = 0 1 < 2«, so o, = 0 1 = 2». so - 
1-1 = 1 

Thus the binary representation of 25 is 11001 

b To represent 32 in binary notation 2* = 32, so A = 5 32 — 32= 1. so 
= I 0 < 2^ so <7^ = 0 0 < 2*. so Oj = 0 0 < 2*. so «, = 0 0 < 2>. so 
«, = 0 Finally. 0 < 2®. so — 0, and the binary representation of 32 is 
100000 

The binary numbers themselves can be viewed as a code for representing 
sequences of impulses in the computer Most computers are designed so 
that only two sorts of impulses flow through their circuits By letting one of 
these correspond to 0 and the other correspond to 1, every sequence of 
impulses can bo represented by a binary number Indeed, it is quite easy to 
design an electrical printer which will print a 0 when given one impulse 
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and a 1' when given another Thus it is quite easy for a computer to 'com- 
municate" with us, at least in a binary notation Similarly, we can represent 
0 and 1 by punching two different holes on a punch card and read binary 
numbers into the computer But these are problems which would take us 
into the study of the mechanical aspects of computers Let us turn instead 
to their circuits 

14 2 2 SEQUENTIAL CIRCUITS 

Two-terminal switching circuits allow current to flaw through them m either 
direction Computer circuits, which are also called sequential circuits, how- 
ever, allow current to flow m only one direction Thus the circuits have one 
or more input leads and one or more output leads The number of inputs and 
outputs may differ Impulses of current are sent through the inputs and re- 
ceived at the outputs Thus the typical computer circuit can be conceived 
diagrammatically as follows 



Outputs 


Let us use statement letters to label inputs {The reason for this will soon be 
clear ) Then let us label each output by means of a symbol such as 'f(p,q r)' 
to indicate that the output is a function of the inputs Thus, given a circuit 
with three inputs p,q, and r and two outputs, the outputs could be labeled 
‘f{p,q,ry and ‘g(.p,q,ry 

Our computer circuits are composed of wires and gates There are three 
types of gates which will concern us First, there are NOT gates, which con- 
vert 0 impulses to 1 impulses and 1 impulses to 0 impulses These we can 
represent by 


= — © — » 

Second, there are AND gates, two inputs and one output They convert a 
pair of 0 impulses into a 0 impulse and convert any two other impulses into 
a 1 impulse These gates are represented as 

:= 0 — 


Finally, we have OR gates, which also have two inputs and one output These 
convert a pair of 1 impulses into a 1 impulse and convert any two other im- 
pulses into a 0 impulse These gates are represented by 
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Wires in circuits built with these gates as components may also branch or 
pass over one another Thus a typical circuit looks like this \ 


^{p,q,r\ 


g\p, q, r) 

By tracing the paths from an output back to the inputs, we can express 
the output as a truth-function of the inputs to which it may be traced The 
negation sign is used to represent NOT gates, the coniunction sign to 
represent AND gates, and the disjunction sign 'V to represent OR gates We 
obtain a TFS for each output by taking as the mam connective of the TFS the 
representation of the first gate tracing back brings us to, as the mam con- 
nective's) of the component(s). the representations of the next gates, and 
so on, until we reach the inputs which are represented as statement letters. 
Notice that the branches and crosses of the wires are not represented in the 
TFS Thus fip.q.r) m the last example may be represented by the TFS 
' — {p ' fl') V (<7 V p) • r' and gip.q.r) by '(q y p) ‘ r' In this way the whole 
circuit can be represented by one or more "equations” whose left sides 
are output labels and whose right sides are TFS In our example the equa- 
tions are 

!Kp,qA^—Kp ' V V pj • r 
A'fp.f/.r) = (<? V p) ■ r 

Given one or more equations ot this sort, one can easily find a circuit 
whose inputs correspond to the statement letters of the TFS involved and 
whose outputs correspond to the TFS (The TFS cannot contain ‘D’ or ‘=’. 
but — need not be restricted to statement tetters ) Many equivalent circuits 
are possible because the wiring patterns are not represented These patterns 
have no effect on the behavior of the outputs as a function of the inputs 
either Indeed, we can always find separate circuits for each equation and 
tie the common inputs together. Thus suppose that our equations are 

/(P)=*P (p V p) 

>.'fP‘/)='P V q 
h(.p,q fj »» (p V (j) • r 

tA bump ifthora iwo witei cross iftd calcs that there is no coniact between them 
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Then we can obtain these three circuits 



p o- 


q o- 


e 



g[p, p) 



A ip, q, r) 


We can then put these together as follows 



However, any circuit which can be represented by the same three equations 
will do. and a clever person may be able to draw one which is more compact 
than that given For example, the two equations 

fip.d) = (P V 9) q 
g{p,q) - 0? V t?) q 

give rise to this circuit if one simply connects two circuits together 
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On the other hand, the following more compact circuit also satisfies the two 
equations 



Once circuits are expressed as schemata, it is easy to study their be- 
havior by means of truth-functional methods For we can let 0 correspond to 
T and 1 to F and compute the output for given inputs by means of truth 
tables Indeed, by performing truth-value analyses on the TFS which express 
the outputs of a circuit, we can determine the outputs for all possible inputs 
The reader may verify, for example, that when p = 0 and 1, then in the 
circuit just given, f{p.q ) « 0 and 8(p>q) — 1 

I 4 2.3 ClRCUtT DESIGN 

Since sequential circuits may be represented by one or more equations 
which present outputs as truth-functions of inputs, these circuits may also 
be designed by constructing “truth tables", with the inputs as reference 
columns and the outputs as mam columns Then TFS can be found for the 
truth tables, and circuits obtained from the TFS As a first example of a 
circuit-design problem, let us design a circuit with two inputs and an output 
which IS 1 it the inputs are the same and 0 otherwise The “truth taWe" tor 
this is 


p 9 /tp 

0 0 I 

0 I 0 

1 u 0 

I I I 


Thus an equation satisfying this table is 
/(/».(/)=»/> <7 V 
and a circuit is 
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Next, let us design a circuit for determining whether two binary numbers 
are the same Generally, a binary number, unless it is 0 or 1. is not a single 
input, but must be viewed as a sequence of inputs The first input is the fast 
digit of the number, so that the binary number 1101, for example, would be 
viewed as the sequence 1,0, 1,1, the earlier members of the sequence being 
the earlier inputs Our circuit will compare two sequences of inputs to see 
whether they are identical If they are identical, the sequence of outputs will 
be a sequence of 0 s. otherwise it wilt be a sequence that ends with a 1 (So 
we need only look at the last output to see if the numbers are the same ) The 
two numbers 110 and 111, for example, differ oniy in their last digits Since 
these digits would form the first two inputs for our circuit, it will have to 
“remember” this difference Thus our circuit will need a memory, that is, a 
device which can receive an impulse and repeat it at a faler moment As a 
result our circuit will have mo outputs one that tellsus whether the numbers 
are the same, and one that goes to the memory It will have three inputs two 
for the two numbers and one from the memory The memory will need to be 
synchronized with the elements producing the other inputs so that the three 
impulses will arrive at the circuit simultaneously These are electronic prob- 
lems. however, beyond the scope of this book Nonetheless, the present 
discussion shows that our circuit can be pictured as follows 


p 

p 


Componng 

circuit 


H 

— { 


M[p,q) 


If the inputs p and q are the same andno previous inputs for p and q have 
differed, then the output Hp.q) is supposed to be 0 The output \fipq) «s 
supposed to indicate to the memory whether l{p.q) was 0 or 1 So wo lot 
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M(p,q) be the same as /(p.g) Also, if the memory input is 0 and p = q, then 
/(p.q) IS 0 On the other hand, if the memory input is 1 orp^ q. then I(p,q) 
IS 1 (The first input from the memory will be 0 ) These considerations lead 
to the following table for Kp.q) and A/(p,q) 


p 

Q 

MEMORY 

Hp.q) 

M(p q) 

0 

0 

0 

0 

0 

0 

0 

1 


1 

0 


0 


1 

0 


1 


1 

1 

Q 

0 


1 


0 


1 

1 


1 

1 

0 

1 

0 

1 

0 

1 


As in the section on switching circuits, TFS can be obtained from this 
table, and so we obtain the equations 

lip.q) -P' Cl' memory V p • q • memory 
Mip.q) — P‘Ci' memory y p ' q memory 

Simplifying, we get 

“ Mip.q) = ‘ q y p • q) ' memory 

And this leads to the following circuit 



The last example made use of a memory device because the two binary 
numbers to be compared are represented as sequences of inputs It is pos- 
sible to dispense with memory devices, nonetheless, by increasing the num- 
ber of inputs so that each digit of a binary number corresponds to a unique 
input This IS illustrated in the problem of designing a circuit to test binary 
numbers lor evenness or oddness Let us turn to that now. 

A binary number is even jUst in case its last digit is 0. Thus a circuit for 
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determining whether a binary number js even or odd need only “look at” us 
last digit and "remember” whether it is 0 or 1 Suppose that our binary 
number x is of the form 

X„ • • X^Xfy 

Then, instead of using a memory element, we can use a "cascading" circuit 
that looks like this 



In the first box the circuit determines whether is 0 If is 0, then its output 
IS 0, otherwise it is 1 The subsequent boxes simply "carry" this 0 or 1 
through the circuit until it reaches the fast box and is produced as the out- 
put E{x) (As in the last example, we are equaling ayes answer to a yes-or-no 
question with 0 } 

Our problem now reduces to one of designing the component circuits 
for the boxes The table for the first box is. simply, 


Xo E^Xf^ 

0 0 

f ( 

[Here is the output of the first box J Thus the equation for the first box 
IS just 
E(x^) =-^0 

Thus we can simply feed x„ directly to the first carry box The carry boxes 
have this table 
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X, I gU /) 

0 0 0 

0 I I 

1 0 0 

I I 1 

[EU,,0 IS the output, i is the input, trom the previous box, and x, is the ith 
input to the circuit ] An equation for E(jr,./) is 

EUj.O = jc, • / V Jc, • / 

= / ■ U, V x) 

Thus the circuit for our problem can be drawn as follows 



fU) 


1 4 2 4 ADDERS AND SUBTRACTORS 

We are now in a position to examine circuits for adding and subtracting 
binary numbers Let us start with a simple example, namely, a circuit for 
adding 1 to a binary number. Some examples of this on “paper” will intro- 
duce us to the problem 


10 

1 

101 

1 1 

4-1 


4-1 

4-1 

n 

10 

no 

100 


You will notice that when 1 is added to 1 there is a carry of 1. Consequently, 
our circuit will need a provision for carrying 1. We shall use a cascading cir- 
cuit lor this, and it will look like this 
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Suppose that the number to be added IS jt, Then the inputs for the 
circuit are the digits x^, t,, . x. The first box adds 1 to t„ that is. if r„ 

IS 0, r/ IS 1 and the carry to the next box isO, while if is 1 is 0, and the 
carry to the next box is 1 The subsequent boxes add the carry to their 
inputs The END box is needed in case a carry of t is added to r. The se- 
quence of outputs x^ , x', x'*, constitutes the sequence of the digits 

in X, A- 0 + 1 

To complete our problem we need only design circuits for the three types 
of boxes This can be done by obtaining TFS for these three tables 


<0 Xg 

0 1 

I 0 


0 

I 


C|n x/ C„ui (0 < I g 


0 0 0 0 

otto 
10)0 
i I 0 I 


c 



(Here Qui' stands for the carry out of a box and C|„ for the carry into it ) 
These tables yield the following equations 
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(a) = 

Cou. = ^0 

(b) JTj — Cm Xj V Cm Xf 
C„m = Cm Vjc. 

(^) -'^n+i ~ ^'n 

Thus our complete circuit looks like this 


•*■0 


— 



numbo" An!mrdX'rbb!°ra" 
nb. b„ o, .b„ ..b ,b„,.b Tb. 
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the shorter number Thus we can assume that the two numbers to be added 
are 

'^ 7 . -^1 ^0 

>n >1>0 

and that their sum is 

^n+l ^ 

The extra digit represents a carry from the addition of x, and This 
carry might be 0 Our circuit will look like this 



We need three tables since the lirst and last boxes di.ter from each other 
and the middle ones These tables are as follows 



C Cu 
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The entries in table b are determined by merely adding x, + >>, + Cin and 
entering the last digit of the sum under Z( and the first digit under Com 
Notice that 1 + 1 + 1=3 = 11 (binary). The equations for these tables 
follow 

(a) Zo = Xo • ^0 V io • yo 

Coul = -Vq V >>0 

(b) z, = xj • ■ C,n V X, ■ y, • C|^V X, ■ y, * Ci„ V x, • y, • 

Com = Jf. ■ yt • c,„ y Xf-yr c,„ v x, * y, • c.„ v x^ ■ y, • Ci„ 

(c) 

The equations in (a) and (b) are, however, equivalent to 

(a) ^0 = iXo “ yo) 

Com ~ -^0 yo 

(b) z, = ({x, = y,)-Ct„) 

Cui = -T. -y, V Cin '“(x, s y,) 

Thus, if we added IF AND ONLY IF gates to our apparatus, the adding circuit 
would look like this. 
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The complete circuit for the adder may be gotten m terms of AND, OR, and 
NOT gates by replacing each IF AND ONLY IF gate by 



This messy, but straightforward, task is left to the reader 
Cascading circuits such as the last have a definite disadvantage they can 
add numbers only of a fixed length 8y using a memory unit, however, we 
can design an adder which can add numbers of any length This adder has 
two regular inputs plus an input from memory It also has a regular output 
and an output that goes to memory The regular inputs are the digits of the 
numbers to be added The regular outputs are the digits of the sum, while 
the carries are passed through the memory Before the two numbers are 
added, they are "evened up" by adding extra 0 digits to the shortest, and 
then one additional 0 is added to both numbers in order to handle possible 
final carries of 1 Thus, if we wanted to add 110 and 10, we should write 
them first as '0110' and '0010' The memory is set at 0 initially, since there 
IS no carry in the beginning Suppose that the numbers to be added are 
^0 yn ' ' ' yi Yo* 3nd their sum is • • • c, might be 

0), then the circuit and its input and output sequences may be pictured 
as follows 



The adding circuit itself has three inputs, r. >. and C,„. and two outputs 
c and C„u, Moreover, it functions in the same way as the middle i + » boxes 
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of the cascading adder Thus the adding circuit is simply (using IF AND ONLY 
IF gates tor brevity) 



Subtracting circuits work very much like adding circuits except that there 
IS a borrow instead of a carry Suppose that the number to be subtracted 
from IS x„ x^ x^ and the number to be subtracted from it is y„ 
and that the result of subtraction is z„ z, Zq We shall assume that x„ 
XjXo IS always greater than or equal to y„ yj yj, so that there will 
be no need tor a final borrow Then the cascading subtracter looks like 
this 



The circuit for the first box is determined by the following table 
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0 0 0 0 

oil 1 

1 0 I 0 

110 0 


Its second row deserves a comment Here we are subtracting 0 from 1, so 
we have to borrow 1 Thus we end by subtracting 0 from ID (that is, 2), and 
the result is 1 Equations for these circuits are 

~ 3-0 = (^0 - 3-0) 

*ou. = i„ Vy„ 

The other circuits have tables with three reference columns and two mam 
columns The table for the last circuit has only one mam column, but is the 
same m all other respects These tables all look like this one 


X, 

y 

K 

^,-h 

(0 < 1 fi /») 

0 

0 

0 

0 

0 

0 

0 

1 

1 

I 

0 

1 

0 

1 

} 

0 

1 

1 

0 

1 

1 

0 

0 

I 

0 

1 

0 

I 

0 

0 

I 

1 

l 

i 

0 

1 

0 

1 

0 

I 

The rationale for rows 2. 

3. 4, 

and 8 can be provided by carrying 

paper” the binary subtraction appropriate to them 

(2) 0 


(3) 

10 

(4) 10 (8) 1 

-0^3i 



-1 

rL zL 

boi,,-* ID 



1 

i 10 

-1 



-0 

-1 ~i 


i<~z, I 0 1 

Simplified equations for these tables are 

*c.ul = -f, >1 V (X s \) 

Thus the cascading subtracter looks like this 
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By combining the type of circuit used m the middle boxes with a memory 
unit, one can easily obtain a noncascading subtractor This is left as an 
exercise for the reader 


EXERCISES FOR SEC. 1.4.2 

A Convert these binary numerals to decimal ones 

1 ItOJ 

2 1001 

3 11001 

4 101010 

5 1110111 

B Convert these decimal numerals to binary ones 

1 e 

2 10 

3 16 

4 17 

5 35 

6 U 

7 15 

6 19 

9 23 

10 29 




35 
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3 /(pg)=-(p p) Y -(p V 9) 

g(P q) = P V <7 

4 /(pqr)=pV9Vf 

A(P9) = P V <7 
h{qr) = q r 

5 /(P9)--(P V -(p 9)) Q 

8(P «?)= (P V “(p 9) 9 

E Obtain as simple equivalents as possible of the circuits given in C Retain all 
inputs 

F Design problems 

1 fipqr) IS 0 when at least two of p^r are 0 Design a circuit with inputs 
pq and r and output/(p 9 /-) 

2 /(p 9 ) IS 0 when p and q are identical g(p q) is 1 when p and q are identical 
Design a circuit with inputs p and q and outputs /(p q) and g(p q) 

3 Design a circuit for determining whether two binary numerals end with the 
same digit (Wint took at the example in the text of the circuit for deter 
mining whether two binary numerals are the same ) 

4 Design a circuit for determining whether a binary number is odd 

5 Design a circuit for adding 2 (that is 10) to a binary number 

6 Design a circuit for subtracting 1 from a binary number greater than 0 

7 Design a circuit for doubling a binary number 

8 Design a circuit which converts an odd binary number to an even one and 
which leaves even numbers unchanged 

9 Design a noncascading subtracting circuit 

10 Design a circuit for determining whether one binary number is greater than 
another 


1 5 AN APPLICATION OF LOGIC IN THE PHILOSOPHY OF SCIENCE 
Let us turn from the rather practical applications of logic to circuit design 
to a rather theoretic application of the logic in the philosophy of science 
The problem which will concern us is the testing and refutation of scientific 
hypotheses Truth functional logic will provide a means for obtaining some 
insight into the issues involved 

Most scientific hypotheses cannot be conclusively demonstrated by merely 
testing them a large number ol times For if ail we have to go on are the tests 
then a single contrary test wiU be sufficient to call the hypothesis into ques- 
tion and such contrary tests cannot be ruled out in advance To take a con- 
crete example an Important hypothesis of genetics is that all humans have 
48 chromosomes in normal body cells (The sperm cells and ova have 24 
chromosomes ) This hypothesis can bo tested very easily by obtaining normal 
body colls from humans and examining them under a microscope and count- 
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mg the chromosomes in the nuclei But no number of these tests alone wiJJ 
provide conclusive evidence for the hypothesis For, given just the test re- 
sults, It IS always possible that we shall find someone who does not have 
48 chromosomes in his normal body cells 
On the other hand, no biologist questions the chromosome-number 
hypothesis or worries about possible contrary tests For the hypothesis is 
not supported by tests alone The rest of genetic theory strengthens the 
hypothesis Genetic theory tells us that every normal body cell of every 
member of a given species must have the same number of chromosomes 
Indeed, a biologist would probably not even classify an animal without 48 
chromosomes in his norma) body ceJIs as a humanoid frea}< Thus a biologist 
would point out that the tests are not used to demonstrate the hypothesis 
conclusively, but rather to determine how many chromosomes humans have 
in their normal body cells Once a few tests have established this number, 
the rest of genetic theory rules out the possibility of contrary tests The first 
few tests determine what chromosome-number hypothesis to adopt Addi- 
tional tests will confirm this hypothesis to be sure, but genetic theory as a 
whole, not the confirming tests is what the biologist finds most persuasive 
The situation is quite complicated here Direct tests do not conclusively 
demonstrate a hypothesis but these tests, coupled with other hypotheses, 
can provide overwhelming evidence in favor of the first hypothesis Then one 
naturally asks How were the other hypotheses demonstrated'? This leads 
one to realize that hypotheses are usually not adopted or demonstrated one 
at a time Usually, a whole system of hypotheses is proposed, and individual 
hypotheses of the system are tested and modified until the whole system fits 
the evidence The problems surrounding the discovery and demonstration 
of hypotheses are among the central problems of the philosophy of science, 
but discussing them any further would take us too far afield 
The problem that interests us here is the rcfutauon of scietiufic hypotheses 
There are philosophers of science who argue that although no amount of 
testing will demonstrate a hypothesis, a single contrary test will refute a 
hypothesis To see their reasoning, we must examine more carefully what 
testing a hypothesis involves Let us continue to use the chromosome hy- 
pothesis as the focal point of our discussion The scientist deduces from (his 
hypothesis that, if he takes a sample of normal body cells from a human and 
examines them, then he will find that each cell has 48 chromosomes Ho 
then proceeds to find a human, takes a sample of his normal body cells and 
counts the chromosomes in their nuclei If he finds this number to bo 48 
the test IS favorable otherwise the test is not favorable In other words the 
scientist uses the hypothesis to derive a prediction and then tests his predic- 
tion (Not all tests involve predictions, but it will bo simpler to pretend that 
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they do ) Let us represent the hypothesis by 'H' and the prediction by 'P' 
Then, since the prediction is supposed to follow logically from the hypothe- 
sis, the statement 

H 3 P 

IS logically true 

Thus the first stage in testing a hypothesis H involves establishing the logi- 
cal truth of 'H D P' for some prediction P Suppose that the prediction turns 
out to be true Need the hypothesis be true'? Clearly r^ot 'H' can be false, and 
even logically false, and still imply ‘P’ Thus a true prediction does not 
demonstrate the hypothesis which leads to it. although we do say that it 
confirms the hypothesis On the other hand, what if the prediction turns out 
false*? Then P is true, so we have 'H D P' and — P’, and these imply 
'— //■ Thus it seems that an unfavorable test can conclusively falsify a hy- 
pothesis We shall question this shortly, but first let us pass on to a related 
matter 

Sometimes two incompatible hypotheses are proposed to deal with the 
same phenomena For example, someone might have proposed that all 
humans have 56 chromosomes m normal body cells if we know that one of 
the two hypotheses must be true, then it is often possible to test two incom- 
patible hypotheses by means of the same data and thereby determine which 
one to reject and which to accept Such tests are called cruciof experiments 
In particular, counting chromosomes would be a crucial experiment for the 
two chromosome-number hypotheses More precisely, given two incompat- 
ible and exhaustive hypotheses H, and which deal with the same 
phenomena, a crucial experiment for deciding between them consists in ob- 
taining two incompatible predictions P, ttrom ^i^) and P^ (from H,) and test- 
ing these predictions The one which turns out false will falsify the hypothesis 
from which it was obtained and establish the other hypothesis From the 
logical point of view, we have the following 

//, V //, 

//, D Pj 

//, I) P, 

-Ip, i\) 

Thus we also know that *P, V P.' must be true (Why?) If. say. 'P,' is false, 
then —P , is true this implies that is true, which in turn implies that 
//, IS true (If we find that neither nor P. turns out to be true, then 
//, V //, could not have been true and the test was not a real crucial ex- 
pt runt III ) 

Although some philosophers believe that conclusive refutations of hy- 
potheses and crucial oxpenmenls are possible, others reject both these 
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beliefs This rejection is based upon a more detailed analysis of the argu- 
ments used to obtain and test predictions Thus let us look more closely at 
the chromosome-number hypothesis Let us suppose that the tested ceils 
are obtained from a Mr X Then the argument proceeds as follows 

1 All humans have 48 chromosomes m normal body cells 

2 Hence, if Mr X is a human, then Mr X has 48 chromosomes in normal 
body cells 

3 Mr X IS a human 

4 Hence, if A is a sample of Mr X’s normal body cells, then each cell in 
A will have 48 chromosomes 

5 A IS a sample of Mr X’s normal body cells 

6 Hence each cell in A has 48 chromosomes 

The prediction which we actually test is (6) Notice, however, that (1) alone 
does not imply (6), but rather (1), (3). and (5) jointly imply (6) Thus, if we find 
that some cells in the sample A do not have 48 chromosomes, we need not 
conclude that (1) is false All we need conclude is that either (1), (3), or (5) is 
false This is because the presence of cells in the sample which do not have 
48 chromosomes could be explained in various ways without entailing re- 
jecting (1) For example, the sample slide might have been improperly 
cleaned and contain cells taken from a fish Or when the cells were obtained 
from Mr X, some of his sperm cells, which have only 24 chromosomes, may 
have been obtained too Or Mr X might be a Martian 
The genera! point is this No hypothesis produces a prediction by itself 
but only when taken in conjunction with other ‘ auxiliary" hypotheses or 
statements Thus the true picture is not given by 

H ^ P 
but rather by 
^ 3 P 

where A' represents the auxiliary hypotheses Therefore, when P turns out 
to be false, what has been shown is not — //. but rather -(// • A), and thus 
we are free to reject either Nor A Consequently, by rejecting A. wo can con- 
tinue to maintain // 

A similar argument applies to crucial experiments Here the true picture 
IS given by 

//, V //. 

N, A DP, 

N^- AD P. 

-(P, • P.) 
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Thus if, say, P, turns out false, we must reject the conjunction ^4, but we 
could continue to maintain fay rejecting A (Notice that now we no longer 
have Py^ P^) Accordingly, the experiment does not conclusively decide 
between //, and and crucial experiments are not possible 
There is no getting around the logic behind these arguments They do 
show that we can maintain any hypothesis in the face of so-called contrary 
evidence so long as we are willing to reject certain auxiliary hypotheses 
By the same token, no experiment need be viewed as a crucial experiment 
Moreover, in those branches of science which are rather removed from 
direct observation, such as nuclear physics, the argument makes good 
scientific sense For when we deal with very theoretical hypotheses, many 
hypotheses will be needed tn order to arrive at a single prediction Each of 
them IS likely to be as questionable as any other Thus contrary evidence will 
not indicate that some one of the hypotheses is to be rejected, but rather 
that the whole system of hypotheses must be reexamined 
Nonetheless, to return to the chromosome example, suppose that we had 
very carefully examined Mr X to be sure that he is a human being (and not a 
Martian) and that we had very carefully sampled his cells and prepared and 
cleaned the slide, etc Further, suppose that we still found cells which did 
not contain 48 chromosomes, and so we still might be prepared to reject an 
auxiliary hypothesis Yet suppose we continued to test Mr X s cells and also 
Mr Ys and Mr Zs, and still found that our predictions turned out false 
Would It make good scientific sense to continue to hold the chromosome- 
number hypothesis? Clearly not For to continue to hold this hypothesis we 
should have to concoct other very elaborated hypotheses to explain our 
false predictions Thus most biologists would accept our false predictions 
as very good evidence for rejecUng the chromosome-number hypothesis and 
proceed to reexamine the rest of genetic theory Of course, from the point 
of view of deductive logic, we can still maintain the hypothesis But then 
science is not just a matter of deductive logic 
Similar considerations apply to crucial experiments If repeated and care- 
ful tests showed that Mr X s cells contained 48 chromosomes, we could 
always reject our auxiliary hypotheses and refuse to reject the 46-chromo- 
some hypothesis Nothing In deductive logic would compel us to act differ- 
ently But good scientific practice would, and so, from the point of view of 
the biologist, our tests would constitute a crucial experiment 
Wo can summarize this discussion as follows Certain philosophers of 
science believe that, as a matter of deductive logic, hypotheses can be con- 
clusively refuted by contrary evidence and that crucial experiments are pos- 
sible Other philosophers have shown that this belief is mistaken From the 
point Ql view of doducitve logic, no hypothesis can bo conclusively refuted 
by contrary evidence, and no crucial experiments are possible Yet if wo ap- 
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peal to other considerations than deductive ones, then there are cases where 
contrary evidence is sufficient to refute a hypothesis and there are cases 
where crucial experiments are possible 


1.6 PROOFS AND DERIVATIONS 
1 6 1 INTRODUCTION 

The techniques presented so far may be used for the recognitions of valid 
arguments which have already been constructed However, these techniques 
do not deal with the construction of new valid arguments Thus we shall 
return to the problem of validity, but this time approach it through the con- 
cepts of proof and demooon. and in this way learn about the construction of 
valid arguments A schema is valid, it will turn out, just in case it has a proof 
Also, a schema is implied by one or more schemata just in case it can be 
derived from them (It will be convenient to formulate the concepts 
and derivation in terms of schemata, although analogous notions can be 
developed easily for statements ) 

Let us first consider the informal notion of proof When someone tries to 
prove something informally (or to derive it from previously 
issesl then he usually does so in order to convince his audience that what he 
ir^lng to prove is unconditionally true (or follows logically from the prem- 

" such a person wants to convince more than some select group 

nici h«a wants to convince anyone sufficiently educated to read 

of gullible peop , . Por (his reason he will usually restrict himself 

and understand or less universally accepted His 

to rules of ajPU'n understands his argument will say to 

hope, of course, is follows from that by means 

himself, as he reads I ,^3 

Of a rule I ™ ‘^^“Tom wPa. I accept via rules I accept, elc., 

next statement, since it a good proof or derivation is 

until he finds 3 Certain initial positions (the premisses) 

thus like a or admitted lor the sake of argument 

are specified by the fa'aa ° .ules are agreed upon, and further 

,as in the aom tsults The outcome is also mutually 

c^r :nT:ore:r (r.^." -- --- - 

extremely subtle ) 3 vernation emerge from this comparison with 

gars (Hreu^loratepted rules Of mference and,., thee, lectiveveru 
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ability of the applications of these rules in the argument In other words, an 
ideal argument should proceed according to rules which are agreed upon 
in advance Also it must be possible to check each step in an ideal argument 
mechanically in order to see whether the step follows from previous steps 
by means of one of the rules (The premisses of an argument do not follow 
from anything } Arguments in everyday life fall short of this ideal because 
our everyday rules of inference are more implicit than explicit They were 
not set up by convention or legislation, but evolved in some complex way 
instead They cannot be learned from a rule book, but must be called from 
experience, and are part of what a child learns when he learns to speak his 
native tongue Consequently, it should be clear that any set of rules which a 
logician may propose can only be regarded as an approxin^ation to the ones 
used implicitly by the layman 

Of course, departing from the layman’s practice is not an evil in itself, 
especially if this practice is vague or inefficient Laying down rules of in- 
ference which satisfy the ideal given above may call for a very bold departure 
from ordinary practice Indeed, by making a very radical departure we could 
use the next two rules of inference 

Rule 1 Each valid TFS may be written at any stage of an argument 
Rule 2 Each TFS may be inferred from any schemata that imply it 

Since an argument is constructed step by step, Rule 1 says that every valid 
TFS may be written as a new step in an argument, while Rule 2 says that a 
TFS may be written as a new step provided that it is implied by previous steps 
Arguments constructed according to these two rules would satisfy our ideal 
fust, because the rules have been explicitly stated and, il we accepted them, 
would be agreed upon in advance, second, because steps according to the 
rules can be checked mechanically, since there are decision procedures for 
implication and validity 

Hence we could go through such an argument and mechanically test it to 
see if each step was a premiss, valid or implied by previous steps The two 
rules would also have two other highly desirable properties they would 
allow us to inter nothing we do not want to inter, and (at least as far as truth- 
function theory is concerned) they would allow us to infer everything we do 
want to infer This is because the rules allow us to infer a given schema from 
other schemata if and only if these imply it We can thus construct all and 
only valid truth-functional arguments from the rules When a set of rules of 
inlorencQ permits valid inferences only, it is known as a saimJ set of rules 
(This IS not to bo confused with the soundness of an argument ) When a set 
ol rules of Inlorenco allows us to carry out all valid inferences, it is said to be 
lomplete Thus, as far as truth-functional logic is concerned. Rules 1 and 2 
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form a complete and sound set of rules of inference Because Rules 1 and 2 
are explicit, mechanically checkable, and sound and complete, many logi- 
cians adopt them as the sole rules lor truth-functional logic A dilferent 
course, however, is preferable in our introductory studies, for Rules 1 and 2 
approximate so little to ordinary practice mat they give us little or no insight 
into everyday arguments and the rules employed therein For this reason we 
shall not use Rules 1 and 2, but shall use a more complex set of rules which 
approximate more closely to everyday practice 
Initially, derivations will take the form of finite vertical sequences of 
schemata, later certain rules will require that we deviate from this orm The 
sequence making up the derivation will begin with one or more schemata 
which are taken without proof during the course of the 
are aoDropriately called the pre.msses of he demauon (A proa/ is a deriva- 
tion without premisses, but these will not come until 

S,n„ e. „)■ |',gM H/nL /,«, >fr£ 

r-i7;zz;:;f= 

(beside the second premiss), etc. lo me rm 

(The P' IS short for ‘premiss ) 

HX.MPCB suppose the premisses of a derivation are V. . 3 v'. V V s 
Then we should write 


P P 

p D r; P 

r V s P 


The numerals to the lelt the entries in the 

the derivation, the schemata are th P verticat tine and the 

right-hand cotumn are 'h® gpj.pg s,ep ol the derivation £... h step 

numerate are extended with eac mr premisses, the reason tor a 

1/1 11 dcromion must lime a reason H ^ ,„i^,cncc 

given step will bo a reference to previ problem ol chocking 

Writing derivations in this 9'“*^ P Pown the sequence chocxmg 
them lor correctness All we have lo do is go down 
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the first steps to see if they are premisses and checking further steps to see 
if they follow from previous ones via our rules of inference The reasons 
given for each step will indicate the step which it is supposed to follow from 
and the rule which makes this possible We may turn now to the proper rules 
of inference 

1 6 2 BASIC RULES OF INFERENCE 

I 6 2.1 MODUS PONENS 

The first rule of inference we shall consider has been traditionally known as 
modus ponens It allows US to write down the consequent of a conditional 
schema in a derivation, provided that we already have both the antecedent 
and the conditional schema itself as steps of the derivation Schematically, 
we may represent it as follows 

S 5 D fV 


5 a fV or S 


..ly : ly 

The two forms of the rule indicate that the order of S and 5 D ft' in the 
derivation is immaterial The vertical dots indicate that schemata may (or 
may not) come between S and S D IF and between these two schemata and 
IF As the reason for IF we write numerals referring back to S and 5 n IF 
followed by 'MP' (for ‘modus ponens’ ) 

EXAMPLES 

at p D (r V s) P 

2 p P 

3 rVj 1.2.MP 

b 1 I p D P 

2 (p 3 (/) D r P 

air 1. 2. MP 

Cl/. p 

2 q Zi r p 

3 p-D q p 

•* q 1.3. MP 

r 4. 2. MP 


5 
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d 1 ip V r) D s P 

2 p p 

3 p D q p 

4 q D ip V r) P 

5 9 2. 3, MP 

6 p V r 5. 4. MP 

7 s 6, 1. MP 


The examples illustrate that the rule may be used to obtain the consequent of 
any conditional schema and its antecedent It does not matter whether the 
antecedent and consequent themselves are statement letters, negations, 
conjunctions, conditionals, or biconditionals All that matters is that the three 
schemata themselves conform to the form of the rule one must be a condi- 
tional, the schema inferred must be its consequent, and the remaining 
schema must be its antecedent We can even use modus ponens to obtain 
‘p from > D p' and >' ' 

Until now most questions that we raised with respect to TFS could be 
answered by means of mechanical procedures From now on, however, much 
greater demands will be placed on our ingenuity Constructing derivations 
efficiently requires a certain amount of insight on our part One helpful 
technique, however, is that of working backward Suppose, for example, 
that we want to derive p = <?’ from 'p, 'p D (p a q)\ (p v r) O p. and 
‘p D (p V r)' Since the only rule we have at our disposal is modus ponens. 
matters are simplified, we see that we can obtain 'p » q' if we first gel 
and we can get this if we first get ‘p V r* This m turn follows from 'p' But we 
have 'p' , so we proceed as follows 


1 p P 

2 pziip^q) P 

3 (p V r) D p P 

4 p -D ip V r) P 

5 pV r 4. 1. MP 

6 p 5. 3. MP 

7 p^q 2, 6. MP 


This technique can be combined with a technique of working forward when 
one sees that a certain schema can be generated from certain previous stops 
add It as a new step This gives us more * information** to work with oven 
though It may not be used in subsequent steps of the derivation Remombor 
as long as each step in a denvalior> has a Jegilimato reason the derivation 
IS correct, although it may be cluttered with unnecessary stops Hero is an 
example of a cluttered derivation of «/* from *p p D tp v r) and p D */ 



146 ELEMENTARY LOGIC 


1 p P 

2 pD {py r) P 

3 p D (7 P 

4 p V r 1.2, MP 

5 q 1,3, MP 

Step 4, generated v»a the technique of working forward, makes no contribu- 
tion to the derivation of 'q' The derivation could be shortened by omitting 
this step completely Nonetheless, the derivation is a perfectly correct deriva- 
tion of V from these premisses every step is either a premiss or follows from 
previous steps by modus ponens The techniques of working backward and 
forward are also useful techniques for working with the other rules of infer- 
ence we Shalt use 


1 6 2 2 MODUS TOLLENS 

The next rule connects the conditional with negation Modus ponens is a 
formal version of the informal rule if that, then this, but that is true, thus so 
IS this Modus tollens, on the other hand, is a formal counterpart of if that 
then this, but this is false, thus so is that Modus tollens permits us to add 
the negation of the antecedent of a conditional to a derivation, provided that 
the conditional and the negation of its consequent are already steps of the 
derivation Schematically 

S D ff' - IK 


5 D IK 


-5 :.-S 

As the reason for — S we write numerals referring back to —IK and 5 D IK 
and ‘MT’ Here are some examples 

a 1 p D r/ • r P 

2 -((/ • r\ P 

3 r D p P 

4 P 1.2, MT 

5 r 3, 4. MT 

b 1 ip q) Z) r P 

2 (P V q) D (p - ,/) P 

3 r P 
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4 ~{p ^ q) 3, 1, MT 

5 -(p V q) 4. 2. MT 


In using these rules it is important to keep m mind that we are playing 
a very rigid "game” here Unless the schemata involved conform to the exact 
form of the rule, the rule is not legitimately applied It is very tempting to 
infer ‘p’ from ‘p 3 q' and 'q' by saying lo oneself, "if 'p D q is true and ‘q’ is 
false, then 'p' must be false, that is, 'p' is true" But this inference would 
be absolutely incorrect if we used modus toJIens alone, for in this case 
our IV IS V and our 5 is ‘p’, thus our —IK would be ’q' and our —5 should 
be V For modus tollens requires that we infer the result by prefixing a 
negation sign to the antecedent of the conditional S D IK. Of course, we 
shall eventually be able to derive >' from ‘p D q' and V/', but we shall need 
one more rule to do it Exacting attention to form is needed in these matters 
Do not confuse 'p ■ q' with *— (p • q)' and wrongly obtain 'p' from both 
'p "D p q' and ‘p q\ using only modus tollens The implication holds, to be 
sure, but other rules are needed to justify the derivation 
Modus ponens and modus tollens may be used together, and here are two 
examples of this 


a 1 p 3 r P 

2 p D 5 P 

3^3/ P 
A q P 

5 j 3, 4. MP 

6 ^ 2. 5. MT 

7 r 6, 1.MP 


b 1 p ' q Z> r P 

2 r P 

3 s D P’ q P 

4 s D q P 

5 -(p q) 1.2.MT 

el 3. 5. MT 

71 q 4. 6. MP 


One last note of caution Just as we cannot derive ’p’ from ‘p 3 q and '(}' 
using modus tollens, so also we cannot use il to derive ‘p‘ from *p 3 q' and 
'q'. This time it is because '<7' lacks two negation signs This incompleteness 
m our rules will be remedied shortly 


1 6 2 3 DOUBLE-NEGATION INTRODUCTION AND ELIMINATION 

The gap we have noticed in our rules of inference can be easily closed by 
introducing two new rules The first, J'ou6/e'nei,‘afion introJucuon. allows us 
to write in a derivation the result of prefixing two negation signs lo a pre- 
vious Item of a derivation The second allows us to eliminate initial pairs of 
negation signs Schematically, we have 

DOUBLE-NEGATION INTRODUCTION S 


S 
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DOUBLE-NEGATION ELIMINATION 


s 

The reason for — S consists in a numeral referring back to 5 followed by 
‘DNl’; that for S, obtained by double-negation elimination, consists m a 
numeral referring back to — S followed by ‘DNE’ These rules, like our other 
rules, are to be applied to whole schemata As tempting as it may be, we 
cannot use double-negation introduction to infer directly, say, 'p V r' from 
'p V r\ Nor can we use double-negation elimination to go m the opposite 
direction These rules apply only to whole schemata, and not to their parts. 

We can use all four rules together m the same derivation The utility of 
this IS illustrated in the following examples 

EXAMPLES 


alp 

2 

3 rDq 
A ^ 

5 q 

6 r 

7 r 


P 

P 

P 

t. DNl 
4. 2. MP 
3. 5, MT 
6, DNE 


b. 1 (p V ( 7 ) D (p a r) 

2 s "D — (p 3 r) 

3 p 7) {p V q) 

4 p 

5 p 

6 p ^ q 

7 par 

8 (p B r) 

91 i 

C 1 p - q 

2 -IP V </) D -(p . q) 

3 (p • q) 

A (p V q) 

5 p V «/ 


P 

P 

P 

P 

4. DNE 

5, 3, MP 
6. 1. MP 

7. DNl 

8. 2. MT 

P 

P 

1, DNl 

2, 3, MT 
4. DNE 


EXERCISES FOR SECS. 1.6.2.1 TO 1.6.2.3 

For each ol Iho following, denvo tho schema in tho loft column from ihoso in the right. 
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1 

s 

p D 

q> q ^ r, r D j, p 

2 

s 

P. 

p D q, p^{qO r). q ^ (r D s) 

3 

pM r 

P. 

iq D f) D (p V !■). p^(qD r) 

4 

P 

Pi 

p D s, s D r, r D q 

5 

P 

q. 

q D (p D s), q D s 

6 

—(p ■ 4) 

p. 

p D r, p q O r 

7 

p V q 

p ^ ( 

'-[p V (/) D r). p. p D r 

8 

P 

r, 

f 'D q, q O s, s ZS p 

9 

p^ q 

s D- 

-ip y q), p 3 (p V q), p D (p^ q). 

10 

q 

s, 

r D 5, rDipDq}, r Dp 

1.6 

2 4 TWO RULES FOR CONJUNCTION 


The two rules for conjunction are quite simple One of them, simplification, 
permits us to infer either of the two components of a contunction The other, 
the principle of coiyimction, allows us to infer the conjunction of two compo- 
nents from the components themselves These rules are schematically pre- 
sented as follows 

SIMPLIFICATION 

S • W or S ' iV 


. . s IV 

As a reason for S (or ly) write a numerat referring back ioS • fy followed 
by ‘S' 

PRINCIPLE OF CONJUNCTION 

S or iV 


ly 


s 


s ‘ ty 5 • ly 

As a reason for S • If' write numerals referring back to 5 and If' followed by 
•PC tyc shall also construe the pnnaple of conjunction as pcrnmitni: the 
inference ofS • S from just S alone Wo may now do some examples 
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EXAMPLES 


p ’ i<l ^ p) 

P 

p 

1 , s 

q'^ P 

1. s 

P 

2. DNl 

q 

3. 4, MX 

q 

5, ONE 

p • q 

6, 2. PC 

p-{q' r) 

P 

p 

1, s 

q • f 

1. s 

q 

3. S 

r 

3. S 

p • r 

2. 5. PC 

iP' r)’q 

4. 6. PC 

\ p ' {.ip ' r) ' q) 

2. 7. PC 


C ^ p’ r P 

2 (J‘S P 

3 (/>•<?) D (r V j) P 

4 p 1. S 

5 <7 2. S 

6 p • <I 4, 5. PC 

7 rW s 6. 3. MP 


d. 1 p D iq D r) P 

2 p - q P 

2 P 2. S 

4 qO r t.3. MP 

5 2. S 

6 r 4. 5. MP 


EXERCISES FOR SEC. 1.6.2.4 

For each o1 the loJIowIng, denvo \h© schema in the leU column from those in the right. 

1 r P ' (P O q), q z> r 

2 » ;> • IJ. p Dir Z> s), qD r 

2 p r P -{p D («/ D r)). p D q 

4 p J» trOpt'trDp). tpV O—tp V y)) 

5 (/• “ Jt ^ p ■ ir • p D (p “ *)). r ' ip ’ r D q) 

(> p q q‘ p 

7 p p p 
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CO 

P ■ Ui 

r) 

9 q • p 

p i. 

r D t/, f D f 

10 p 

r-((f 

r) D (p 3 -(f f))J 

1.6.2 5 THREE RULES FOR DISJUNCTION 


A disjunction is true if at least one of its components is true. Let us mirror 
this by means of a rule of inference. We shall permit ourselves to infer any 
disjunction from either of its components This rule is called the rule of 
addiuon, and is pictured schematically by 

S or (P' 


.*.5 V IV ..5 V IK 

As a reason for5 V If' we write a numeral referring back to5 (or If') followed 
by ‘add’, for "addition” In actual practice this rule lets us add am schema to 
a schema already in a derivation The schema added need not appear pre- 
viously in the derivation We may either ‘add’ the schema to the left or to 
the right We must be sure, however, to separate the schemata by a dis- 
junction sign This is illustrated in the following example. 

EXAMPLE 

P P 

2 p V /? 1. add 

3 V p 1. add 

4 p V (j 1, add 

5 p V ((r D s) (p ^ i))) 1. add 

Besides the rule of addition, we have rules which allow us to derive things 
from disjunctions The first of these, the dtytmcmc s\lhf:istn. allows us to 
derive components of a disjunction from the disjunction itself and the 
neiiaituit of the other component Schematically. 

5 V It' 5 V IP -S -IK 


-5 or -IK or 5 V IK or 5 V IK 

• IK s - *K 5 
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As the reason for S (or W) we write numerals referring back to -5 (or -If') 
and S 'J W, followed by 'DS' Here are illustrations of this rule 

EXAMPLE 

1 P P 

2 py iqy r) P 

3 r P 

4 tj V f 2, 1, DS 

5 f 3, DNl 

% q 5, 4, DS 

Note that the form of disjunctive syllogism does not permit us to go directly 
from steps 2 and 5 to step 6 We must first obtain ‘q V r’ as an item of the deri- 
vation By the same token, we cannot pass directly from 'q V ?' and >’ to '<?’ 
and must route ourselves through double-negation introduction 
Another rule used m connection \with disjunctions is the rule of simple 
dilemma It is $0 complex that it is far easier to represent it diagrammaticaily 
than to describe it in words 

Thus Its form follows 
S V IV 


E 

The order of the schema 5 V IV. S D £. IJ' r) £ does not matter (There are 
thus SIX different variations of the form of this rule ) Moreover, S and IV may 
bo tho same schema, in which case one of the conditionals may be omitted 
As a reason for E, write numerals referring back to 5 v IV. 5 3 E. and 
IV D fc followed by SD’ The rule is illustrated in the following examples 

LXAMI'LLS 

a II V P 

21 /» O (./ V r) P 
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q^{qy r) 


1.2. 3. SD 


b 1 D (/? V r) P 

2 p y p P 

3 pyr 1.2. SD 


1 P 

2 p O r 

3 (/Dr 

4 q y P 

5 r 


P 

P 

P 

1. add 
4. 2. 3. SD 


Tradition has given us the title "simple dilemma ' to our last rule, and a 
few words about this title are appropriate Someone is faced with a lAfcraran 
when he IS faced with a difficult choice between two alternatives The choice 
may be difficult because each of the alternatives is attractive (The you-can I 
have-your-cake-and-eat-it dilemma) or because each of the alternatives is 
unattractive (the worst-of-two-evils dilemma) A very useful way to get the 
advantage of an opponent in a debate is to involve him m a dilemma One 
shows that the opponent has two or more alternatives open to h™ and that 
each alternative involves the opponent in some 

The form of such arguments is readily apparent A or Bare the alternatives, 
A leads to C, B leads to D. but both C and D are unattractive Such argu- 
ments were known by the ancients as dilemmas The ^ 

current rule should now be clear the disjunction '®P^®®®" ® '^® " , 

tives, and the conditionals represent the consequences of these alternatives 
Our particular dilemma is called simple ' because each alternative has the 
same consequence Here are two examples of the use of simple dilemmas in 
ordinary language 
EXAMPLES 

V, Ihp shore route or the inland route II you go by the shore 

ro°ute"'you will pay tolls, likewise, il you go inland So you will pay tolls 
b If I desert. I shall be shot, but if I go forward I shall be shot I must desert 
or go forward So I shall be shot 


p (p V (p 3 y)) 


p V (/? D «/) 


p D p 
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b 1 

p 

P 

2 

q 3-ipV q) 

P 

3 

p'J q 

1 add 

4 

(P V ,j) 

3 DNI 

5 

q 

4 2 MT 

B 

q 

5 DNE 

7l 

p q 

1 6 PC 

c 1 

(/■ V I) D (p V q) 

P 

2 

[(p D s) (q D j)] r 

P 

3 

r 

2 S 

4 

(pDs) iqD s) 

2 S 

5 

pD S 

4 S 

6 

q D s 

4 S 

7 

rWs 

3 add 

8 

p'J q 

7 1 MP 

9 

s 

8 5 6 SD 

10 

s 

9 ONI 

11 

r s 

10 3 PC 

d 1 

(p V c/) V r 

P 


! (p V </) D j q 

P 


\ r 

P 


1 r 

3 DNI 


5 pvq 

1 4 DS 

( 

0 s q 

5 2 MP 


7 q 

6 S 


8 p 

5 7 DS 


9 p r 

8 3 PC 


EXERCISES FOR SEC 16 2 5 

For each ot the lollowing derive the schemata in the lett column from those in the right 
1 /> «/ ( / D (r V p» r 


' V /> 


/» Y /> 

pvii Dp) 


q (/Dr) /» V r 


r Ur / p) D j) 
ip D 4/) ip V r) 


s V p 

<r 3 «/) 
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9 9-9 /> 3 7. r D ^ - (-(p V r) D q) 

^0. q p D r, p '(r D(pV r)) 

1.6.2. 6 TWO RULES FOR THE BICONDITIONAL 

The choice of our rules for the biconditional should be guided by our knowl- 
edge of Its relationship to the conditional. We want a rule that is something 
like modus ponens In this case, however, we allow ourselves to infer any 
component of a biconditional from the biconditional itself and the other 
component Thus we can schematize this rule by 

5 = IK S IV 5 = JK 


S or 5 s tf' or S ^ IV or If' 


W IV . S .‘.S 

We shall call this rule modus ponetis for the bkondiiional. Accordingly, as the 
reason for W (or S) write numerals referring back to 5 ^ If' and S {or IV) 
followed by 'MPB'. 

The next rule for the biconditional allows us to infer a biconditional from 
two conditionals. Let us cad it the pnncip/e o/t/ie hico/idtuo/utl. Schematically, 
It runs as follows: 

,y 3 If' s D iv 


fV D S or IV D S 


.-. 5 = IK IK = 5 

As the reason for 5 ^ IK (or IK s S) wnio numerals referring back to IK D S 
and S D iV followed by 'PB'. Here are a few examples employing the new 
rules. 

EXAMPLES 

a It p ^IrV s) P 

2| {rDq)-p P 
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3 I 3 <? P 

A p 2, S 

5 I V j 4, 1, MPB 

6 r 3 (| 2. S 

7 q 5. 6, 3. SD 

b p 7) ? p 

2 r p P 

3 q D (p V (cl D p)) P 

4 p 2, S 

5 « 1.4. MP 

B py {q^ P) 5 3 MP 

7 p 4. DNI 

Q q 3 p 6. 7. DS 

gj p » q 1. 8. PB 

C 1 1 P (P " <!) P 

Z r~ q P 

3 P 1.S 

4 p “ 4 IS 

5 (| 3, 4, MPB 

6 r 5. 2. MPB 


EXERCISES FOR SEC. 16 2 6 

For each ot the toUowing derive the schemata in the )ett column from those in the right 

t P D (q = P)) 

2 q P P = (</ V p) (r » p) r 

3 p ** </ (p D </) {r O {q D p)) (r D s) s 

^ r q (P V 4/) 3 (</ a p). r (rap) 

5 t,/ a r) tr a v) p D ty D r) Ip U j) (i D {r D y)) j 

6 p (r V y) a (r D p) (y D p) i. — (r V y) D i 

7 p (y a r) D p (i D (y D i-)) (r D (y 13 r)) 

iJ V r) tr D y) 

8 p y (p V r) « tU D yl V r) r y 

9 J (pay) (yap). P (pVj) 

10 P y p » r s (r a (i V j)) p 


) (» 2 7 Hit RUL13 &UMMAKULD 

Tho following table summarizes our rules 
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CONNECTIVES INVOLVED ^U^-ES 



1 



DNI 


S 

s 



ONE 


s 

ly 

s ly 



PC 


s ly 
s 

and 

S IP 

IP 

S 

V 

s 

s V iy 

and 

IP 

5 V IP 

add 

3 

s 

S D »' 
ly 



MP 

- 

s ^ ly 
s 
ly 

and 

5 ■ IP 

IP 

5 

MPB 


s Diy 

-IP 

-5 



MT 

V 

S V IP 
-5 

IP 

and 

5 V IP 
-IP 

S 

DS 

3. V 

S D E 
IP D £ 

5 V IP 
E 



SO 

D, = 

5 D IP 

IP D 5 

5 = IP 

and 

s dw 

W OS 
s ‘a IP 

PB 


f To?'"ach oUh" ..o sCema.a ,n .ho ,o,. co.u.n hco. ,hoso ,n 

«« => P> 

(,DP) (»=>P>- 

5 J (r-Pt P ^ , 

6 (r V i) • (r D «/). <* ^ ^ 


p^q 
p (p V /■) 

P 
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7 p = q p D (p D q), sV p, (-(<? 3 p) 3 5) • J 

8 py (s D q) p-q^ s, (s D q) • ^ 

9 5 9 (p 3 s) • (p V g). r (r = <j) 

10 5 3 r (p 3 q) 3 (j 3 r). -(p 3 q) 3 j, ((5 3 -(p q)) ' p) 9 

B Establish the validity of each of the following arguments by means of a derivation 

1 The game is over if it is past noon, while the public square is full only if it is 
past noon The public square is full unless it is raining, but it is not raining 
Hence the game is over 

2 The ship will radio us just m case rt is in trouble If the ship is not m trouble, 
then it is not the case that either its boiler has exploded or there is a fire on 
the bridge There is a fire on the bridge so the ship will radio us 

3 Despite the fact that the line is long, we shall be able to see the movie If 
the line is long and we are able to see the movie, we are fortunate If we are 
either fortunate or knowledgeable, we can be satisfied Hence the line is 
long, but we can be satisfied 

4 If war IS declared, I shall join the Army or the Navy If I join the latter, I shall 
serve two years, but I shall also serve two years if I join the former War will 
be declared unless the administration changes its policies, and that will not 
happen So I shall serve two years 

5 The barber shaves himself just m case he does not shave himself, and he 
does shave himself Hence there really is no barber 

6 If the market rallies, then provided that I am prudent, I can make a profit 
Unless the market does not rally. I am prudent if I can make a profit, more* 
over, the market will rally Thus I am prudent just in case I can make a profit 

7 If they do not kill some cows, the Indians will starve They will kill some cows 
only If their religious beliefs are modified While we shall make efforts to 
modify those beliefs, they will not be modified Consequently, the Indians 
will starve 

8 If the hens are m the road, there is a break in the fence Someone was care- 
less in case there is a break in the fence Unless it is not the case that some- 
one was careless. I shall give the farmhands a lecture, but the hens are in the 
road Hence I shall give the farmhands a lecture 

9 The book is entertaining just m case it is racy It is racy only if it is not m the 
school library Provided that James or Ralph read the book, it is entertaining 
Ralph did read the book Therefore it is not in the school library 

to If the file dies and no one starts another, then the house will be cold If Jones 
is at home, the lire will die. while if no one else is there, no one will start 
ai^other Jones is at home when and only when no one else is there, and he 
IS at home if it is Saturday Moreover, it is Saturday So the house will be cold 


1 6 3 CONDITIONAL PROOFS 

16 3 1 ISIHODUCTION 

Our rules of inference are still incomplete Demonstrating this would take 
us beyond the scope of this book, but experimentation with a few examples 
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will probably convince you of its likelihood Try, for example, to derive 
'p D q' from ■?’, or ‘p 3 r' from 'p 3 q’ and 'q 3 r\ or 'pO {qO r)' from 
•p • , 3 r' If you use only the rules of inference given so far, you will not be 
able to do it Yet you can easily verify that 'q' implies ‘p D q , p ^ ‘I and 
•q 3 r- imply 'p 3 r, and 'p • 9 3 r implies 'p 3 Ul 3 r)’ Or try to prove 
a valid schema, that is, derive it from no premisses at all You canno even 
begin, the rules are applicable only if one or more schemata are a ready 
given Consequently, in order to have a complete set of ru es of inference, 
we must add to our previous rules or expand our methods for constructing 

m a method for constructing arguments which 'requently used by 
mathematicians, scientists, and laymen which we can adoPt and P“' 
form suitable tor derivations First, however, we should look 
amples of it 
EXAMPLE 1 

^ t Krsii ranrM It later For assume that I go Then I shall 
dr:nCo''m“u"h^td'tfeh"l SU sick Then , shall regret going, later 

The conclusion of this argument is 

(a) If I go to your party, I shall regret it later 

. , ■ Notice that there are no rrp/ior premisses given 

and it has the form p 3 9 Not a assorted 

in this argument The stateme ^ ,h,s supposition, the 

outright, but is offered as ^ ^ a,yah and get sick and consequently 

author then infers that he will k t argument to a formally 

later regret going to the ’ hisses which the author obviously 

valid one, we must supply suppressed pr 

had in mind 

(b) If I go to your party, I shall drink too much 

(c) If I drink too much, I shall gel sick 

(d) 1,1 get sick, 1 shall later regret going to your party 

. and -i 3 q. respectively Once (b). 
These have the forms i> ^ r, ,hmraument is valid, for '/> O r'. r D s . 
(c), and (d) are added as P''®™“° ’ J, ,heso premisses and formalize the re- 
and 's D if imply ‘p 
suiting argument 


p D r P 

r D J P 

s D q P 

Assume p 
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7 p = q p O (p D if) s V p, (-(4 D p) D 5) s 

8 p V (s D q) p q V s. {s D q) q 

9 s q {p ::> s) ip V q). r (r ^ q) 

10 sDr (pDq)D(sOr). -(p O q) D s, (is D ~ip q)) p) q 

B Establish the validity ot each of the following arguments by means of a derivation 

1 The game is over if it is past noon, while the public square is full only if it is 
past noon The public square is full unless it is raining, but it is not raining 
Hence the game is over 

2 The ship will radio us )ust m case it is in trouble If the ship is not in trouble, 
then It IS not the case that either its boiler has exploded or there is a fire on 
the bridge There is a fire on the bridge, so the ship will radio us 

3 Despite the fact that the line is long, we sh^l be able to see the movie If 
the line is long and we ate able to see the movie, we are fortunate If we are 
either fortunate or knowledgeable, we can be satisfied Hence the line is 
long, but we can be satisfied 

4 If v/ar IS declared, I shall join the Army or the Navy If I join the latter, I shall 
serve two years, but I shall also serve two years if I join the former War will 
be declared unless the administration changes its policies and that will not 
happen So I shall serve two years 

5 The barber shaves himself just in case he does not shave himself, and he 
does shave himself Hence there really is no barber 

6 If the market rallies then provided that I am prudent, I can make a profit 
Unless the market does not rally. I am prudent if I can make a profit, more- 
over, the market will rally Thus I am prudent just in case I can make a profit 

7 If they do not Kill some cows, the Indians will starve They will kill some cows 
only if their religious beliefs are modified While we shall make efforts to 
modify those beliefs they will not be modified Consequently, the Indians 
will starve 

8 If the hens are m the road there is a break in the fence Someone was care- 
less in caseWieie isaPieaVi mtVie fence Xinless il is not the case that some- 
one was careless, l shall give the farmhands a lecture but the hens are in the 
road Hence 1 shall give the farmhands a lecture 

9 The book is entertaining just m case it is racy It is racy only if it is not in the 
school library Provided that James or Ralph read the book, it is entertaining 
Ralph did read the book Therefore it is not m the school library 

to » the fire dies and no one starts another, then the house will be cold If Jones 
IS at home the fire will die. while if no one else is there, no one will start 
another Jones is at home when and only when no one else is there, and he 
IS at home if It IS Saturday Moreover it is Saturday So the house will be cold 
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163 1 INTRODUCTION 

Our rules of inforenco aro sUH incomplete Demonstrating this would take 
us beyond the scope ol this book, but experimentation with a few examples 



will probably convince you of its likelihood Try. for example, to derive 
‘p D q’ from 'q‘, or 'p D r' from ‘p D q' and ‘q D r‘, or ‘p d {q d r)’ from 
‘p • q H r If you use only the rules of inference given so far, you wiJJ not be 
able to do it Yet you can easily verify that 'q' implies > D q', 'p d q’ and 
'q D r' imply 'p D r', and 'p ‘ q D r’ implies ‘p D {q D r)' Or try to prove 
a valid schema, that is, derive it from no premisses at all. You cannot even 
begin, the rules are applicable only if one or more schemata are already 
given Consequently, in order to have a complete set of rules of inference, 
we must add to our previous rules or expand our methods for constructing 
derivations 

There is a method for constructing arguments which is frequently used by 
mathematicians, scientists, and laymen which we can adopt and put Into a 
form suitable for derivations First, however, we should look at some ex- 
amples of It 

EXAMPLE 1 

If I go to your party, I shall regret it later For assume that I go Then I shall 
drink too much And then I shall get sick Then I shall regret going, later 

The conclusion of this argument is 

(a) If I go to your party, J shall regret it later 

and It has the form ‘p D q' Notice that there are no pjrpficn premisses given 
m this argument The statement 1 shall go to your party’ is not asserted 
outright, but is offered as a mere supposition Given this supposition, the 
author then infers that he will drink too much and gel sick and consequently 
later regret going to the party Thus, to convert this argument to a formally 
valid one, we must supply suppressed premisses which the author obviously 
had in mmd 

(b) If I go to your party, I shall drink too much 

(c) If I drink too much, I shall get sick 

(d) If I get sick, I shall later regret going to your party 

These have the forms 'p 3 r. V 3 s\ and 's 3 q', respectively Once (b). 

(c), and (d) are added as premisses, the argument is valid, for > 3 /•■, V 3 j . 
and 's 3 q' imply 'p 3 q’ Let us add these premisses and formalize the re- 
sulting argument* 

1 p 3 r P 

2 r D s P 

Z 5 D q P 

4 Assume p 
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7 psq p D (/? D 9). sV p, (~{q D p) D i) S 

8 p V (s D g) p qy s. {sO q)'q 

9 5 • p Ip ^ 5) Ip V 9), r ' (r s q) 

■^0 5 D P (p D q) D (s D r). — (p 3 q) D 5, ((i 3 — (p ■ q)) * p) q 

B Establish the validity of each of the following arguments by means of a derivation 

1 The game is over if it is past noon, while the public square is full only if it is 
past noon The public square is full unless it is raining, but it is not raining 
Hence the game is over 

2 The ship will radio us just in case it is in trouble If the ship is not in trouble, 

then It IS not the case that either its boiler has exploded or there is a fire on 

the bridge There is a fire on the bridge, so the ship will radio us 

3 Despite the tact that the tine is long, we shall be able to see the movie If 
the line is long and we are able to see the movie, we are fortunate If we are 
either fortunate or knowledgeable, we can be satisfied Hence the line is 
long, but we can be satisfied 

4 It war IS declared, I shall )Oin the Army or the Navy If I join the latter, I shall 
serve two years, but I shall also serve two years if I join the former War will 
be declared unless the administration changes its policies, and that will not 
happen So 1 shall serve two years 

5 The barber shaves himself just m case he does not shave himself, and he 
does shave himself Hence there really is no barber 

6 If the market rallies, then provided that 1 am prudent, I can make a profit 
Unless the market does not rally. I am prudent if I can make a profit, more* 
over, the market will rally Thus t am prudent just in case I can make a profit 

7 If they do not kill some cows, the Indians will starve They will kill some cows 
only if their religious beliefs are modified While we shall make efforts to 
modify those beliefs, they will not be modified Consequently, the Indians 
will starve 

8 If the hens are in the road, there is a break In the fence Someone was care- 
less in case there is a break in the fence Unless it is not the case that some- 
one was careless, I shall give the farmhands a lecture, but the hens are in the 
road Hence I shall give the farmhands a lecture 

9 The book is entertaining just in case it is racy It is racy only if it is not in the 
school library Provided that James or Ralph read the book, it is entertaining 
Ralph did read the book Therefore it is not in the school library 

to If the fire dies and no one starts another, then the house will be cold If Jones 
IS at home, the fire will die. while if no one else is there, no one will start 
another Jones is at home when and only when no one else is there, and he 
IS at home if it is Saturday Moreover, it is Saturday So the house will be cold 
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16 3 1 INTRODUCTION 

Our rules of inference are still incomplete Demonstrating this would take 
us beyond the scope of this book, but experimentation with a few examples 



will probably convince you of its likelihood Try. for example, to derive 
> D q' from 'q, or > D r from 'p o q' and ‘q a r', or > 3 (^ 1 ) r)' from 
'p ' q O r' If you use only the rules of inference given so far, you will not be 
able to do it Yet you can easily verify that 'q' implies ‘p D q\ 'p d q’ and 
V/ D r’ imply 'p D r, and 'p' q D r‘ implies 'p O {q D r)' Or try to prove 
a valid schema, that is, derive it from no premisses at all You cannot even 
begin, the rules are applicable only if one or more schemata are already 
given Consequently, in order to have a complete set of rules of inference, 
we must add to our previous rules or expand our methods for constructing 
derivations 

There is a method for constructing arguments which is frequently used by 
mathematicians, scientists, and laymen which we can adopt and put into a 
form suitable for derivations First, however, we should look at some ex- 
amples of It 

EXAMPLE 1 

If I go to your party, I shall regret it later For assume that I go Then I shall 
drink too much And then I shall get sick Then I shall regret going, later 

The conclusion of this argument is 

(a) If I go to your party, I shall regret it later 

and It has the form ‘p 3 q’ Notice that there are no etpliat premisses given 
m this argument The statement *1 shall go to your party’ is not asserted 
outright, but is offered as a mere supposition Given this supposition, the 
author then infers that he will drink too much and get sick and consequently 
later regret going to the party Thus, to convert this argument to a formally 
valid one, we must supply suppressed premisses which the author obviously 
had in mind 

(b) If 1 go to your party, I shall drink too much 

(c) If 1 drink too much, I shall get sick 

(d) If 1 get sick, I shall later regret going to your party 

These have the forms ‘p 3 r , r D s’, and 's D g', respectively Once (b). 

(c). and (d) are added as premisses, the argument is valid, for'p D r’.'r D s , 
and ‘s 3 q' imply 'p 3 q' Let us add these premisses and formalize the re- 
sulting argument 

1 P 3 /■ P 

2 r 3 j P 

3 s D q P 

4 Assume p 
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5 r 1,4, MP 

6 5 2. 5. MP 

1 q 6, 3, MP 

8 p 3 ^ 

Steps 4 and 8 are not permitted by our previous rules of inference, and so 
the derivation is not correct as it stands Nonetheless, the diagram of this 
argument reveals the basic technique applied in Example 1 hx order to 
establish a conditional of the form S W, assume S and proceed to derne IV 
as if S had been given as an additional premiss As the diagram shows, the 
extra premiss, 'p\ is indispensable for obtaining V’, V, and 'q' 

Let us consider one more example 

EXAMPLE 2 

If 1 attend the lectures, then if I study hard I shall pass the course For assume 
that I attend the lectures Next assume that I study hard Then I shall both 
attend the lectures and study hard And so I shall pass the course 

The conclusion of this argument is 

(e) If I attend the lectures, then if I study hard, 1 shall pass the course 

and It has the form ‘p 3 (g D r)' This argument makes use of luo assump- 
tions. namely, 'I attend the lectures' and '( study hard , and the argument 
also has an implicit premiss, namely, 

(f) If I both attend the lectures and study hard, I shall pass the course 
Let us add (f) and diagram the resulting argument 

^ p qO r P 

2 Assume p 

3 Assume q 

4 p q 2. 3. PC 

5 r 4, 1.MP 

6 q D r 

7 p 3 (q 3 r) 

In this example our rules fail to provide lor steps 2, 3, 6, and 7, but the method 
for constructing the "derivation ' is fairly clear we want to derive ‘p 3 
(q 3 r) from p • q 3 r', SO we write 

1 I p q 3 r P 

I p 3 (q 3 f) 

But P 3 (q 3 r)' is a conditional, so we apply the technique of Example 1 
and write 



1 p-qDr P 

2 Assume p 
gD r 

pD{qD r) 

If we can derive 'q D r’ from 'p \ then the method of Example 1 will allow us 
to infer ‘p D {q D r)' But wait, ‘q D r’ is a conditional, so let us apply the 
technique again 

1 P • q D r 

2 Assume p 
Assume q 

r 

q D r 

p D (^ =) r) 

Now It IS easy to fill in the steps from ‘q’ to V’ 

This technique of assuming antecedents and deriving consequents 
certainly seems quite useful First of all, it provides us with more information 
to work with, because when we assume an antecedent we get an additional 
schema to use Second, it allows us to simplify our problenrs. instead of 
deriving a conditional, we have only to derive its consequent But perhaps 
this method could be mo useful, perhaps it will make our system of rules 
unsound For example, suppose we constructed a derivation as follows 

1 p Z) <? P 

2 p^q P 

(A) 3 Assume p 

4 q 1.3. MP 

5 q 2. 3. MP 

6 q q 4, 5, PC 

This IS obviously incorrect since the two premisses of this derivation do not 
imply Its conclusion Indeed, if we could construct derivations in this way, 
then we could derive any conclusion we wanted from every set of premisses 
For example, we could derive V' from ‘p‘ as follows 

(B) 1 p P 

2 Assume q q 

3 q 2.S 

4 ^ V r 3, add 

5 q 2, S 

6 r 4, 5, DS 

These two examples clearly show that if we incorporate the method of 
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introducing assumptions into our denvations. then some sort of restrictions 
will be necessary 

1 6 3 2 LINES OF ARGUMENT 

Let us study the derivations (A) and (B) above and determine where things 
have gone wrong First, the assumptions used in (A) and (B) are not used to 
establish conditionals Second, as Examples 1 and 2 make quite clear, an 
assumption really belongs to a line of argument which is subordinate to the 
mam one originating from the premisses For the premisses are asserted 
outright, while the assumptions are introduced as mere suppositions which 
are useful for establishing conditionals Thus we have a choice of two re- 
strictions to make on the introduction of assumptions 

1 An assumption may be introduced into derivation only for the purpose 
of establishing a conditional, and the assumption introduced must be 
antecedent to the conditional in question 

2 Each assumption introduced must belong to a different line of argument 
than the premisses of the derivation 

Because we shall later introduce assumptions into derivations for purposes 
other than establishing conditionals, the first restriction is too restrictive 
This leaves the second restriction, which makes use of the imprecise notion 
of a line of argument Before the second restriction can be of any use to us, 
we must remove this difficulty 

All the steps of derivations have a common vertical line passing by them 
This line will be used to indicate the mam fine of argument of a derivation 
Thus subordinate lines of argument can be indicated by additional vertical 
lines To return to the derivations of Examples 1 and 2, we can add vertical 
lines to indicate the lines of argument as follows 


^ p O r P 

2 r D s P 

3 s D q P 

(1) 4 Assume p 

5 r 1.4, MP 

6 s 2, 5, MP 

7 q 6,3, MP 

8 p 3 <7 

{2) \ p qO r P 

2 Assume p 

3 Assume q 

4 P q 2. 3. PC 

5 r 1.4. MP 
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6| I 

7\ p D (gZ> r) 

The new vertical lines show that steps 4 to 7 of (1) belong to a line of argu- 
ment subordinate to that of the other steps of (1), and that steps 3 to 5 of (2) 
belong to a line of argument subordinate to that of steps 2 and 6, which in 
turn belong to one which is subordinate to that of steps 1 and 7 The idea 
here is that steps which depend on assumptions belong to lines of argument 
which are subordinate to that of steps which do not depend on those 
assumptions 

Thus we see that the line of argument to which a step belongs can be 
indicated by means of vertical lines Let us adopt this method and lay down 
the following stipulations 

1 Two steps in a derivation belong to the same line of argument if and only 
if exactly the same vertical lines pass by both of them 

2 One step in a derivation, S, belongs to a Ime of argument subordinate to 
that of another step, W, if and only if (a) every vertical Ime which passes 
to the left of iV also passes by S and (b) at least one additional vertical 
passes by S and not by ly 

It will be simpler to speak of ‘lines’ instead of lines of arguments’ Observe 
that if S belongs to a line subordmate to that of W, and If' in turn belongs to 
one which is subordinate to that of E, then the line to which ^ belongs is 
also subordinate to that of E Returning to (2) above, steps 3 to 5 belong to 
the same line, and this line is subordinate to that of steps 2 and 6 On the 
other hand, steps 1 and 7 belong to the main line of argument, that is, the 
line to u/iic/i e\eiy other line is subordinate 

It IS possible to have derivations m which the lines of two steps cannot be 
compared, because some of the vertical lines passing alongside of one do 
not pass alongside the other, and conversely For example, suppose that we 
used the method of assumptions to derive '(p D g) ' (r D s)' from ‘p ® g 
and ‘r ^ s' Since the conclusion we seek is a coniunction, the problem 
reduces to the following 

P ^ q P 

r^s P 

7 

p D g 
r D s 

(p D 4?) • (r D 5 ) 

But now we have two conditionals to obtain, so let us assume Iheir anteced- 
ents in order to derive their consequents 
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3 = g 

P 

r = 5 

P 

Assume p 

3, 1, MPB 

pZ) q 

Assume r 

1 ^ 

6, 2. MPB 

r D s 

(p D q) (/• D s) 

5, 8, PC 


(Of course, this is not a real derivation yet, since we have not introduced 
rules to justify all its steps) Since noi off the vertical lines which pass by 
steps 3 and 4 also pass by steps 7 and 8 (and conversely), the line of steps 3 
and 4 is not subordinate to that of steps 7 and 8, and these m turn do not 
belong to a line subordinate to that of steps 3 and 4 Thus the lines of these 
steps cannot be compared (This is not to be viewed as an objection to lines ) 
Yet how are we to introduce new vertical lines into our derivations'^ All our 
previous derivations used only one vertical line, and consequently, all their 
steps belonged to the mam line of argument The answer to our question is 
this Every time we introduce a new assumption, we must also introduce a 
new vertical line This is formulated more precisely in the following rule 


Rule of assumption Any schema S may be Mntten down as a new step of 
a derivation presided that a new vertical line is initiated to the left of S 


As the reason for S we write 'A' for 'assumption' We must continue to pass 
the new vertical line (and all the previous ones) alongside of any subsequent 
steps The only way that we can discontinue this vertical line is by means of 
an application of the rule of conditional proof or of the rule of indirect proof 
(These rules will be stated later) 

A few comments on the rule of assumption are in order First, the rule of 
assumption allows us to introduce any schema whatsoeser as a new step in a 
derivation But being able to assume anything we choose does not mean that 
we can prove whatever we choose For every time we introduce an assump- 
tion we must also initiate a new vertical line, and as we shall shortly see, 
these vertical lines give rise to restrictions which prevent the completely 
arbitrary use of assumptions Thus, although we can introduce assumptions 
with complete freedom, it will not always serve our purpose to do so In 
general, it is useful to introduce an assumption only if we expect to use it 
in applying the rules of conditional or indirect proof Second, once an as- 
sumption IS introduced, it needs no further justification, and is to be treated 
as an additional premiss 

The premisses of a derivation wiH, of course, belong to the same line, and 
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this will be the mam line of the derivation To rule out 'derivations' such as 
(A) and (B) we now fay down a restriction 

The premisses and conclusion of a denxation must belong to the mom hue. 

Now Jet us see how this affects (A) and (B) When we draw In the vertical lines, 
we obtain 


(A) 1 
2 
3 
41 
5| 
61 


p-D q 
p D q 
P 

q 

q 

q • q 


P 

P 

A 

1. 3. MP 

2. 3. MP 
4. 5. PC 


(B) 1 p 

2 \ q g 

3 q 


P 

A 

2. S 


4 tj V r 3. add 


5 ^7 2, S 

Sr 5. 4, OS 


Since 'q q' does not belong to the same level as > D q' and ‘p d q, it can- 
not be the conclusion of (A), so it has not been derived from these premisses 
Similarly, 'r' has not been derived from y Indeed, since (A) and (B) have no 
conclusions, they are not even derivations We are not able to discontinue 
the vertical lines in these derivations, but we are able to discontinue them 
in (1), (2), and (3) This is because steps in (1), steps 6 and 7 in (2), and steps 
5 and 8 in (3) will be justified by the rule of conditional proof, but this is 
another matter which we shall come to in a few paragraphs 
First we need one more restriction Consider the following "denvatiorf” 


(C) 1 
2 
3 
41 
51 


P 

i:., 

r (r V j) 
P r 


P 

A 

2, add 

(conditionaf proof) 
1.2, PC 


It will turn out that stopping the second vertical at step 4 is justified, none- 
theless, It looks as if we have been able to derive > • r from 'p' This is 
certainly undesirable since 'p’ does not imply 'p r Notice that r belongs 
to a line which is subordinate to that oi p r thus derivations such as (CJ 
can be excluded by means of the following restriction 

A step obtained by means of one of the // rtihs of infennce must belong 
to a line u htch is the same as or subordinate to the lines to n fm h the steps 
from which it is obtained belong. 

Thus, i! we obtain a schema S. say, ‘q\ from one or more schemata, say. 
'p D (/’ and ‘p\ by means of one of the tt rules of inference, say. modus 
ponens, then every vertical line which passes by any of the latter schemata 
must also pass by s In the case of 'p 3 q\ p', and 'q . wo can have 
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P P 

I p D g A or 
I q MP 

but not 

P P 

I pDg A or 

g 


P P 

p D q P or 
q MP 


p D g P 
r A 
I P A 

I g MP 


p 3 g P 

] r A or 

I I P ^ 

g 


p 3 g P 

r A 

I P A 

g 


This restriction also excludes the following “derivation”. 


(D) 


1 rV5 
r 3 (r V s) 

1 ^ 
g • 

g 3 g • r 


P 

A 

2. add 

(conditional proof) 
A 

2. 5. PC 

(conditional proof) 


Since 'p' does not imply 'q D q ' r", we clearly want to avoid ‘derivations’* 
such as (D) This “derivation” is illegitiinate because 'g * r’ does not belong 
to a line which is the same or subordinate to those of both 'g* and 'r\ for 
while ’g and ‘g • r' belong to the same line, the lines of ‘r’ and ‘g • r' are 
incomparable 


1.6 3.3 THE RULE or CONDITIONAL PROOF 

At last we are ready to state the rule of conditional proof This rule is a formal 
and precise version of the rule which is used informally (together with the 
method of assumptions) to establish a conditional The only reason we 
have introduced line*of-argument vertical lines, the rule of assumption, 
and the two restrictions is to allow for a precise and “safe” formulation of 
this rule and the rule of indirect proof The statement of the rule now follows 

The rule of conditional proof // the schema S has been introduced in a 
i/frivtiiion 05 an as5o;npf«on, and if the schema \V is the Iasi step u/nc/i has 
been obtained so far in the den\ ation, and if it belongs to the same line as S, 
then the xeriical line passing immediately to the left of S and IV may be dis' 
continued, and as the next step nc may nrite S 3 iV. 

As the reason for S D IV, we write a numeral referring to S, then a hyphen 
followed by a numeral referring to IV and ’CP’. The number of steps between 
S and IV' does not matter, nor does it matter whether other assumptions or 
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Other applications of the rule occur between S and ly The statement of this 
rule IS rather complicated, but the idea is really quite simple, as the follow- 
ing diagram of the rule shows 

I S A 


1 W' 

5 D W' CP 


T/iis rule also allows S and W lo be the same schema and e\ en the same step 
For example, we can derive > 3 r' from V as follows 

1 r P 

air A 

3 rDr 2-2, CP 

If you return to (1), (2), and (3), you can now verify that step 8 of (1), steps 
6 and 7 of (2), and steps 5 and 8 of (3) are justified by the rule of conditional 
proof 

Before we illustrate this rule in further examples, it is useful to summarize 
it and the concomitant restrictions m the following table 


Assumption I 5 A 

(New vertical line) 

Conditional proof 

IS A 


i iV 
SO iV 

(Discontinue the innermost 
vertical line, but continue 
ail others } 


1 Continue all vertical lines which 
pass by the left of previous 
steps except those stopped 

by CP 

2 The premtsses and conclusion 
of a derivation must belong 

to the main tine of the 
derivation 

3 if 5 IS to be obtained from 

5,. Sj. or by one of the rules 
of inference, then 5 must bc- 
iong to a line which is (ho 
same or subordinate to that of 
each of 5,, 5,, and 


You may wonder whether it really is ' safe ’ to use the rule of conditionaf 
proof and the rule of assumption The answer is that it is safe in the sense 
that these and our previous rules form a sound system of rules The proof of 
this IS rather advanced and is given in the Appendix 
Now let us turn to some examples 
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EXAMPLE I. To derive ‘p D r' from ‘p D (qV r)' and 'q'. Setting this problem 
up, we first obtain 

pD(qy r) P 

q P 

9 

p D r 

But 'p 13 r’ IS a conditional, so let us assume ‘p' and try to derive V’: 

p =3 (<? V /■) P 

q P 

P A 

9 
r 

P D r CP 

But completing this is easy, since we now have ‘p’ and merely have to get V: 

1 p Z) t(? V r) P 

2 q P 

3 p A 

4 qS/r 3.1.MP 

5 r 2. 4. DS 

6 p D r 3-5, CP 

EXAMPLE 2. To derive 'p D {q O r)' from 'q "D {p r)' When we set this up, 
we have 

P 

1 pOiqDr) 

Since our conclusion is a conditional, the next move is to go to 


qO(pD r) P 
p A 

? 

D r 

p D (q D r) CP 
But this leads us to 

1 3 (p D r) P 

I P A 
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I I " 

9 ^ ^ CP 

p 3 (9 D r) CP 

Now a complete derivation is quickly obtainable 

1 9 D (p D r) P 

2 P A 

3 9 A 

4 P D /■ 1, 3. MP 

5 r 2. 4. MP 

6 qZ> r 3-5. CP 

7 p D (9 D r) 2-6, CP 

EXAMPLE 3 To derive '{r D p) D (r q) from 'p D 9 ’ 

a p D 9 P 

0 

(r D p) D (r :? 9 ) 


CIPD 9 P dlpDp P 

IjrDp A 2 rD p A 

r A 3 r A 

4 p 2. 3, MP 

9 59 4. 1.MP 

I [ r =) 9 CP 6 r D 9 3-5, CP 

I (r D p) D (r D 9 ) CP 7 (r D p) 3 (r D 9 ) 2-6, CP 

EXAMPLE 4 To derive 'r V 5’ from > V 9 ’. ‘p D r\ and q D s' 

a pV 9 P b pV9 P 

pDrP pDr P 

93jP 9^J P 

9 '? 

r V 5 p D (r V 5 ) 

9 D (r V 5 ) 
r Sf s SD 

P d 1 p V 9 P 

p 2 p 3 r P 

P 3 q D s P 

A 4 I p A 

5 r 4. 2. MP 

6 I r V j 5. add 


c p V 9 
p D r 
q D s 
P 
9 

r y s 
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p D (r V i) CP 7 p Dir V s) 4-6, CP 

q A 8 , q A 

9 9 s 8, 3, MP 

r V s 10 r V s 9, add 

<7 D (r V j) CP 11 ^D(rVs) 8-10, CP 

rVs SD 12 rVs 1,7, 11,SD 

This example is interesting m two respects First, it illustrates a rule of 
inference known as complex dilemma This rule, which allows us to pass 
from SV ]V,S DE,W ON toEWNi^ not included among our 1 1 rules of 
inference Nonetheless, we can get the effect of this rule, because whenever 
we want to go from three schemata of the form S M W, S o E, W o N to 
one of the form £ V A^, we need only carry out the 12 steps applied in 
(d) with respect to the schemata in question Second, the solution of this 
example required much more ingenuity than any of our previous examples 
In passing from (a) to (b). some insight was necessary Of course, It did not 
come completely out of the blue, since simple dilemma was one of the few 
ways to proceed from these premisses 

EXAMPLE 5 To derive ‘p’ from 'p V p* 


p V p 

b p V p 

c 1 

pVp 

P 

7 

7 

2I 

1 

A 

P 

pop 

3| 

p D p 

2-2, CP 


p SD 

4I 

P 

1, 3. SD 


EXAMPLE 6 To derive 'p V q' from ‘q V p’ 
a q V p P b ^Vp P 

9 7 

P V qOipV q) 

p O ipV q) 
py q SD 

c 1 V p P 

2 I A 

3 I p V r/ 2, add 

4 q O ipV q) 2-3. CP 

5 j P A 

6 [ p V r/ 5, add 

7 p D tp V q) 5-6, CP 

8 py q 1, 4, 7. SD 

EXAMPLE 7 To derive '[> from 'p D </' and ‘p D q' 
a i p o q P blpDt/ P 

\ P O q P I P 3 V P 
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c 


pzi q 

P 

P ^ Q 

P 

P 

1 

-ip 3 p) 

A 

P 3 -ip 3 p) 

CP 

P 

A 

p D p 

CP 

ip 3 p) 

DNI 

P 

MT 


7 


P 3 -(p D p) 

1 P 

A 

pO p 

CP 

(p 3 p) 

DNI 

P 

MT 


a 


1 

P 3 p 

P 

2 

P 3 p 

P 

3 


1 ^ 

A 

4 


d 

1. 3. MP 

5 


q 

2. 3, MP 

6 


1 gV-(pDp) 

4, add 

7 


-ip D p) 

5. 6. OS 

8 


p D -ip D p) 

3-7, CP 

9 

i 

P 

A 

10 

p "D p 

9-9, CP 

11 


— ip 3 p) 

to. ONI 

12 

1 


11. 8. MT 


As you will be able to see later, ihjs example shows us how to dtspense with 
the rule of indirect proof Nonetheless, the rule is so important and useful 
that we shall retain it (A separate section wilt be devoted to explaining it) 


16 3 4 PROOFS OF THEOREMS 

A proof IS a derivation without premisses At first sight this concept oi a proof 
might seem absurd to you For how can a derivation proceed if it has no 
premisses? Before the rules of assumption and conditional proof were intro- 
duced, derivations could not proceed unless they had premisses in other 
words, before the introduction of these rules, proofs as such were impos- 
sible But now we can proceed to construct proofs by using the rule ol 
assumption to take our first steps Since every derivation begins with one 
vertical line— the main line— the first step in a proof will have two vertical 
lines to Its left 
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EXAMPLE Proof of p Z) (p V g) 

lip A 

2 p V ^ 1, add 

3 p D (p V (?) 1-2, CP 

The conclusion of a proof, that is, the last step of the main line of the proof, 
IS the schema proved by means of the proof Schemata which can be proved 
are called (truth-functional) theorems (A proof to be a proof must be the 
proof of some theorem ) Since our rules are sound, every theorem is valid, 
since the rules are complete, e\ery valid TFS is a theorem Consequently, 
proofs and derivations provide an alternative method for establishing validity, 
implications, and equivalences 


EXAMPLES 


1 Proof of (p q Z) r) ^ ip O {q D r))' worked out 


p q D r A 

') 

pZ>iqD r) 

ip qZ>r)DipZ)iqD r)) CP 

p q D r A 

p A 


ip 


<3 ' 

D r 


» 3 (<7 3 r) 

CP 

? D r) 3 (p 3 (<7 D r)) 

CP 


P 

qZ) r 

A 



P 

A 




A 



P • q 

2. 3, PC 



r 

1. 4, MP 



q r 

3 5 CP 


p 3 (<I 3 r) 

2-6, CP 

(P 


q D r) -Dip D (q O r)) 

1-7. CP 


2 Proof of p ^ p ' p' 

1 I P 

2 I p ‘p 

3 p O p p 

4 I p p 

5 I p 


A 

1, PC 
1-2, CP 
A 

4 S 
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6| p' p D p 

7I P^ P- P 

3 Proof of *(p ^ q) ^ (.q^ pY- 

1 P^ R 

2 P 

3 q 

4 P 3 <7 

5 I q 

6 I P 

7 qO P 

8 q = P 

9 (p = i?) D = P) 

4 Proof of ‘(p 4 ^ P'- 

1 {pO q)'q 

2 p 3 <7 

3 q 

4 p 

5 (p 3 fl) * ^ ^ P 


EXERCISES FOR SEC. 1.6.3 

A Furnish reasons for these derivations 

1 1 p D ^ • r P 

2 P 

3 5 

4 r 

5 Q 

6 q-s 

7 s-D q- s 

8 p^(s "D q-s) 

2 1 (p 3 9 ) 3 /• P 

2 p D (p ^ q) P 

3 P 

4 p 3 9 

5 r 

6 r V i 

7 p D (r V i) 


3 J 

4 ^ 

5 I r 


4-5. CP 
3. 6, PB 


A 

A 

1. 2. MPB 
2-3. CP 
A 

5, 1, MPB 
5-6. CP 
4. 7. PB 
1-8. CP 


A 

1. S 
1.S 

2. 3. MT 
1-4. CP 
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6 

7 

8 
1 
2 

3 

4 

5 

6 

7 

8 
g 

10 

1 

2 

3 

4 

5 

6 

7 

8 

9 

iqI 

11 

12 

6. 1 
2 

3 

4 

5 

6 
7 
6 
9 

10 


r- <7 
r D r • <i 

iq ^ s) D ir D r ‘ q) 
P P 

I <1^ ‘f 
P'P 

1 P 

(q D q) D p 
I P 

q 

\ 

p D (</ D q) 
p^iqZi q) 
py q P 

7 > D r P 

^/ D J P 

P 
r 

r V J 

/> D (r V j) 

q 

s 

r V i 
3 (r V i) 
r V J 


r y s 

7 D 5 
s 

f 


M PT 
1 p ^ P' r 

s DipD p- r) 


P 


For oach of the following, derive the schemata In the left column from those in 
the right. 

1 p D s (p D r) ‘ (r D s) 

2 (q Ds) D (q Dr) q D (s D r) 

3 p D («/ Dr) q DlpD r) 

4 )p D q) • {q D p) P q 

b q D p P D q 

6 p q D r p D iq D r) 

7 p Dq-q pDq 

Q p iq D q) D p 

9 p D ip D q) p D if 

10 // D q ip D r)^ (p D f) 
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1 p^(p Dq) 

12 p V </ (f \/ p 

13 p V ^ p V V 

14 p D ^ P V 

15 (p D <7) D (y p V ^ 

C Prove these TFS 

1 (p D (r/ D r)) D ((p D //) D (,, o r)) 

2 (p D « 7 ) D ((r 3 p) 3 (r D fl)) 

3 p 3 p 

4 p 3 p 

5 p H p- p 

6 P • q^q' p 

7 p 3 p 

8 p 3 (p V p) 

9 (P V p) 3 p 

10 p e (y, V p p) 

11 (p 3 (?) - (p 3 p) 

12 (p ■ p V p f) » p ■ (P V r) 

13 (p*p) r»/-*{p'p) 

14 (p V p r) e (p V p) • (p V r) 

15 (p®p)3(pap) 

16 (p - p) • (p a 3 (p ■ f) 

17 p»p 

18 p 3 (p 3 p) 

19 ((p 3 p) 3 /■) 3 (p 3 r) 

20 (p3p>3tp-r3p'r) 

21 (p 3 p) 3 ((p V f) 3 (p V r)) 

22 (p 3 p) 3 (tp V p) 3 p) 

23 ((p a p) ® /•) 3 (p 3 H/ a f)) 

24 (ip a /?) s <y) s p 

25 (p 3 (p 3 f) a (p 3 (p 3 r)) 


1 6 4 INDIRECT PROOFS 

Indirect proofs, also known as reUiuiio aJ absurdum proofs, aro frequently 
encountered in informal arguments Their formalization via the method of 
assumptions will provide us with another powerful extension of our methods 
of derivation But first let us consider some informal arguments In order to 
see the naturalness and plausibility of our format rule of indirect proofs 

exAMPLL FROM MATiicMATtcs. To pfovo. There IS no groatesf natural 
number. 
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Proof Assume that there »s a greatest natural number Then by adding 1 to 
It we get a greater one This contradicts our assumption So there cannot be a 
greatest natural number 

EXAMPLE FROM LOGIC To prove A schcma cannot be both valid and also 
consist of only one statement letter 

Proof Suppose that this were possible The schema, since it just consists 
of one statement letter, might as well be. say, ‘p But this (or any other state- 
ment letter) comes out true when interpreted as true, and false when inter- 
preted as false Nonetheless, our schema is also supposed to be true for all 
interpretations We have arrived at a contradiction So what we supposed 
must be false 

example from ordinary intercourse 

You grant that if Jones committed the crime, then Dillinger was there But 
you also grant that if Jones committed the crime, Dillinger was not there So 
you must admit that Jones did not commit the crime For if he did, Dillinger 
would have been there and not there, and this is a contradiction 

All these examples have something in common to show that something is 
false, we assume that it is true Then either the negation of the assumption 
or a contradiction is derived from this assumption In either case the as- 
sumption IS shown to lead to absurdity On this basis the conclusion is 
deemed established The method is thus indirect we do not directly derive 
a conclusion, but rather show that, granted the premisses, its negation leads 
to absurdity 

To obtain the formal correlate of this method, we shall add two or more 
rules to our previous ones, namely, the rule of reiteration and the rule of 
indirect proof 

The rule of reiteration is a rule that allows us to repeat a schema in a (me 
which IS the same or subordinate to that of its original occurrence It is more 
of a convenience than a necessity, for by using it we can simplify the state- 
ment of the rule of indirect proof On the other hand, even in the presence of 
the simplified rule of indirect proof, there are ways to dispense with the rule 
of reiteration But before going into this, let us state the rule 

Rule of reiteration A/i) schema »i/«c/i has atreody occurred in a deri\a- 
non may be added as a neu sftp proxtded that the line of the new occurrence 
IS tiu same as or subordinate to that of the earlier occurrence 

Riason A numeral referring to the first occurrence followed by R’ The 
diagrammatic representation of reiteration is 
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5 P 


*$■ 


S R 



R 


example 


To prove p D iq Z) p) 


Proof: 1 
2 

3 

4 

5 


P 

I ^ 

I ^ 

g D p 

p D (f/ D p) 


A 

A 

1. R 
2-3. CP 
1-4, CP 


The fast schema can also be provecf without using reiteration 


Ip A 

2 9 A 

3 p'p 1.PC 

4 p 3, S 

5 (7 3 p 2-4. CP 

6 pD{qZ>p) 1-5. CP 


Moreover, by generalizing the '‘trick’’ used here, it is possible to dispense 
with reiteration entirely For to repeat a schema S at the same or lower level, 
we need only first infer S • S and then obtain S by simplification As a short- 
cut. however, we shall retain the rule of reiteration 
The rule of indirect proof may now be slated 


Rule of indirect proof Suppose that S has been introduced b\ the rule of 
assumption and that S, fV, n/id— IK all belong to the same hue. Then tfW or 
— IK IS the last step to date, the vertical line passing by both S, IK, and—iy 
may be discontinued, i\ith —5 being uritien as the next step 


Reason Hyphenated numerals referring to S and W (or —IK if it is last) 
followed by IP’ The diagrammatic representation of this rule is thus 


S 


w 


or 


S 


~}V 
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~IV I H' 

-5 IP -S IP 

(Also S and W may be the same ) 

a. 1 p ^ q P 

2 p D q P 

3 p A 

4 q 3. 1.MP 

5 q 3, 2. MP 

6 p 3-5. IP 

b. 1p3pP c. Ip P 

2 p A 2 p P 

alp 1.2. MP 3 q A 

4 p 2-3. IP 4 p 1.R 

5 p 2. R 

6 ^ 3-5. IP 

7 q 6. DNE 

[The rule of reiteration is introduced to permit derivations such as (c), 
without the rule the statement of IP would have to be quite complicated ] 

A TRICK. We cannot argue directly as follows. 

-5 A 


iv 

-IV 
5 IP 

because 5 is not the negation of —5. But we can get the effect of this type of 
argument as follows: 

M -5 A 


IV 

-IV 
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S IP 

5 DNE 


EXAMPLES 

1 To prove: ‘(p V p) D p’ without using SD. 


py p 


{p V p) 'D p 


b. 


CP 


P V p 

I p 


(P V p) D p 


C. 1 
2 

3 

4 

5 

6 


p V p 
P 
P 
P 
P 

(p V p) D P 


A 

A 

1 . 2, DS 
2-3, IP 
4. DNE 
1-5. CP 


2 To derive — (p * PY 'p ^ <7 • 


p D q 
9 

~(p • P) 


p o g 
p • g 
p 

g 

q 

ip • g) 


p D q 
P • g 


q 

q 

-ip ' q) 


A 

A 

2. S 

3, 1, MP 
2, S 
2-5. IP 


To prove ‘p V p 
? b. 

p V p 


I -(P V p) 
7 

(P Vp) 

p V p 


IP 

DNE 


IP 

DNE 
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c I -{p V p) A 

9 

pV p 

(P V p) IP 

p y p DNE 


d 


e 1 



-(p V p) 

A 

2 


1 

p 

A 

3 



p'J p 

2. add 

4 



-{p V p) 

1. R 

5 



p 

2-4, IP 

6 



pVp 

5, add 

7 

- 

~(P V p) 

1-6. IP 

8 

1 p V p 

7. DNE 

4 To prove (p p) 

=> 4 


“(P V p) 
9 

P 

py p 
— Kp y p) 
py p 


Proof 1 


■) 

2 



3 



4 



5 



6 

i (P 


A 

A 


3. S 
3. S 
1*6. CP 


5 To prove ((p q) O p) "D p 


Proof 


2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 


(p D D p 
P 

P 

q 

P 

P 

<1 

P ^ <l 
P 
P 
P 

Up D q) D p) D p 


A 

A 

A 

A 

3. R 
2. R 
4-6. IP 
7. DNE 
3-8. CP 
9. 1, MP 
2-11. IP 
12. DNE 
1-13. CP 


6 Two ways to derive \f from >’ and p' 


A 


add 

IP 

DNE 
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a. 1 /j p 

2 p P 

3 p y q 1, add 

4 q 2. 3. DS 

b. ^ p P 

2 p P 

3 q A 

4 p 1, R 

5 p 2. R 

6 ei 3-5. IP 

7 q 6, ONE 

These “tricks” are good ones to remember They are formal km of the law 
that states that an inconsistent schema implies every schema They are good 
to use whenever you know you are able to obtain a schema and its negation 
in the same line. 

Shorten the proof in Example 5 by using (a) above ] 

7 To prove: —(p W q) D p ' g 

Proof. 1 —(p V g) A 

2 p A 

3 p y q 2, add 

4 — (p y q) 1. R 

5 p 2-4, IP 

6 q A 

7 p y q 6. add 

8 — (p y q) "I* R 

9 q 6-8. IP 

» 10 p ■ g ^0. 5, PC 

11 -ipyq)op‘q I'll, CP 

8 To derive ‘p V q' from ‘~ip • qV 

Solution- 1 "(p ‘ q) R 

2 -(p y q) A 

3 p A 

4 p y q 3, add 

5 -(P V q) 2. R 

6 P 3-5, IP 

7 p 6. ONE 

8 I U A 
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9 

10 

11 

12 

13 

14 

15 

16 


\ py q 

1_ -ip V q) 

q 

q 

p Q 
-ip 

ip V q) 

p y q 


8. add 
2, R 
8-10, IP 
11. DNE 
12. 7, PC 
1. R 
2-14, IP 
15. DNE 


EXERCISES FOR SEC. 1 6.4 

A Prove these TFS 

1 -ip p) 

2 (/) 3 q) (p 3 q) a p 

3 -[(p q) ip V q)] 

4 -ip y q) D p 

5 (p 3 r) 3 Up 3 /■) D p) 

6 p qO-ipy <fi 

7 p q ^ —ip 3 q) 

8 (p V q) 3 -ip q) 

9 p D -ip - p) 

10 -ip - p) 

11 -ip V q) 3 p q 

12 -(p q) 3 (p 3 q) 

13 Up 3 q) V r) 3 (p q 3 r) 

14 p (p = q) 3 “(p s q) 

15 (p“q)®-(p=q) 

16 ((q 3 p) 3 q) 3 q 

17 ((q 3 p) 3 q) 3 q * 

18 -(p 3 q) 3 p q 

19 -(p 3 q) 3 -(q 3 p) 

20 Up 3 q) 3 q) 3 (p 3 q) 

21 (p V p) 

22 ((p 3 q) 3 q) 3 (p V q) 

23 Ip 3 q1 3 ip V q) 

24 -(p q) 3 {p V q) 

25 (p 3 q) V (p 3 q) 

B Establish the validity of the following arguments by means of derivations 

1 The Martians will not attack unless they are provoked, but they will be pro- 
voked only If we do not pay tribute to them Hence the Martians will attack 
only if we do not pay tribute to them 
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2 It IS not the case that if the war is over, then the stock market goes up If 
the war is over everyone is rejoicing, and the stock market does not go up 
then there is good will Everyone is rejoicing Hence there is good will 

3 I do not have any money So if I have money, | am very rich 

4 Unless there is a traffic jam, the bridge is up if there is a traffic jam, the car 
will overheat, but it will run out of gas in case the bridge is up Hence if the 
car does not run out of gas. it will overheat 

5 The milk product will be used for cheese or for butter The milk product will 
be sold provided that if it is not used for butter then it is used for cheese 
Hence the milk product will be sold 

6 If you make a lot of money, you will pay taxes, but if you do not make a lot 
of money, you will still pay taxes So you will pay taxes 

7 That sentence is true just in case it is false Hence that sentence is both true 
and false, provided that it is false just in case it is not true 

8 Unless Johnson calls, we shafi be at the beach if it does not rain it wifl not 
ram, but we shall not be at the beach Hence Johnson will call 

9 You will take logic or mathematics if you are an undergraduate However, if 
you are not an undergraduate, you witf study and also take logic Hence, if 
you do not take logic you will take mathematics 

10 The child will be tall and thin only if he is blond and blue eyed nonetheless, 
he wiK not be tall in case he is blond and blue eyed He will be thin So he 
will not be tall 

C Questions about derivations 

1 Show that MT is dispensable (if the other rules are retained) that is, that we 
can always fill the dots of 
5 3 If' 

-IP 


-S 

without using MT (We shall need to use IP ) 

•• 2 Show that we can always complete the dots of 
5 3 IF 
IP D £ 


S D E 

3 Show that MP is dispensable (if the other rules are retained) 

4 Show that DNI is dispensable (if the other rules are retained) 

5 Show that we can always fill the dots of 
I 5 V IP 


IP V 5 



PART TWO: ONE-VARIABLE 

QUANTIFICATION 

THEORY 


2.1 QUANTIFIERS AND ONE-VARIABLE OUANTIFICATIONAL 
SCHEMATA 

Our current techniques for assessing the validity of arguments are limited 
to those \whose validity turns upon the iruth-funciiona) structure of their 
premisses and conclusions However, many intuitively correct deductive 
arguments go beyond truth-functional logic because their correctness de- 
pends upon the internal structure of the simple statements which they con- 
tain Here are some simple examples of such arguments 

(1) George is a good swimmer So someone is a good swimmer 

(2) Someone goes to law school Only A students go to (aw school Hence 
someone is an A student 

(3) All who are bald are shy Everyone who is shy is smart Thus everyone 
who IS bald is smart 

(4) Someone is the father of all the children in this room Thus every child 
in this room has a father 

Although the correctness of each of these arguments is intuitively clear, 
none would be counted as valid if tested according to our truth-functional 
techniques Argument (2), for example, has the truth-functional form 
'p, q r (since Its premisses and conclusion are three distinct simple 
statements), and thus is not truth-functionatly valid 
Because some correct deductive arguments, such as those above, are not 
truth-functionally valid, additional types of validity and techniques for 
determining them are necessary These are furnished in another branch of 
logic known as quantfficatton ihear} Quantification theory includes truth- 
function theory, but it also deals with such logical words as all every 
'any , 'some', there is , ‘there are', *no’. and none’ These words can bo used 
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to indicate quantity in the sense that they can be used to answer a “how 
many ’ question “How many came to class today'>” “Everyone did” “Some- 
one did” ‘None did ' Consequently, logicians have named such words 
quantifiers That is how quantification theory obtained its name 
Our study of quantification theory will parallel our study of truth-function 
theory First we shall pay some attention to the logical structure of simple 
statements and introduce new symbols to symbolize quantifiers Then we 
shall turn to quantificational schemata, discuss their interpretations, and 
define the concept of validity for them Finally, we shall take up proofs and 
derivations in quantification theory To make things easier, we shall begin 
by introducing only two quantifiers Subsequently, we shall add other quanti- 
fiers, and develop out of them a full quantification theory 

2 1 1 SUBJECT-PREDICATE STATEMENTS 

Let us first look at the sentences which express the most elementary of 
simple statements These sentences are composed of proper names of 
definite persons, places, times, or things, called the subjects of the sen- 
tences, and verbal phrases, called the grammatical predicates of the 
sentences Some examples follow 

John IS a man The President gave a talk 

New York is a city Two is even 

George runs > v g' is valid 

Last year was a leap year The rocket soared 

Let us abbreviate these sentences by replacing the subjects of each by a 
small letter, and the predicates by a capital letter The small letters which 
abbreviate the subjects are called indmdiial constants, and the capital letters 
abbreviating the predicates are caWeti predicate constants Our abbreviations 
are 

jM pT 
nC tE 
nR sV 
IL rS 

It wilt be convenient in our later work for us to write predicate constants 
hrst and follow them by individual constants So let us do it now This gives 
us 

Mj Tp 
Cn Et 
Rx I's 
LI Sr 
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2 1 2 VARIABLES 

There is nothing very radical about what we have done The expression 'C«', 
for example, is nothing but an abbreviation of 'New York is a city' Instead of 
abbreviating names of months, stales, degrees, etc, only, we have ab- 
breviated whole sentences Yet this very simple step helps us to recognize 
important logical patterns We can see, for example, that 

C/i {New York is a city) 

Cc (Chicago is a city) 

Ch {Honolulu is a city) 

Cm {Mexico is a city) 

are all related Each has the same predicate constant and a different indl* 
vidual constant Thus each of these abbreviated sentences can be obtained 
from the expression 'Ck' by replacing the letter ‘x' by an individual constant 
The lowercase letter 'x' (and later ‘u . and y ) is called a \aruihlc 

While neither an individual constant nor a schematic letter, it is somewhat 
akin to both, it marks the places in a sentence which may be filled by nouns 
In logic and mathematics, variables also fill the role of pronouns This can 
be illustrated by rewriting 

(1) For every number V, x+ 2r 
without variables The result is 

(2) The sum of a number with itself equals two limes itself 

where the role of the variable ‘r’ has been taken over by the pronoun ‘itself*. 
Since (1) IS much more compact and perspicuous than (2). the advantage of 
using variables instead of ordinary pronouns in mathematical formulas is 
obvious The comparison of variables with pronouns is a useful one, and wo 
shall return to it again 


2 1 3 THE UNIVERSAL QUANTIFIER 

That the introduction of variables into mathematics had important con- 
sequences for the development of that subject is amply confirmed by the 
history of malhemalics It is interesting that the introduction of variables 
also had a very important role in the history of logic Until the end of the 
last century our understanding of the logic of the quantifiers was quite 
limited Indeed, il was hardly any belter than it was in the time of ancient 
Greece, when Aristotle first investigated quanlilicalional logic Then in 
1879. the great German logician Gottlob Frege published an cpoch-makmg 
work in which he formulated the first complclo system of 'quantitjcauon 
theory The key 10 his success was simple ho used variables to fefofmui.iio 
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sentences of ordinary language In this way he succeeded in symbolizing the 
quantifiers, and from there on it was relatively smooth sailing 
We have already applied part of Freges insight in noting that ‘Cn’, 'Cc', 
Ch’, ‘Cm’, and 'Cx' are all related Suppose that we now want to symbolize 


(4) Everything is a city 

by using variables This may be paraphrased as 

(5) Everything is such that it is a city 

This contains a pronoun, so let us replace it by a variable, and also write a 
variable after 'everything', since this is the antecedent of the pronoun ‘it’ 
In this way we get 

(6) Everything x is such that jr is a city 

Now let us replace ‘Everything x is such that’ by '(at)’, and ‘is a city' by a 
predicate constant This results in 

(7) {x)Cx 

which IS merely an abbreviated way of saying that everything is a city Apply- 
ing this to our previous examples of abbreviated statements, we obtain 


(x)Mx 

(everything is a man) 

lx)Rx 

(everything runs) 

(x)Lx 

(everything is a leap year) 

MTx 

(everything gave a talk) 

MEx 

(everything is even) 


(everything is valid) 


(everything soared) 


The expression ’(a:)’, which is called a lumersal qitanitfier, may be read 
alternatively as 


every x 
for anything x 
for everything x 
for all things x 
everything x is such that 
anything x is such that 
all things x are such that 
no matter which x 


alU 

for anyx 
for every X 
for all X 

every x is such that 

any x is such that 

all r are such that 

no matter which x you choose 


The contexts in which (O’ occurs determine which reading is the smoothest 
Thus (O(Arisred) probably reads better as Every x is red’ than as For any x. 
X is red or as Everything x is such that x is red 
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A statement such as ‘MU is mortal)’, which begins with a universal quanti- 
fier governing the whole sentence, is called a mmerml quanuficanon The 
part governed by the quantifier is the scope of the quantifier Thus the scope 
of the universal quantification •U)U is mortal)' is simply ‘j- is mortal' Like 
negation, universal quantifiers have the shortest scope that grammar and 
parentheses allow. For example, the scope of ‘(x)' in 

(8) UXv IS red) V (1 + I =2) 

IS simply ‘t IS red', whereas in 

(9) U)[(jnsred) V(i + I = 2)J 

Its scope IS the rest of the statement You should note, by the way, that al- 
though (9) IS a universal quantification, (8) is a disjunction with a universal 
quantification as a component 
Every universal quantification has the form 

WC- -X-’) 

where • j: • • •' represents a statement in which a subject term has been 
replaced by the variable '-x' The universal quantification Wf* • • r • • •)’ 

IS true if and only if '• • • at • • •’ becomes a true statement whenever V is 
interpreted as naming some actual object Thus, to fake a simple example, 
'(x)(x IS Identical with itself)’ form abbreviated form, '(x)/x'] is true, because 
since everything is identical with itself, 'lx' will always yield a true statement 
when 'jr' is interpreted as the name of some thing On the other hand, '(t)Cx' 

IS false. Since 'Cx' is false when V is interpreted as, say, Hawaii If a universal 
quantification, say, \x)Ix\ is true, then whenever we drop the universal 
quantifier ‘W and replace the occurrences of 'x' in its scope by the name of 
some actual thing, we must obtain a true statement For example, since 
'ix)Ix' IS true, ‘Ia\ 'lb', 'Ic', etc, where 'a', 'b\ 'c', etc, are conceived as 
names of objects, must also be true On the other hand, if one of these state- 
ments were false, the universal quantification '{x)lx would have to be false 
too 

In logic, when we say 'all x' or '(x)’. we mean everything without exception 
In this respect logic differs a little from ordinary language When a tyrannical 
king says "Cut off everybody’s head he hardly means that we should cut 
off everybody’s head and make no exceptions. Surely, his head is to be left 
untouched! What the king means is "Cut off everybody s head except mine 
and yours’’ His use of 'everybody' is to be given a noninclusive interpreta- 
tion, It does not refer to everyone, ail inclusively In logic, however, the 
quantifiers have an inclusive interpretation, so that if we symbolized a state- 
ment such as the king’s, we should need to make his implicit exceptions 
explicit Although the Inclusive Interpretation of universal quantification is 
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Simply a consequence of our explanation of the universal quantifier, it can 
be further illustrated by comparing universal quantifications with con- 
junctions Suppose, for the sake of illustration, that there were only five 
things, a. b, c, d, and e Then, to say that everything is red, that is, 

(1) i.x)Rx 

would amount to saying that a is red, b is red, etc , that is, 

(2) Ra Rb Rc Rd ‘ Re 

On this hypothetical world (1) would be true if and only if (2) were Now (2) 
IS true if and only if all its conjuncts are one exception makes it false But 
the same also holds of (1), and thus we have the parallel between con- 
junction and universal quantification 

Nonetheless, we cannot dispense with universal quantification and use 
conjunction in its place There is first of all a practical difficulty there are 
so many things that our conjunctions would be unmanageably long Next 
there are two theoretical difficulties First, just what things there are, is and 
probably will always remain open to question Does God exist'^ Is there life 
on the other planets'? Does the cancer virus exist”? Many consider these to 
be unsolved questions, and at any stage in human history there will be similar 
open questions In the present context this is reflected by our uncertainty 
as to what conjuncts to include when expanding a universal quantification 
in terms of conjunction Second, mathematics asserts that there are infinitely 
many numbers— indeed, so many that there is no way to name them all, so 
if quantification theory is to be applicable to mathematics, it is impossible 
in principle to expand universal quantification in terms of conjunction And 
of course we want to be able to use quantification theory in mathematics 


2 1 4 COMPLEX UNIVERSAL QUANTIFICATIONS 

So far we have only considered simple subject— predicate statements and 
the universal quantifications related to them Now let us turn to compounds 
of simple-subject— predicate sentences and the universal quantifications 
related to these If Cc' abbreviates Chicago is a city' and Fc abbreviates 
Chicago is densely populated , then 

(1) Cc D Pc 

abbreviates If Chicago is a city, then Chicago is densely populated By 
extension, then, 

(2) Ct D Px 

abbreviates If x is a city, then r is densely populated , so 
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(3) {x)[Cx 13 Px) 
symbolizes 

(4) For everything x, ifxisa city, then x is densely populated, 
or in other words, 

(5) Everything which is a city is densely populated 
or more simply, 

(6) All cities are densely populated 

Statements (3) to (6) are true if and only if, given anything -t. if x is a city, 
then x IS densely populated Thus they are false if there is one city which 
IS not densely populated For as the parentheses indicate, the scope of 
'(t)’ in (3) IS 'Cx D Px', so for (3) to be true, ‘Cx D Px' must be true whenever 
'x' IS interpreted as naming an actual thing But Cx D Px' will be true 
if 'x' IS interpreted as naming something densely populated-because it 
will have a true consequent-or as naming something which is not a city 
—because it will have a false antecedent Thus the only case in which 
Cx D Px' IS false is when 'x' is taken as naming a city which is not densely 
populated 

This example illustrates an important point about symbolizing by means 
of the universal quantifier When we symbolized 'Everything is a city’ we 
wrote ‘ix)Cx' And in general, we can replace 'everything' by ‘(x)’ But when 
It comes to a phrase such as 'all cities’, the matter becomes more subtle 
We cannot symbolize 'All cities are densely populated by (jr){Cx Pr)’ This 
says of everything that it is both a city and densely populated When we 
assert that all cities are densely populated, we are not asserting that every- 
thing IS a city, but rather that everything is such that if it is a city, then it is 
densely populated Thus we write (xXCx D Px)’ Generally, 

(7) Everything is an F 
IS rendered by 

(8) (x)Fx 
whereas 

All F are G, Each F is a C, Every F is a G, etc 
are all rendered by 

(9) (x)(Fx D Gx) 

The forms (8) and 
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(10) {x){Fx ■ Gx) 

diller considerably from (9) Both (8) and (10) will be false if even one thing 
IS not an F, whereas this one non-F has no effect on (9) This form is false 
only if there are F’s which are not G This leads to a surprising consequence 
For symbolizing 

(11) All unicorns eat oats 
yields 

(12) (^)(t/jc D Ox) 

which IS true if, whenever 'x' is interpreted as naming an actual object, 
'Vx D Ox' IS true But since there are no unicorns, 'Ux' must always be 
false when 'x' is interpreted as naming an actual object, so 'L/x D Ox’ must 
always be true, and thus (12) is true On the other hand, by the same 
reasoning, 

(13) All unicorns do not eat oats 
which IS symbolized by 

(14) Cx)(t/x D -Ox) 

must also be true' Although this is a surprising consequence, it is not a dan- 
gerous one. for since there are no unicorns, we cannot use (12) or (14) to 
show that any particular unicorn does or does not eat oats Generally, if 
there are no F, then both '(-t)(Fx D Gx)’ and ‘(x){Fx D — Cx)' are true This 
traces back to the decision, made some chapters ago, to symbolize condi- 
tionals by means of the ‘D’ Although this gives rise to a few anomalies, 
most logicians agree that the simplification gained is well worth the price 
Of course, if there were unicorns, (12) or (14). and possibly both, would be 
false For there would be either unicorns who ate oats [falsifying (14)] or 
unicorns who did not eat oats [falsifying (12)] 

To say that nothing is red is simply to say that everything is not red Thus 
Nothing is red is symbolized as 

(15) 

As a general rule ‘Nothing is F* can be rendered by 

(16) {x'l-Fx 

Moreover, to say that nothing red is yellow, or no red things are yellow, is 
to say that nothing is both red and yellow, that is, 

(17) ix)-lHx Yk) 
or equivalently, 
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(18) {x){lix D-Yx) 

[Since '-(/» ■ </)' and '/) D if are equivalem. (17) and (18) ilatjo turn owl :a 
bo equivalent.] Thus, in general. ‘No F are tr ma/ be fcndcfcd 

(a)— (/'v • T/r) 


or as 


(0(fA D-Cx) 

Let us summarize the preceding d.scuwion witn a 
forms m ordinary language are on inolod. and it'o.r s,i 
the right 

Everything is an F. 

All are/-'. * 

Anything is an F. 


All F are C. 

Everything svhich is an F is a C 
Any F is a (I. 

Every F is a 0*. 

Each F n a C 

All which are F are a 

Nothing is an F 
Everything is not F. 

Alt things are not F 

No F are O 

Nothing which «5 an / is •* 

AH F are not C 


UAt » D 


(»)-/* 


c» 

Ml “ 1/ * 


Tl e ‘;c' 

M cni 4-'e cn 


EXEnCISCS FOB SECS. 2.1.» »0 • ; * 
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4 (jXt = jc) • W-U=J) 

5 UX-t=0 3Y=l) 

6 {t)(t=0 D Y + Y = Y) 

7 (jKi = 0) O te)U + 1 = yI 

8 (jtXx = x D xD 0) 

9 -W(-U = T) Dy=0) 

1 0 Wte = 0) V (l)(Y = 1 3 -Ot = 0)) 

Symbolize the following, using quantifiers and the suggested individual and 
predicate constants 

1 Everything is an apple 

2 if everything IS an apple, John IS an apple 

3 Nothing is an apple (/f) 

4 Nothing IS both an apple and a pear (/i.P) 

5 It nothing lives, then Adam does not live {L a) 

6 All apples are fruits (/t.F) 

7 All pears are fruits and juicy (P.F,J) 

8 No fish are pears (F.P) 

9 No pears are fish (F,P) 

10 No fish which has a caudal fin IS an eel {F.C.E) 

11 It no dogs are fish, then no dogs have gills (D.F.G^ 

12 Every living thing breathes (t,B) 

13 If each man loves himself, no man kills himself (L.K) 

14 All who love feel, but not all who feel love (L.F) 

15 AU persons who interrupted will report to the office (P./.F) 


2 1.5 EXISTENTIAL QUANTIFIERS 

The quantifiers ‘all’ and ‘no' are symbolized using '(x)’, but this still leaves 
unsymbolized such quantifiers as ‘some* and 'at least one' To handle these 
the existential quantifier ‘(ir)’ is introduced This quantifier may be read 
alternatively as 

for some x for at least one x 

some j: ace such that at least one x is such that 

there are x such that there are x which 

there is at least one x such that exists 

As IS evident from its readings, the existential quantifier is used primarily 
to assert existence Thus •(at)Cr is red)'. '(ItKx is a city)', and ‘(ItKr is a 
unicorn) assert the existence, respectively, of something red. cities, and 
unicorns A statement which begins with an existential quantifier and which 
IS completely governed by it is called an existential quantification The scope 
of the quantifier is the rest of the statement it governs, and like the negation 
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Sign and the universal quantifier, an existential quantifier always has the 
shortest scope which parentheses and grammar permit For example, in 

(1) (3a)(x is a unicorn) D (xXx is a unicorn) 

or more briefly, D ix)Ux\ the scope of '(Ir)' is the first occurrence 

of 'Ux' On the other hand, the scope of ‘(3.r)’ extends over the whole of this 
statement 

(2) (3x)(f/x Z3 (x)Ux] 

The first statement asserts that if anything is a unicorn, then everything is 
It IS a conditional. The second one states that there is something such that, 
if It IS a unicorn, then everything is This is an existential quantification of a 
conditional 

Every existential quantification has the form 

(3) {ax)(- • -x- ■ •), 

where '• • • v • • •’ js the scope of '&()’ An existential quantification, ’(ar) 

(• • • X • • •)'. 'S true if and only if there is at least one thing such that when ‘x’ 

IS interpreted as naming it, *• • • x • • •’ becomes a true statement Note that 
although '(It)' can be read as There are some r’, logic requires only one 
thing for the corresponding existential quantification to be true This is a 
bit divergent from ordinary language, where 'some' frequently means more 
than one Thus I should certainly mislead you if I said ’ril bring some sand- 
wiches for us’ and then brought only one But what I said would be true if I 
expressed it by ‘(lr)(v is a sandwich and I’ll bring x for us)' On the other 
hand, '(Ic)' does not exclude the possibility of more than one r. '(a.r)(risred)' 

IS true if one, two, or all things are red (Both the pantheist and the mono- 
theist will admit the truth of ■(^){x is a God)‘, although both would add that 
It does not express the whole truth The atheist, naturally, would not accept 
even this statement ] 

Universal quantification has its trulb-funchonaJ parallel in conjunction, 
existential quantification m disjunction Thus, if there were only live things. 
a, b, c, d, and e, 

(4) (ar){r IS red) 

would be true if and only if 

(5) (u IS red) V (b is red) V (c is red) V (</ is red) V (r is red) 

were true But (5) is true il at least one of its components is true, and false 
only if all ds components are fafse But wo cannot disponso with exJSlonijjJ 
quantification in favor of disjunction, for tho same reasons mat viO cannot dis- 
pense with universal quantification practically speaking our disjunctions 
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would be too long, theoretically speaking, we should not know how long to 
make them, and the needs of mathematics would make any disjunction too 
short 


2.1 6 COMPLEX EXISTENTIAL QUANTIFICATIONS 

Sentences of the form 'Something is an F\ ‘There are F’, or 'F exist’ are 
symbolized by 

(1) (3:c)Fx 

but these are the simplest existential quantifications They will not do for 
'Some cows jumped over the moon’, for example To say that some cows 
jumped over the moon is to say that there is something which is a cow and 
which jumped over the moon, that is, 

(2) (3x)(j: is a cow x jumped over the moon) 
or m abbreviated form, '(1 »:)(Cj: -Jx)’ In general, 

(3) Some F are G 

and Its variants-there are F which are G, at least one F is a C, something 
which IS an F IS a G, some F do C —are symbolized by 

(4) (ar)(F.r • Gj;) 

This must be carefully distinguished from 

(5) (lr)(Fx D Gx) 

The truth of (4) requires that there be at least one thing which is both F and 
C Yet (5) will be true if in case there are no F I'r at least one thing is a G 
For if there are no F, Fx' will be false whenevei x' is taken as a name, so 
It will be false at least once, thus making 'Fx D Gx' true at least once On 
the other hand, if there is at least one C, 'Gx' will be true at least once, and 
so will 'Fx D Gv' Thus, for example. 

(6) (ar)(x IS a unicorn • x eats oats) 

IS false because there are no unicorns, while, because of the same fact, 

(7) (ItHr IS a unicorn Dx eats oats) 

IS true 

The sentence 

(6) Something is not evil 

IS symbolized by 
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(9) (3a-)- £x 
but 


(10) Some kings are not evil 

IS not symbolized by '(3x)— (/^x • Ex)', but rather by 

(11) (l()(/i'x ■ -£x) 

in general, 

(12) Some Fare note 

and Its variants are rendered by 


(13) miFx'-Gx) 
This contrasts with 


(14) (ax)-(Fx-Gx) 

which IS true if something is either not an F or not a C, and so it is true even 
u an r The truth of (13). however, requires something to 

n" F and ot a G and so d requires something to be an F The sen- 
te^noe ‘Something is not both a unicorn and large’, which has the form (14), 
a true because there are no unicorns But, ‘Something is a unicorn and not 
large’, which has the form (13), is false, also because there are no unicorns 


EXERCISES FOB SECS. r. and expand the quanlilicalions 

f„r=rsrc::;:-dn 


1 

2 (lr)/?A • (It)Cf 

3 Gx){Rx • Cx) 

4 (ar)«x 

5 (av)(/?t D (x)Gx) 

6 {x)Fx D (ix)Fx 

7 -(ar)/?v V It)-Fa 
0 (3.r)lFjr ® Gx) 

9 (lt)/Lr = 

B Which Of the following are true? 

1 (lt)(r*j) 

2 (ar)-U “ A) 

3 (Ir)Cr “ 0) 

4 (O(t“0) D 
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5 -(MCt = 0) ■ W-(Ar = 0) 

6 OaXt-O Vt-1) 

7 (lt)(T=0 AT-l) 

8 (ltXT =0 jr=n=)WU=0 T=l) 

9 (lrKT=0 W(T=0)) 

10 -(MU = x) T) (iiXT “ a) 

C Symbolize the following, using the suggested individual and predicate constants 
and quantifiers 

1 There are cats (C) 

2 If Tabby is a cat. then something is a cat (C.t) 

3 Black cats exist, but purple ones do not (B C P) 

4 Some cats are furry, although there are no scaly cats (C,F.S} 

5 Some people live in cities (F.L) 

6 Some people who live m cities are rich (P L R) 

7 If all people who live in cities are rich, then some people do not live in cities 
{P.LR) 

0 Some people do not drive (P D) 

9 Some people who do not drive take buses {P,D,B) 

10 John and some students will be at home (S,H j) 

11 If no unicorns exist, then all unicorns wear saddles (L/,5) 

12 No cat IS a dog. but some dogs look like pigs (C D.Z.) 

13 If everyone present contributes, then someone present will give $100 
(P.C.C) 

14 Some of those who contributed and gave $100 were not present (P.C.C) 

15 Either some people think very hard or no smart people exist (P.T,S) 

217 FREE AND BOUND VARIABLES 

We have already remarked that variables and pronouns are quite similar 
Let us now pursue some of the parallels between them Pronouns have 
antecedents What acts as an antecedent for a variable'^ We need only com- 
pare 'Something James sent (or came today’ or ‘There is something which 
James sent for and which came today' with 

(lt)(James sent (or x • x came today) 

to see that quantifiers are the "antecedents" of variables But the same 
pronoun can have one antecedent in one context and another antecedent 
m a different context For example, in 

The cow who jumped over the moon broke her leg. but the girl who jumped 
the fence was arrested for H 

Iho lirsl occurrence of 'who' and 'her' refer to the moon-jumping cow, white 
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their second occurrences refer to the fence-jumping girl Similarly, m 
(3x)U came to dinner) V W-Cx came to dinner) 

the first occurrence of the variable V is linked to '(Ir)’, while its second oc- 
currence IS linked to These linkages become even more important when 
the scope of one quantifier falls within the scope of another, as in 

(3j:)U is a person • {x is loved D (x)(j: is a person D jr is loved))) 


(This means that there is a person such that every person is loved if this one 
IS ) The first two occurrences of the variable 'x' in the last statement have 
■(Ic)’ as their "antecedent”, while the last two have ’(-v)’ as theirs instead of 
saying that an occurrence of a variable has a given quantifier as its ante- 
cedent in a given context, we shall say that the occurrence of the variable is 
bound to the occurrence of the quantifier Precisely, an occurrence of a 
xariable 'x' in a sentence is bound to an occurrence of a quantifier (x)' [or 
'(Ic)'] in the sentence just in case the given occurrence of 'x' falls within the 
scope of the occurrence of [or (It)’], and not within the scope of a 
later occurrence of a quantifier t 


EXAMPLES The arrows indicate the bounds between occurrences of 
variable s ari d quantifiers 

■ « - ct))) 


An occurrence of a variable which is bound to some occurrence of a quanti- 
fier IS called a bound occurrence of the variable An occurrence of a variable 
which IS not a bound occurrence is called a free occurrence of the variable 



EXAMPLES 

a Bx ■ {xKBx^o Mx) 
free bound 

b &x)(Bx - Cx) 3 Ux)Bx 3 (A/x ^ Cx)) 
boui^d bound Iree^ 

A sentence which contains no free occurrences of a variable is called a 
closed sentence A sentence can be closed because it contains no variables 
at all or because all the variables which it contains have only bound 
occurrences 


tFor the purposes of ih.s and the next two aetin.t.ons appearances of 4 .n u» or i... co 
count as occurrences of the variable j 
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EXAMPLES OF CLOSED SENTENCES 

a John drowned the pussy in the well 
b If John drowned the pussy in the well, he will be punished 
c (3x)Cx drowned the pussy in the well) 

d John drowned the cat V (r)(x is a person D -(x drowned the cat)) 

A sentence which is not closed is called an open sentence Thus open sen- 
tences must contain one or more free occurrences of variables 

EXAMPLES OF OPEN SENTENCES 

a X drowned the cat 

b X drowned the cat 3 -(John drowned the cat) 
c ^ killed X D -(x will go to heaven) 
d (ax)(x killed t) 3 -(r will go to heaven) 

Open sentences can be compared with sentences which contain anteced- 
entless pronouns, for free occurrences of variables are like antecedentless 
pronouns For example, if someone asks 

Did he pass the course*’ 

and you have no idea of who he is, then you cannot answer the question You 
would not know what the antecedent of he’ is. and so you would not know to 
whom he’ refers Again, unless you knew the antecedent for ‘he’ m 

He passed the course 

you could not tell whether this is true or false This is also the case with an 
open sentence, for example, 

T passed the course 

We do not know whether this means that something passed the course, 
that everything did, or that some particular person, whom ‘x‘ is supposed 
to name, passed the course For this reason, open sentences do not express 
snuciiittirs 

2 \ 8 ONE-VARIABLE QUANTIFICATIONAL SCHEMATA 
We first directed our attention toward simple-subject— predicate sentences 
These have the form F«’, where *F* is a predicate and a is a noun Then we 
introduced the simple quantifications related to the sentences They have 
the forms {x)Fx and dOFt’, where again ‘F’ is a predicate This led us to 
truth-lunctional compounds of simple-subject-predicate sentences and the 
quantifications related to them Here are some examples of these forms 
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(Fa V Co) D Hb 
(x)(Fx D Ha ■ Gx) 

Ox)[Fx ■ Cx s Ha) 

Here 'F', ‘C, and 'H' represent predicates, and 'a' and '/>' represent nouns 
Next we considered truth-functional compounds of these sentences and the 
quantifications related to them In this way we obtained sentences having 
forms of the following complexity. 


[Fa D M(Cx V Hx)) 3 (axjFt 
(x)[Fx 3 ((3x)(Cx • Ha) = (x)Hx)) 

-)3x)Fx V (x)[Fr D (lr)(Gx ■ Hx)] 

Now It IS desirable to have schemata which diagram sentences having all 


The fir^t step in this direction consists in the introduction of pm/icarc 
icerx. These letters are similar to statement letters. 
sent predicates rather than statements We shall use ^ \ “ 

predicate letters, and to ensure an unending supply of them, we 
count 


‘F' ‘G/. '///, '^1' 

as predicate letters In addition to predicate letters, we also need individual 
constants to represent nouns, so let us use 

■a', V.V.'d'.V, 'a.’, 'c.'. etc 

=vhaiistible supply of individual constants Now we 
This also gives us an inex 'Jg shall call anc-umabk 

are in a position to build the schemata, w 

qaanlificalional schemata to extend trulh-function theory, 

we'sTaVaTs" .’rubral schemata as guantilica.ional scho- 

ZltrirTFSrrone-variahle quant, ficational schemata (OVQS, 


Next we have „ .he variable 'x or an individual 

Role 2 If <1. IS a predicate letter and « ,s the 
constant, then <!><» is a OVQS t 

• c • '{^h' ‘fix', and 'F.c' aro all OVQS 
According to Rule 2. Fa , • 

b ^ <t and a toiakatjowlcxpiession* Th<r 

lowercase letters a and p 
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The next rule allows us to form truth-functional compounds of OVQS 

Rule 3 If 5 and IV are OVQS, so are —S, (S • W), (S V WO. {-5 IV), and 
(5 = W) 

Finally, a rule for forming quantifications* 

Rule 4 If 5 IS an OVQS. then so are (j:)S and (3^)5 

EXAMPLES. By Rule 2. ‘Gx\ 'Gb\ and 'Hx' are OVQS By Rule 1, so are 'p', 
'q\ and ‘r’ Thus, by Rule 3, \Fx V p)‘, ^ and ‘{r ■ — Fj)' are 

OVQS Hence, by Rule 4. ‘ix)iFx V p)’, ^ Hx)', and '(t) 

(r ' —Fxy are also OVQS 

The rules also count such expressions ’(x)Cax)Fx’, and ‘(x)Fa’ as 

OVQS These expressions contain occurrences of quantifiers to which no 
occurrence of a variable is bound For this reason they are called vacuous 
quaiiqficauons It is technically convenient to count them as OVQS, and they 
will be treated as equivalent to the OVQS which are produced from them by 
omitting the vacuous quantifiers Thus '{x)p' and '{^)p' will be equivalent 
to simply >' 

The definitions of bound to, free, and bound occurrences of variables and 
open and closed schemata exactly parallel the definitions given above for 
the case of sentences We shall not bother to state them here 

EXAMPLES 


A closed schema Arrows indicate bindings 


(x^ • Ga) - (p • c:?)) 

b An open schema The arrow indicates the binding 
((Ix)Fx O Cx) 

'^free 


The rules for omitting parentheses from TFS will be extended to cover 
OVQS However, no new rules will be added 


EXAMPLE 

Abbre\iated OVQS Unabbrextated OVQS 

(x)(Fx V Cr) ax)Fx D Hx (((x)(Fx V Gx) ■ (3.r)Fx) D Hx) 

(x){Fx G'tV//rVA'x) (r)(((Fx • <7x) V //x) V t) 

Although a test procedure for recognizing OVQS will not be stated, there 
IS one. and it closely follows that presented for TFS Thus there is a decision 
pnn ediire for O VQS. 
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EXERCISES FOR SECS. 2.1.7 AND 2.1.8 

A Draw arrows to Indicate the bonds between the various occurrences of variables 
and quantifiers in these QVQS 

1 (r)Fr -Ffi D (ar)fr Gx 

2 (xXFx ■ (^)Gx) V (Ct)fjr D Gx) 

3 ^ Gx) Hx 

4 (x)(Fx = //X - (lr)Cx) Hx 

B Circle the free occurrences of variables in the examples of (A) 

C Which of the following OVQS are open‘d Closed"^ 

1 (x){Fx V Cr) (3x)Hx 

2 (x)(Fx V Ct) Hx 

3 (x){Fx V G.X) Ha 

4 (jc)(F4r y Gx)-p 

D Which of the following are genuine laiabbrenafec/ OVQS"^ 

1 {x)(Fx V Cj) D Hx 

2 {x)Fa 

3 (((x)Hx (x)Gx) ^ Hx) 

4 (a)S 

5 ((4r)p V -p) 


2.2 OVQS AND THEIR INTERPRETATIONS 

Because of the presence of quantifiers, predicate fetters, and free occur- 
rences of variables, the problem of interpreting OVQS is much more complex 
than the problem of interpreting TFS Our approach to the problem will 
take us through several stages, and il will be some time before we actually 
arrive at our final definition of an inferpretation of an OVQS 
Let us begin by considering the idea that an interpretation of an OVQS 
IS a siotement which we obtain from the OVQS by replacing 

1 Its statement letters (if any) by statements 

2 Its predicate letters (if any) by grammatical predicates 

3 Its free occurrences of 'x' (if any) and its individual constants by proper 
names of actual objects 

Of course, a statement letter is to be replaced throughout by the same 
statement, although the same statement may be used to replace two or more 
statement letters Similar comments apply to predicate letters, individual 
constants, and free occurrences of ‘jr’ It is clear that interpreting an OVQS 
always produces a true-or-ia\se statement So we may speak of OVOS as 
coming out true (or false) under a given interpretation, just as we spoke of 
TFS as coming out true (or false) 
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EXAMPLES Schema (x) (Fx Z> Gx) V Hx - (Sr) {Gx • Ha) • p. 

Trite Interpretations 

a (x)(jc IS a cow D a is a mammal) V 2 is odd • (3x)(x is a mammal • 3 is 
odd) -1+1 = 2 

b U)U IS a city n jr is a state) V 6 is even • 0r)(jr is a state • 8 is even) • 
(1 + 3 = 4) 

False Interpretations 

c (x)(t IS a city D X IS a state) V 7 is even • (lr)(x is a state • 3 is even) • 
{7 + 7= 15) 

d (x)(x IS a cow D X isa bird) V The sun is blue ■ {ar)U is a bird • The sun 
IS blue) • (7 + 7= 14) 


2 2 1 INTRODUCING OPEN SENTENCES 

The hrst problem we must tackle concerns the replacement of predicate 
letters by grammatical predicates When the ‘F’ of 'Fx' is replaced by a 
grammatical predicate, we obtain an open sentence, which may be read 
'x IS an F‘, ‘x IS F\ or ‘xF s' These natural readings of ’Fx’ are available so 
long as we replace F’ by grammatical predicates such as 'jumps’, 'red', 
’rose', and ‘whale’ However, »t is also desirable to obtain open sentences 
such as 

(1) X gave a wallet to the brother of x’s butcher 

or Its equivalent from 'Fx' by making a suitable replacement for ‘F’ Since 
'F' must be replaced by a single unbroken phrase, the closest we can get 
to (1) IS something like 

(2) X gave a wallet to the brother of the former’s butcher 

But at least this seems to mean the same thing as (1), and it does allow us to 
find a phrase which can replace *F’ in 'Fx' and still permit one of the three 
natural readings 'x is an F’. 'x is F'. or 'xF's' However, as we turn to more 
complex open sentences, we shall have to go through even more subtle 
verbal gymnastics in order to find a single unbroken phrase for ‘F ' to repre- 
sent Of course, we can avoid this unpleasant prospect by shunning these 
sentences altogether, but this would impose unnecessarily serious limita- 
tions upon the applications of the techniques we are presently developing 
The same techniques which attest to the validity of 

Alexander the Great ruled Greece 
Hence (lr)(t ruled Greece) 


also attest to the validity of 
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•F\ either •(3x)Fx' or '(It) - Fx’ would have to be false, since this one thing 
could not be both F and not F So if less than two things existed, (1) would 
be false for all interpretations Thus its negation 

(2) -m)Fx-(3x)-Fx) 

would be true for all interpretations. 

Next consider the schema 


(3) av)(Fx • Gx) ■ 0xX-Fx ■ Gx) ■ (ItMFt • -Gt) 

on'e'to b1 hot arFrd'a’r^'^"' 

another to be an F but not a C If noih^^°* *o be a G but not an F. and 
come out false no matter how F’ were Imertreled if 
one conjunct might come out true for a oivL f existed, 

would have to come out false for the sen? ? but the others 

things existed, at most two of the con|unctl"Mu'ld"co'°''' '' 

interpretation Since (2) would be false for aM ® S'"®" 

things existed, its negation interpretations if less than three 

H) -[(ax)(Fx ■ Gx) ■ ^3x)^Fx ~ Gx) ■ aOiFx ■ -Gx)] 
would come out true for 911 . 

Let us take a bolder step andTonfider T condition. 

conjunctions- build the following 2 ‘, that is, 8 

P^-ax-Hx. Fx Cx~Hx p 

,x. -Fx-Cx--^., ^x-Gx-yyx, 

Notice that, for a given ass, nn '' 

“'thmgs rend'we'f tfe'"" e"^^ 

If there were only 7 things ,h ° '“"'Pnctions will oJL ‘'°"'®"®"ons 

co'reif ,r 

only 5 things, we need 
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be a subject for discussion, any class of things can be => ^ 

course Because things which ord.nanly would be tahen to be rather un- 
related can be discussed at one and the same time, universes of 
can even be classes of very unrelated things For example, we can have uni- 
verses of discourse consisting of cows and crows, people and numbers, 
electrons and neuroses, orU S Presidents, university students, and Hawaiian 
beaches Since there are universes ol discourses containing numbers, there 
are universes of discourses which contain inlinifely many members This 
will prevent the problem which arose in connection with our previous notion 
of interpretation from arising in connection with the notion ol an inlerpreta- 
lion in a universe ol discourse 

For our technical convenience we shall introduce two restrictions on 
universes of discourses 


1 They must have at least one member 

2 Their members must be actual things 

There are ways to treat the notion of interpretation in connection with 
universes of discourses which are empty or which contain fictitious entities 
-such as Santa Claus or Pegasus-but they are too complicated for an 
elementary text In order to retain infinite universes of discourses, we shall 
count numbers as actual things, and so some actual things do not have 
spatial or temporal locations 

One further advantage of using universes of discourses has to do with 
showing invalidity It is often much easier to show that a schema has a false 
interpretation in some weU-delined universe of discourse than it would be 
to show that it has a false interpretation in the actual universe For the limits 
of the latter are still unknown and will probably always remain so 


2 2 3 TRUTH IN A, UNlVeRSE OF DISCOORSS 

As laymen, we frequently restrict ourselves to a particular universe of dis- 
course for the purpose of mote conveniently expressing quantifications and 
determining their truth-values We are much more likely to say, for example, 
(1) Someone ate my porridge 
than 


(2) Something is a person and ate my porridge 
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moment) we are talking about people only, so the names we use refer ex- 
clusively to persons On the other hand, to establish (2) we should be more 
explicit we should verity that some particular entity, say, Goldilocks, is a 
person and also ate our porridge 

The same idea can be applied to '(v)' and '(10' If our universe of discourse 
IS the class of persons, than we can simply construe '(i)' as for every person 
v’ and '(Iv)' as 'There is a person x’ Under this condnion 

(3) (\)(r IS a mammal) 

(4) — (3.v)(r IS 1,000 years old) 

both express truths It is important to realize that (3) and (4) express truths 
only because the universe of discourse is restricted to persons, for (3) and 

(4) would both be false if we extended the universe of discourse to also in- 
clude, say, giant redwoods Then '(r)’ and (30’ would be construed as for 
all persons and redwoods t' and ‘There is at least one person or redwood 
x\ respectively The same technique can be extended to other universes of 
discourse, say, the class of nonnegative integers When the universe of dis- 
course IS taken as this class, 

(5) + 

(6) -a0(l -1-^ = 0) 

(7) av)(t -f X * X 3 t = 0) 

are all true But if we extend this universe to include the negative integers, 

(6) becomes false because 1 4- (—1) »= 0 
Instead of saying that a statement becomes true when the universe of 
discourse is taken as a given class, fet us say that r/ic* statement is true in the 
gn en universe of discourse Also let us use the shorter term 'universe’ m place 
of 'universe of discourse’ When our attention is restricted to a particular 
universe U, comes to mean for all x in U’ and 0-r) comes to mean for 
some X in U’ Thus a universal quantification 

ixX- --x- ) 

IS true in a universe U if and only if for every choice ofx in £/ ( t ) 

IS true Likewise 

(3jc)(- ) 

IS true in U if and only if there is an jt in t/ such that (• v ) A statement 
which does not contain quantifiers will count as true in a universe if and 
only If It IS true without qualification Since a« the statements we shall treat 
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are composed of quantifications and nonquantifications by means of trutfi- 
functions and quantifiers, we now have a basis for determining whether they 
are true in a given universe 

EXAMPLE Let U be the class consisting of the numbers 1 and 2 that is 
W = {1,2} t Then 

(x)(t= 1 V x = 2) 

(3jr)(l + T = a) D (x)(jt + A = X) 

(11=1 I 2 = 2) D (x)(lx = x) 
are all true in U, while 
&»r)(T = 3) 

(t)(x= 1 Vjr = 2)D(x)(x+l = 2) 

(3j:)(a:+1=2 x+2=1) 

are all false in U 


r^wS^' 2 2 2 AND 2 2 3 

n:2r°V"= ■" ‘-e -™»erse of humansv o, positive whole 

1 has arms) 

2 U)U > 0) 

3 WU eats Da has a digestive system) 

^ Wtv + J < 3 3 jj 

5 Q.)(A,saman) ((a)(a is a number) d (m, , 

B of the lollowmg specilv a univ ' ^ 

■h Which „ IS lalse which ,t ,s true Also specify one 

‘ U)(x+0 = 4) 

2 (IxXjt is a general) 

3 UXi = 0) 

1 w, > 0) n C)(, > 0, 

3 Wl< IS a man Dais bald) 

suppose that U and U 


'Rhoth Funher supposeThmr"'''''"" i 

'hat belongs to both [/, and J wl 

uiblA IS 
H«)u IS a king) v (avu- 

-esiauca.,,..,. ^ -X-sahuman) 


“ .his n",r„^r “ '-s cons, sung 
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2 24 INTERPRETATIONS IN UNIVERSES OF DISCOURSES 
We can now repair our concept of interpretation by introducing the concept 
of an interpretation in a universe of discourse The mam difference between 
this and our previous conception of interpretation is that we now replace 
liwdual constants and free occurrences of V by proper narnes of obje « 

tion as follows 

A„ .nierpremuon of a schema S m a amverse U ,s an ass,gnmen, of 

1 Truth-values to the statement letters (if any) of S 

2 open sentences to the predicate “'j, 

n oLcts in V to the individual constants (if any) of S 

4 LTblecnn V to the free occurrences o, r (if any) in ^ 

EXAMPLES 

a Schema (jr)F-c ■ Ga Fx 

V inverse positive integers 

Assignmenis Jr O' ^ ^ = n 

" ' + 1 - 1=0 0 + 0 = 0 
Result of interpretation ( H 

b Schema (;r)(Fx 3 p) - (W^v 3 P 

Universe mankind ^ is a woman n n ri 

Assignments P T ,s awoman Ti T) = (W(> is a woman o T) 

Result of interpretation ,, adduces a true or false statement 

interpreting a ^^Oema in a unwerse p^ 

However, it is important to ,ne statement might be true but 

not agree with ds troth-value Far example suppose that ton 

not true in U or false but not fa paadive integers by assigning 

and (WCx are interpreted m th ^,P^„0 C Then the stalements 
IS greater than 0 to F ana 
produced are 

(1) (x)(x IS greater than 0) 

(21 (IrKx IS less than 0) „,,,i,l, canon for every positive 

- <dst IS true 

rnriLTa^^rtlfalse without guanncanon,^^ 
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functions and qualte^wrnow^hfvraTs^fft"^ °' 

are true m a given universe ' <falermining whether they 

“=a2}t The^" “"“""9 nutnbers 1 and 2, that ,s 

WU = I V x = 2) 

f^](^ + ^ = x)^(x)U + x = x) 

are all true in u, while 

ar)U = 3) 

ai’e all false in U 


— 

2 WU > 0 ) 

2 Wu eats D J ha<s a ^ 

'f WU + X < 3 3 , „ Uijeslive system) 

® (lr)U IS a man) ((vv,. 

r-.,. 

3 W(x= 0 ) 

I ®;>'^=‘ 0 ) = uxx>„, 

® (x)[x IS a man -3 ' 
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2 2 4 INTERPRETATIONS IN UNIVERSES OF DISCOURSES 
We can now repair our concept of interpretation by introducing the concept 
of an interpretation in a universe of discourse The mam difference between 
this and our previous conception of interpretation is that we now replace 
individual constants and tree occurrences of ‘v' by proper names of objects 
which belong to the universe in which the schema is interpreted Since re- 
placing an individual constant or a free occurrence of 'r' by the proper name 
of an object amounts to assigning that object to the individual constant or 
the free occurrences of 'v', we may characterize our concept of interpreta- 
tion as follows 


^fi mterpretution of a schema S m a unnerse U ts an assn’nment of 

1 Truth-values to the statement letters (if any) of S 

2 Open sentences to the predicate letter (if any) of S 

3 Objects in U to the individual constants (if any) of ^ 

4 An object in U to the free occurrences of x' (if any) in S 

EXAMPLES 


a Schema i\)Fx s Go • Fx 
Unnerse positive integers 
Assninments x 0, F x + \ = x 

a 1 , G V — r = 0 

Result of interpretalton (t)(A + t=T)= 1 — 1= 0 0 + 0 = 0 


b Schema (Offr D p) ® (lx)Fx D p 
Unnerse mankind 

/tssiynmcius p T F t is a woman 

Result of inlerprciaiion (v)(risawoman 3 D = (lc)(risawoman D T) 


Interpreting a schema in a universe U produces a true or false statement 
However it is important to observe that the truth-value of this statement may 
not agree with its truth-value m U. that is, the statement might be true but 
not true in U or false but not false in U For example, suppose that (r)Fv 
and are interpreted in the universe of positive integers by assigning 

■x IS greater than O' to 'f ' and t is less than 0 to C Then the statements 
produced are 


(1) (r)(v IS greater than 0) 

(2) (at)U IS less than 0) 

The first IS true in U but not true without qualification lor every positive 
integer is greater than 0 but -6 is not On the other hand the second state- 
ment IS false in U. but not false without qualification (Why^) 
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are composed of quantifications and nonquantifications by means of truth- 
functions and quantifiers, we now have a basis for determining whether they 
are true in a given universe 

EXAMPLE Let V be the class consisting of the numbers 1 and 2 that is 
L/ = {1,2} t Then 

(x)U=l Vjr=2) 

(ltXv + Jr = jr) D (jrXx + x = x) 

(11 = 1- 12 = 2) 2lUXlx = Jt) 

are all true in U, while 

(lc)Cx-3) 

U)U= 1 V X = 2) D (;t)(;t+ 1=2) 

(ar)U+l = 2 x + 2=l) 

are all false in U 


EXERCISES FOR SECS. 2.2.2 AND 221 

A Which of the following are true in the n 

hombsrsi “"'verse ol humans? 01 positive whole 

t (3r)(L has arms) 

2 UKx > 0) 


B 


BrKATisaman) (WU is a number) d 
F er each of the following specify a un ^ ^ number)) 

" Tx:'; =''r 

2 IS a general) 

3 U)(x = 0) 

5 WUisamahD,,sbald) 

^ Suppose that U, and U 

tha^blngs^rbo^'h whichT 

MU IS a president)) q,u, „ . 

•Mathemalicans use th. ^ 

of objects u a (. / tori 

"“'efion ?oT “ Of a f,„„a „u„,b. 
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2 24 INTERPRETATIONS IN UNIVERSES OF DISCOURSES 
We can now repair our concept of mterpretatjon by introducing the concept 
of an interpretation in a universe of discourse The mam difference between 
this and our previous conception of interpretation is that we now replace 
individual constants and free occurrences of x by proper names of objects 
which belong to the universe in which the schema is interpreted Since re 
placing an individual constant or a free occurrence of x by the proper name 
of an object amounts to assigning that object to the individual constant or 
the free occurrences of a: we may characterize our concept of interpreta 
tion as follows 


/f/i in/crprcfatioti of a schema S m a universe U is an assignment of 

1 Truth-values to the statement letters (if any) of S 

2 Open sentences to the predicate letter (if any) of 5 

3 Objects m U to the individual constants (if any) of 

4 An object in U to the free occurrences of x (if any) in S 

EX \MPLES 


a Sc/ieinfl {x)Fx s Ga Fx 
Unnerse positive integers 
Assii,/ime/iis a: 0 F x-i-x=x 

a I G x~x=0 

Result of interpretation (j:)(a: + = 1 — 1= 0 0 + 0 = 0 


b Schema (x)iF^ D p) ^ Ox)Fx D p 
Universe mankind 

Assit,/iments p F F at is a woman 

Result of uiierpreialian is a woman D T) = (WU is a woman D T) 


Interpreting a schema in a universe U produces a true or false statement 
However it is important to observe that the troth value of this statement may 
not agree with its truth value ,n U that is the statement might be true but 
not true in U or false but not false in U For example suppose that (x)Fx 
and (3x)ax are interpreted in the universe of positive integers by assigning 
X swthano to F and x ,s toss than 0 to C Then the statements 

produced are 
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Prev,ous;v we called a schema true for a given interpretation if and only 
,f ,t came out true (without qualification) for the interpretation Now, however 
we shall introduce the concept true for an mierpn’liiiion in a nnn crse U 
schema S is true for an interpretation / in a universe £/ if and only if (a) / is 
an mierpretaiion of S m U and (b) 1 interprets S as iriic in U According to 
this definition. (1) above is true in the universe of positive integers when F 
is assigned is greater than O', while (2) is false in the same universe when 
G IS assigned 'x is less than 0 

TFS are interpreted in a given universe by assigning truth-values to their 


statement letters For every universe there is at least one statement which 
IS true in it, namely, = and so there is also at least one statement 
which IS false in it, namely, -U)U - x)' We know that it makes no difference 
which statement is assigned to a statement letter, only the truth-value of 
this statement has any effect on the truth-value of the whole schema under 
the given interpretation Indeed, whenever we assign r to a statement letter, 
we can think of ourselves as replacing the letter by '(.x){x= r)', for this is 
true m every universe Likewise, whenever we assign F to a statement letter, 
we can imagine that we are replacing it by — (t)(Ar** x)' Thus a TFS which is 
true for a given interpretation in a given universe will be true for the same 
interpretation in any other universe Consequently, a TFS is true for an inter- 
pretation in a universe U if and only if it comes out true without qualification 
for the interpretation 

This invariance under changes of universe carries over to certain other 
schemata which contain statement letters For example, 


(3) WFx D p 


will become true in any universe when p’ is assigned T, because whether 
(,x)Fx becomes true or false m the universe. (3) will become true by virtue 
of a true consequent Similarly, 

(4) p D (ax)Fx 


will become true many universe when p is interpreted as F Moreover. 

(5) {x)Fx D (p V p) 

(6) p p D Ox)Fx 


come out true for all interpretations in every universe Nonprhoioc 

a schema contains statement tetteis the assfgnrenrto^.s olS 

be an important factor in determining whether f may 

universe and lalsein another The schema 

(7) (Ir)Fx D p 


I 
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for example is true in the universe of infants when y m assigned F and 'F 
IS assigned x can run a mile , but for the same assignments to F' and p. 
It IS false in the universe of antelopes 


Schemata 

a (Ha V p)D (x)Nx 
b D [x)Hx 

Interpretations 

A i/ — {1,2,3} p T, H jriseven, n 2 

B £/ = {l/4} p F H 2x=\n, a 1/4 

C C/ — The class of U S Presidents 

H X was elected for more than one term 
a Roosevelt 

Truth-value m V 

a for A False I and 3 are not even so (jcKris even) is false in {1,2,3}, but 
2 IS even V T' is true in {1,2,3} 

a for B True If 1/4, then 1/2, so (r)(2.r=' 1/2)’ is true in this I/. 

moreover, 2 1/4 =* 1/2 V F is also true in U 

a for C False Not every U S President was elected for more than one 
term, so WCx was elected for more than one term)' is false in £/, 
but the other component is true in U 

b for A False (a.r)U is even) is T in O. but (x)(x is even) is false in U 

b for B True Both antecedent and consequent are true tn U since 

2 1/4= 1/2 

b for C False SomeLfS Presidents were elected for more than one term, 
but not all of them were 


EXERCISES FOR SEC. 2 2 4 

A Do the following come out true or false for the mterpreJaJions in the indicateo 
universes’ 

1 Schema WFx V p Unitersc mankind 

Asstgiimenis p T F j: is a woman 

Schema OiKFt ((t)Cx V Co)) Unncrse class ol positive whole 


2 
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4 Schema p V (x)(Fx V Gx) Umxersc mankind 

Assignments p F F x iS a student G x is a teacher 

5 Schema ~-(x)Fx D -(Bx)Fx Uniiersc {!} 

Assignment F x - 1 

6 Schema (x)CFx V Cx) Unnersc {121 

Assignments F x-] G x — 2 

7 Schema (x)(p D F:e) Ga Unnene (|->3| 

Msnamem, p T a 2 F x = x C 1+1 = t 

8 Schema p Qx)[Fx Fx) Umeerxc (1) 

Assignments p T F x—1 

■ ; rr.r « 

2 Qx)Fx p D ^x^Fx p 

3 IFa V Ga) (x)Hx 
^ (x)Fx - (x)ax 

5 ((3ir)Fl V (ItXFi Cx))^a<, 

8 (xXFx 3 Ox) Ga 

7 -(3x)Fx V (x)Fx 

8 -t(3i)FA: (ix)-Fx] 


2 2 5 VALIDITY 

•hat It ,s vcW u'lll s°c helrh^TTt ll'asT ^ say 

~:= 

Wx 3 l,x)Fx 

'3 valid in every universe which h»= 

ahT:n:er:i,;°::,r‘ "-hr: z 2izz - any 

"•amber IS anT;re I°r Ts C 

half IS true let u be an Members) To ^ 

and b represent tw a ^ ^"'verse with two or m ^ other 

.3 r^rle in "-"ars Za « 

'"a last section we obse “> “ 'o F Then 

^TFS Which IS valid in 
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one universe ,s valid in every universe Consequently, a TFS which is truth- 
functionally valid is valid m every universe There are also other schemata 
besides truth-functionally valid TFS which are valid m every universe These 
are the schemata which we shall call qumtificatmtmlly sahd Or, slated in 
Other words 


A schema is qmmuficanonaliy solid if and only if n is solid m esery nnnerse. 
that IS, true for esery interpretation in every nnnerse 

We shall also say that a schema is qiianlificaiionally consistent just in case 
It IS consistent in some universe Since a TFS which is consistent in one 
universe is consistent in every universe, a TFS which is truth-functionally 
consistent is also quantificationally consistent Thus, as far as TFS are con- 
cerned, there is no difference between truth-functional validity and con- 
sistency and quantificational validity and consistency For this reason we 
shall henceforth use the terms valid' and 'consistent' to mean quanti- 
fioationally valid' and 'quantificationally consistent', respectively 
The relationships between validity and consistency which we observed 
earlier in truth-function theory continue to obtain These will be staled again 
now 


1 S IS valid If and only if — i' is inconsistent 

2 5 IS consistent it and only il—S is invalid 

3 If 5 IS valid, then S is consistent 

4 If 5 IS inconsistent, then S is invalid 


The first of these relationships will be established here, the others are left 
as exercises [Note that (3) and (4) are equivalent by taking 'inconsistent' and 
'invalid' as 'not consistent' and 'not valid , lor 'p 3 q' is equivalent to 
'g 3 p' ] Suppose, first, that S is a valid schema Then it is true for all in- 
terpretations in all universes So -5 must be false for all interpretations in 
all universes, hence y is inconsistent Conversely, if -S is inconsistent, it is 
false for all interpretations in all universes, so S is Irue for Ihe same inter- 
pretations and IS therefore valid 

EXAMPLE 1 Valid schemata and informal proofs of their validity 


a IxIFx ■ (r)Cx D (x)(fx Gx) 

Proof Suppose U IS a universe If T' and 'C are interpreted so that either 
(x)Fx- or wev IS false in U. then (a) is true m U Thus suppose (Ihe ori ly 
other case) that 'F' and C are interpreted so that '(r)Fv ix)Cx is m C 
Then everything in U is both F and G Thus '(rXFt Ct) is true m U Thus 
Ja) IS true for all inlerpretalions m U Since £/ is an arbitrary universe (a) 

IS valid 
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b 3 P) “ ^ 

,-,ooJ. Ut a be a universe Suppose >’ is assi^gned T Then ^ 
o nf all V in U so '{a')(Fjc 3 p) »s true m U Likewise, (3.v)Fr O p 
,n u Note both oohtponenta become true regardless 
give to -F' Next suppose that V is assigned F . Then (3x Fx 3 P is fa se 
m U ,1 and only if F is interpreted so that something in U is an F By the 
same token 'UXFx 3 p)' is false m U if and only if something in (/ is an F 
(lor taking ‘x’ as a name of it would make ‘Fx D p false). Thus, if F is inter- 
preted so that something is an F. both sides of the biconditional (b) are false 
in U, so It IS true in U On the other hand, if ‘F’ is interpreted otherwise, both 
sides are true m U and (b) is again true m U Hence (b) is true in U for every 


interpretation of 'p' and 'F' Since U is arbitrary, (b) is valid 
Couwu’iu on this proof In this and in the last proof, the method of proof by 
cases has been used Thus the arguments essentially follow the structure 
of smpie dilemma In this proof the second case had two subcases The 
argument ran as follows Case I p' is true Then (b) is true in V no matter 
how 'F' IS interpreted Case 11 > is false Subcase 1 ‘F’ is interpreted so 
that something in U is an F Then (b) is true in U Subcase 2 ’F’ is other- 
wise, then (b) is true in U For a proof by cases to be sound the cases and 
subcases considered must exhaust all the cases and subcases Where there 
are two exhaustive cases, for example, the argument has the form 'p V p, 
p 0 q, p D q q, which is valid and sound (if our arguments for ‘p 3 q' 
and ‘p 3 q' are sound) H there are really three cases but we recognize only 
two. then the argument takes the form 'p V q, p o r. q D r r‘ To be sure, 
this argument is valid, but even if p D r' and ‘q D r are true, the argument 
fails to be sound > V r/’ is false since it does not exhaust the possibilities To 

oblamasound argument in thvsexample, we need one otthe form 'p y qV s. 


C ar)[(v)rr D Fx] 

Is'tllo '' fhaf 

x in B M ^ in u Since there ,s an 

ovemh nn^n N I i " '"'P'-P'P'P'fotherv.ise, \x)Fx' ,s true ,n V Thus 
l.7x D f ,s truJ'nf u belongs to U. 

PmlaUont a'dl^vaM ^ '"f- 


I \ VMI'LL : Consistent but invalid schemata 
d (liHFx Out 


Ut u ^ ( 1 
Since I + 


•2). and interpret ‘F’as'4c= 2' *(7' a<5‘v a. \ 

I ^ 2 and "’ « ■» c ’ r + l — 2 , and a as 1 Then 
- there is an jr in U such that x = 2 1 + i = 2, so (d 
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IS true in U Thus there is a universe V and inlerptelalion o( (d) such that (a) 
IS true in i/ Hence (d) is consistent 

e (ai:)(Fj: • Cr) • (3.r)(Fv • -Gr) • ar)(-rr • Cs} 

Let (/= {1,2,3} Assign ' 1 = 1 V t = 2' to V and't - 2 V i - t to « Then 
Since 

(/ = ( V i = 2) • (I = I V I = 3). (2 = I V 2 = 2) • -(2 - I 2 ~ M 

-(3=1 V 3 = 2) -(3= I V 3=3) 

are true, (e) becomes true in U So (e) is consistent 
[Fvt'rmi? Furnish false interpretations m some 1/ of (d) and (c) J 

example 3 Inconsistent schemata The negations of fa), (b). and (c) 
furnish examples (Why”?) 


EXERCISES FOR SEC, 2.2.5 
A Which of the following schemata 
those that are 
1 (r)Fr 3 fa 
S p'tr)fjr 

3 U){/-x V -Fx) 

4 fa O mfx 

5 (ar)Fr flOGr D llrXfj: O'U 

6 ax){f-x -/-At 

7 (fVpV ix)Fx 

8 tr)(/-vDFO 

9 (tjFr (x]Gx Dixit'S 

B For each of the lollowmg schemata 
one in which it is not vahd 


are invalid? Provide a laJse inierprtfa: on for 


JU.CJ. ^ 


r 1 j 


.1 


specify a ortotirfO iH ch ~o 
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226 IMPLICATION AND EQUIVALENCE 

Our approach to quantificational implication and equivalence will model 
that taken earlier in truth-function theory Thus we shall begin by introducing 
the concept of a simultaneous interpretation in a universe V of two or more 
schemata This is simply an assignment of truth-values, open sentences 
and objects in U to the statement letters predicate letters, and individual 
constants or free occurrences of y. respectively, of all the schemata to be 
simultaneously interpreted in U This ensures that each schema is inter- 
preted in U and that the same truth-value, open sentence, or object in U is 
assigned to a statement letter, predicate letter, individual constant or free 
occurrence of V, respectively, throughout the interpretation 
example 

Sihemaia to be interpreted 
(x)Fx • p, - - 

^ (1.2}. 


Fo • Gx ’ p, 

(ItffA: V Ga ■ Gx 

F jc=i 

G x=2 

T 1 

P T 

11 

II 

> 

II 

s 


Results 

(r){r= 1) . 7, 

- • WU=1)V2 = 2.1 = 

we can now define implication and eguivalence as follows 

rlri OVQS S quantificationally-implies an OVOq iv 

"■ err y. U foremen ^"’'“l'«neoas ,„,erpre,a„Z 

* XAMPLCS 

e <t)Ft implies ax)Fx' 

t- r impl,:: .n . Thus ^ true 

I "'"'■''elent to 

Let (j ho «T)Gr 

■ "tos, scare Tr and 'c.' 
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Hence (v)Fv and 'WG a are both made true /n y and consequently, so is 
their conjunction If (x)(Fx Ga) is made false in U, then for some assign- 
ment from U to ‘x, ‘Fx' or Gx' is made false in G Hence either or 
(A)Cjr IS made false in U and so their conjunction is made false in G This 
means thaf fhe two schemata have the same truth-value in G for every 
simultaneous interpretation in every universe U that is, they are quantifies- 
tionally equivalent 

If S and iV are TFS, then S quanlificationally-implies fV rf and only if S 
truth-functionally implies ly For a simultaneous interpretation of S and IV 
and a simultaneous interpretation in a universe U are one and the same thing 
If S and \y are TFS By the same token, if S and tF are TFS, then they are 
quantificationally equivalent just in case they are truth-funct/onally equiva- 
lent For this reason we can drop the adverb quantificationally ' and simply 
speak of implication and equivalence, whether or not the schemata in ques- 
tion are TFS or other OVQS 

Suppose that S implies W, and consider any interpretation in any universe 
U of S D W This furnishes a simultaneous interpretation m U of 5 and W, 
and as 5 implies W, S cannot be true in U while W is false in U Hence 
5 3 W' IS true in V also But since U and the interpretation of 5 3 If' in L/ 
are arbitrary, 5 3 fV is valid Conversely, if 5 3 IV is valid, it is true in U for 
every interpretation in every universe U Thus there is no simultaneous inter- 
pretation in any universe U which makes 5 true m U and IV false in U This 
means that S implies fV Therefore S implies fV just m case S D IV is \ahJ. 
Similar reasoning establishes that 5 is eqimalem to Wjitsi m case 5 s 
valid - 

The laws of implication and equivalence which were stated in truth- 
function theory have exact analogs in one-vanable quantification theory 
For reference they will be restated again 


1 Every schema implies itself 

2 IfS implies IV and IV implies E, then 5 implies E 

3 Vahd schemata are implied b) all schemata bat imph \alut schemata 
only 

4 Inconsistent schemata imply all schemata hat are implied bs inconsist- 
ent ones only 

5 Every schema is cqnnalent to itself 

6 IfS IS eqnnalent to IV, then W is eqmxalent to S. 

7 IfS IS eqm\ aleni to fV and fV is equa aleaf to E. then S is i qmi alent to t 

8 All \ ohd schemata are cqnn nlerit and to each other o/ih 

9 All mconsisleni schemata are eqmudent and to each odu r onh 


Since the proefs of these laws closely m.m.c those given for iheir cor- 
respondents in truth-function theory, they will be left as exercises Fo 
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sake of illustration, law 2 will be proved here Thus let us suppose that S 
implies W and W implies E We want to show that S implies E To this end 
consider any interpretation of 5 D £ in any universe U If this makes 5 false 
in U, then it makes 5 D £ true in U But suppose that it makes S true in U 


Then let us extend this interpretation so that W is interpreted in U {W may 
not be interpreted in U because it contains additional statement or predicate 
letters, individual constants, or free occurrences of ‘x’ which do not occur 
in either 5 or £ ) It does not matter how we extend this interpretation, so let 
us assign some object m V to any individual constants or free occurrences 


of V which have not been interpreted yet, and let us assign •x = x- to all 
uninterpreted predicate letters and T to all the uninterpreted statement 
letters We now have a simultaneous interpretation in U of 5, W, E,S D W, 
It' 3 B.andS 3 E Moreover, so far as S 3 E is concerned, this’is the same 
'f 'P'f “ By assumption, then, S is made true m U 

hue n T ^ ^ ^ be made 

Ts l Eis truefn ?/ Th' 'T ^ 

The .1 1 , ^ ^ spiles £ 

Howev rweTparprsmo?"®®.''"'" quantification theory 

.nt=;rorx^a'::t~e::^^ 


2 2 7 STATEMENTS AND ARGUMENTS 

letters by statements, its predicate leiie^ h '' statement 

vidual constants by proper names Each ^ '*= mdi- 

individual constant, or predicate leu ^ °'=‘=ttrrence of a statement letter, 
font, proper name, oroprseX" m' "" *=7 'bo same state- 

Icnces are introduced at the occurren* '’’•ctly speaking the open sen- 
speaking, then, an OV-truth is a stateT°. s ’"’^bioate letters) Roughly 
a valid closed OVQS alement which can be diagrammed by 

OVQS in the universe of all thmg^ anTth! 'orpreting a valid 

this interpretation ® ' “ 'bo schema must come out true for 


0 "-O'y'bmg.sred themoonisred 

77iuv„„„ 3 foo 

b " "0 person came to class lh»u . 

that some person ca 
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C EveFV.h,ngobevsme,awo,grav.,a.,on,ust,ncasethere,sno,h,ngwh,ch 

does not obey U 

Diagram (v)Fx - (W one.^anable quanti- 

One may also a„d the concept of an OV-truth define 

fication theory, and in term ^„ar,able quantification theory The de- 

the concept of a contingency tautology is 

tails of these definitions are fe l Q^.j^isehood, but not every truth- 

an OV-truth, every contradiction The statement 'John is a 

functional contingency is an ® truth-functional contingency 

° 0.'.“ ™.~« -I O'- s r.'.v." .n, .. 

^eaking, then, vt OV-imp^s B IOS' diagramming B implies the one 

ming of A and B such that 

diagramming B 

EXAMPLES I IS not in the box For 

a Nothing IS ,n the bo.OV-imp..es The P 

implies -F 3„,s not mortal' For ...Ft . 

d .Eveiymanismorml imphos 

implies ^ y ov-imply each other 

p OV-equivalent just m case they since 

TWO statements ar ,ne last examp two stale- 

The two statements g ,n,p|y ea diagram them 

rvVFr O Ct)' and .. 'F -g equivalent OVQ j miplies one 

^Z: are oi-egu, valent f----en g trS t-X^nctmnally implies 

It ^ truth-functionally imp^ OVQS So iM < " gn for examples 

- But every TFb IS ^nold,howe ^^^g, 

iP''^= « "''"nfov .rplication " 

(a) and (b) above are cases » g,„g„onally eguivalent_ _ " implication 


ments are OV-equivalent f-|_' ^ g TPS gnctionally .mpl.es 

It ^ truth-functionally imp^ OVQS So iM < " gn for examples 

diagramming B But ev^ JJ^g'ggg^se does .ruth.lunCona 

R then A OV-implies B i n® ov-impucation whicn a ^ ^ gnd ii 

(a) and (b) above are cases ,gnctionally ^'’''g^.fgnctional lOiP"”*' 

Ijplications Simileiy^;' = "ggnversely Since truth pg , 

are oV-equivalent, but OV-implioaUoo gnd equivaicnc 

:;requiv\.enceamsPec,es^o.^_,^^^^^^ 

no longer use ,„s. m case its P-nr 

An argument is u 
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elementary logic 


metus and leave the ‘OV understood 


EXAMPLES 

a. All children grow old Peter Pan is a child Hence he will grow old. 
Dia^intm: {x){Fx D Gx), Fa /. Ga 

b. Everybody on the team ts a poor loser, and no one worth nominating is 
a poor loser. So nobody on the team is worth nominating. 

DUisiram- {x)iFx D Gx) • U)(Hj: 3 -Gx) U)tFx Z> ~Hx) 
c Something disturbed this trap. So something disturbed this trap or failed 
to see It. 

V Gjc) 

d Kind men exist, and no kind man abandons his mother So some men do 
not abandon their mothers. 

Dirijjrnm. • Gx) • (xKFx • Gx 3 -Hx) • -Hx) 


EXERCISES FOR SECS. 2,2.6 AND 2.2.7 

A By means of simuUaneous mlerpretations. estabUsh the following 
1. (Ir)Ft’ does not imply \x)Fx'. 

2 'p V /V IS not equivalent to (jr)(Fjt • Ca)’ 

3 (x)(Fx V Gx)' does not imply ‘(x)Fx V (OCx' 

4 (li)(FAt D py IS not equivalent to '(3x)Fx D p'. 

5 fiMFoi O pV is not equivalent to U)Fx D p'. 

B Establish the following 

t An OV-fruth is implied by every statement 

2 An argument with an OV-lalsehood as a conclusion must have at least on« 
false premiss 

3 Every contradiction is an OV-latsehood 

4 II an argument is truth'functionally valid, then il is OV-valid 


2.3 DERIVATIONS 
23 1 INTRODUCTION 

You w, II roccll lhaithoro aro mochanical decision procedures lor determir 
'^'''’''''•-""•^c.AIHheserne.hodsare^^ 



PART TWO ONE VARIABLE QUANTIFICATION 


THEORY 22 


possibility of carrying out a complete truth-value analysis of a TFS There it 
nothing like a complete truth-value analysis of an OVQS, however, because 
each OVQS has an infinite number of interpretations It is tempting to con- 
clude. therefore, that there are no mechanical decision procedures for one- 
variable validity, implication, etc Actuaf/y, this conclusion is false, for there 
are mechanical decision procedures available for these cases too But they 
are far too complicated to be introduced in a text of this sort, and in any case 
they are not as efficient as the means we shall use, that is, derivations 
The rules of derivation which we shall use are both complete and sound, 
that IS, they permit us to prove all and only valid OVQS Vet the construction 
of a proof of a schema is not a purely mechanical affair and usually requires 
some insight and ingenuity on our part (This is something which should 
already have been apparent in truth-function theory) Thus we might try 
very hard to prove a particular schema and still fail to do so But this cannot 
be taken as evidence for the invalidity of the schema, since there may be a 
proof which we have not discovered If we attempt to prove a TFS and meet 
with no success, then of course we can always check the TFS for validity 
But we cannot do this for those OVQS which are not TFS Thus our rules of 
derivation do not furnish a decision procedure for the validity of OVQS 
What they <io furnish is called a proof procedure, that is, a method which will 
produce a proof of a schema i/it is valid, but which will not tell us that the 
schema is invalid if it happens to be Since a schema is inconsistent just in 
case its negation is valid, our proof procedure can also be used to estab- 
lish that a schema is inconsistent if it happens to be But there are also sche- 
mata which are neither valid not inconsistent, and our proof procedure will 
not establish the consistency or invalidity of these schemata, nor of their 


negations 

There are even ways to mechanize our proof procedure Here is a descrip- 
tion of a rather clumsy and inefficient method We design a machine which 


generates all sequences of schemata by starting with shortest sequences 
As It generates a sequence it checks it to see if it is a prool-this can always 
be checked mechanically If it is a proof, it lists the schema proved Since 
every valid schema has a proof, every valid schema will eventually be listed 
Now suppose that we wanted to use this machine to determine whether a 
particular schema 5 was valid Then we should start the machine and see 
whether it listed 5 It is quite possible that S would be listed alter a short 
time But suppose that the machine had been running for a long lime and 
S had not been listed This still does not mean that 5 will not be listed at some 
time And unless we already knew that J was invalid (and so would never bo 
listed), we could not predict that 5 would never be listed So the mere lac 
that the machine has not listed S’ wt is not evidence ol its invalidity (Just 
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as the mere fact that we have not been able to discover a proof of 5 is riot 
evidence of its invalidity) Thus, even this mechatutal proof procedure for 
valid OVQS does not yield a decision procedure The moral is that one- 
vanable quantification theory is going to place much greater demands 
upon our ingenuity than truth-function theory did 


2 3 2 EXTENDING THE TRUTH-FUNCTIONAL RULES 
Since we shall forgo test procedures for validity in one-variable quantifica- 
tion theory, we had better get on with the job of setting up rules of inference 
for this branch of logic We shall make extensive use of the foundations 
which have been already laid in truth-function theory Our derivations will 
continue to follow the same general style that is, vertical lines, numbered 
steps, and reasons will be employed Moreover, we shall extend our truth- 
functional rules to cover quantificational schemata In other words, we may 
coiuinue to oppl\ MP DNl SD CP IP etc e\en when the steps iin oh ecJ in 
these appfications are OVQS Two examples should make clear what this 
extension permits 


EXAMPLES 


a To prove Fx {x)Gx D {Fx V Gx) 

1 1 Fx (a)Cj: 

2 IS 

3 1 f ' V Gr 2. add 

4 1 Fx U)GtD(FtVGx) 1-3 CP 

b To prove -[mFx Ga] D {Qx)Fx D -Go) 


ProoJ 

1 ~~{ax)Fx Go] 

2 a\)rx 

3 Ga 

4 aOFr Ga 

5 “[(Ivlfv G«] 

6 —Ga 

7 I (Tv)/ t 3 -Ga 

81 -[(lv)r t Gd] 3 (ax)Fx 3 -Cfl) 


A 

A 

A 

2 3 PC 
1 R 
3-5. IP 
2-6, CP 
1-7 CP 


The extension ol our truth-lunctional rules enahlo= . 
mihjmunnimlh u,l,J OVQS, that IS, every OVOq If u ®'' 

hom a valid TFS by replacing some or all 

^ 'e«er must be replaced^Ih'^"^ "i!! T 

OVQS ) replaced throughout by the sa 
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examples of truth-functionally Valid OVQS 
a TFS p ' q D p 

OVQS Fx ■ U)Cx n Fx 


b TFS (p = (?) D (i? s p) 

OVQS (Fa - (3x)(Fx V Gx)) D ((3t)(Fa V Cl) s Pa) 

It IS easy to see why every truth-functionally valid OVQS must be provable 
by means of the extended truth-functional rules For let 5 be such an OVQS 
Then it must be obtainable from a valid TFS (V by replacing the statement 
letters of IF by schemata Since fF is a valid TFS, it has a proof which uses 
only the truth-functional rules But if we replace all the statement letters of 
IF in both IF and its proof by the same schemata which were used to produce 
S, then we shall obtain a proof of i which uses the same rules 


EXAMPLE. A proof of 'Fx <x)Gx 3 Fx' produced from a proof of 'p • t; 3 p’. 


[ ;? * <7 

A 

1 

1 Fx ix)Gx 

A 

1 p 

1 , s 

2 

1 fx 

1 . s 

p • q p 

1-2, CP 

3 

Fx {x)Gx Fx 

1-2. CP 


We shall also say that one OVQS S truth-functionally implies another 
OVQS IF |ust in case 5 3 IF is truth-functionally valid It follows from what 
we have |ust shown that if J truth-functionally implies IF, then we can derive 
IF from S by using only the extensions of our truth-functional rules 

EXAMPLE '((x)Fx 3 Gx) -Cx’ trulh-functionally implies ‘(xlFx 3 //x' 


1 ((x)Fx 3 Cr) --Cx P 

2 fx)Fx D Gx I'S 

3 -Cx 1. S 

4 (x)Fx A 

5 -(x)Fx 2 3, MT 

6 (x)Fx V Hx 4. add 

7 ffx 5, 6, DS 

8 (x)Fx 3 //X '*-7' CP 


oX fcL'wmg: dive ~n.a,a ,n me lei, colv™ Imm -nose ,n 

the right 


Fa D Ga 
{x)Fx Ga 
i^iFr rD (Ix)//x 


fit V iia, 
(r)f r “ 
(t)Fr D P 


Hit 3 Git 
-Ga 3 
-«/» a) 3 
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elementary logic 


4 (i)Ox V (t)Har 

5 -ip WFt) 


{ x)Hx V WCi 

3 . P 3 -WfT 

Establish the following iirplioations by means of demations 

1 Adam IS a father implies If Adam is not a father then alt men are b 

2 unless everything has disappeared nothing has implies It not everything 
disappeared then nothing has 

3 John IS my Iriend but Bill is not implies It is not the ease that if John is my 

friend then Bill IS too 

4 Some people are late or the clock is wrong implies It is false that both it is 
not so that some people are late and the clock is not wrong 


C True or fatse*^ 

1 There is a proof procedure lor Uu\h lunctional ^mpl'Cation 

2 There is a decision procedure for truth-functional consistency 

3 The rules ot derivation m this book furnish decision procedures for OV- 
validity 

4 The rules of derivation in this book furnish proof procedures for OV-incon- 
sistency 

5 There is a proof procedure for OV equivalence 

6 A proof procedure for both validity and invalidity amounts to a decision pro* 
cedure for validity 

7 If the negation of a schema is provable then the schema is inconsistent 

8 If a schema is derivable from every schema then it is valid 

9 Some invalid schemata are provable 

10 The con)unclion of every two valid schemata is provable 


233 UNIVERSAL INSTANTIATION 

VJe can hardly expect to make much progress in demonstrating validity with- 
out introducing rules of inference dealing with quantifiers themselves Thus 
far we can only establish the validity of truth-functionally valid OVQS Simi- 
larly. any implications that we can establish at this point are basically truth- 
functional implications We are presently unable to prove the validity of even 
fvlfx U Ft 
(t)Ft D (at)Ft 

These delects will be remedied by adding lour rules tor handling quantifiers 
Two rules allow us to drop initial quantiliers from quantifications Since 
liguratively speaking these lead from general statements to statements 
about particular instances, they are known as rules of insianiiauon The other 
two rules permit us to prefix quantifiers, and thus to form quantifications 
They lead Irom the particular to the general and are consequently known as 
rules ol 

The lirsl rule to be introduced concerns Lhe removal ot universal quanti- 
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tiers, and so it is known as iimvmnt insumliaiioji (called Ul, lor shod) From 
the intuitive standpoint, UI is the rule which permits us to infer anything 
about some particular object which we already know to hold for every object 
in general. From the formal standpoint it permits us to drop a universal 
quantifier or do this and replace all occurrences of V which were bound to 
the quantifier by an individual constant. Thus, schematically, Ul runs as 
follows. 

UK- ■ - X - • or - • .V • • •) 

(• ■ ■ JT ■ ■ •) Ul (• - • a • * -) U) 

where a ss any jnd;v/doal constant. 

To obtain a more exact statement of Ul it will be wise for us first to intro- 
duce some notation for talking about schemata. Let 5^, be any OVQS ( V may 
or may not occur tn Sj) Then let be the OVQS which results from by 
replacing all free occurrences of ‘r’ (if any) in5j. by a. where o is ’t', then 
and are the same. This is also true when 'x' has no free occurrences in S^, 

EXAMPLES 

Sr 

a Fi ■ (xKGa D Hx) Fb • (t)(Cx O Hx) 

b. (r)Fr (x)Fx 

c. Fx V ((IrJGj- O Hx) Fb V D Hh) 

Ul may now be stated precisely as lollows' 

Universal instantiation; From (x)S. ne may infer 5„. nhrre a is "s' or an> 
individual eonstant. 

Reason for Sf. a numeral referring to S. followed by ’Ul'. 

Ul may also be applied to vacuous universal quanlilicalions, lor 5, need nol 
contain free occurrences of ■c'. [A vacuous universal quanlilicalion, recall. 

IS one ol the form (t)S. where 'v does not occur free in 5.) Thus V. for 
instance, may be inferred from ’(vIp' by Ul. Further examples ol correcl and 
incorrect applications of Ul now follow, 

CXAMPLCS 


Correct AppUcathms of Ul: 


a. 1 1 

(v)Kr 

P 

b. .1 

(i)IF'r D til ■ llili <1 

P 

21 

l-x 

t. Ul 

21 

Fi O til ■ l5i)T I 

1 U* 

c. 1 1 

(rKFr « Gn - 

P 


lOFr 

P 

I 

21 

Fx a CtJ ■ (r)(7j: 

t. Ul 


Fo 





3| 

Fh 

f Ul 





Fi 

» Ul 
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e 1 1 UWx V Cx m 
2I Fx V Gx Hb 
3 Fa V Ga Hb 
4I Fb V Gb Hb 
5 I Fc V Gc Hb 


P 

1. U1 
l.Ut 
1.U1 
l.UI 


Incorrect Apphcations of Ui 


* M 

(x)Fx D Cx 

P 

2 I 

Fx 3 Gx 

1. Ul 

g 1 1 

lx)f.Fx D Gx) 

p 

2 I 

Fa 3 Gx 

1 Ul 

h tl 

(jKFj; V Cx) 

p 

2 I 

Fa V Gb 

1 Ul 

1 1 1 

I (x)(Fx V (lt)(Gj: fix)) 

, p 

2 

! Fa V (JxKGi Ha) 

1 Ul 


(Incorrect Step 1 is not a universal 
quantification ) 

(Incorrect All tree occurrences of x 
have not been replaced by a ) 
(Incorrect All tree occurrences of 
X have not been replaced by the 
same constant) 

(Incorrect A bound occurrence of 
X in 5, has been replaced by a ) 


As noted, none of these steps follow the form of Ul Moreover, in each case, 
the first steps fail to imply the second steps This is demonstrated by inter- 
preting all the first steps as true and simultaneously Interpreting the second 
steps as false U the universe is taken as the class of persons, the following 
assignments will give all the schemata the required truth-values (in this 
universe) x George Washington a Mrs Washington b JamesMadison, 
r t IS a male G t is a female H x ran a beauty parlor We shall verify 
that these assignments work for example 1 the others are left as exercises 
Under the given interpretation, steps 1 and Z of example i will become, 
respectively 

(t) (,x)(x IS a male V (lc)(x is a female x ran a beauty parlor)) 

(2) Mrs Washington is a male V (IxXx is a female Mrs Washington ran 
a beauty parlor) 


Statement (t) is true in the universe of persons Some female persons have 
-y run beauty parlors, so tli[)(C:i[ H;c) becomes true Hence 'Fx V (It) 

(f.t I/x) becomes true for all persons X making (1) true However. (2) is 
false in this universe Since Mrs Washington is neither a male nor ran a 
beauty parlor the left dis|uncl is false Moreover, x is a female • Mrs Wash- 
ington ran a beauty parlor is a false conjunction for all persons x 
Wc shall now turn to some more serious examples involving the use of Ul 
Nolo that Ul IS treated on a par with the other rules of inferences insofar as 
tho fostnctions concerning lines of argument reiteration, and the use of 
conditional and indirect proofs are concerned 



PART TWO ONE VARIABLE QUANTIFICATION THEORY 


231 


EXAMPLES TO der,ve Fa from 3 Cx) and (r)-Cr 


Derivation 1 (v)C'"T'-r ^ ^ 

2 W - Gx P 

3 -Fa 3 G« 1 *JI 

4 -Ga 2 Ul 

5 3 4 MT 

6 Fa ® 

Cdoos, n. a wde„app,V,n.U, was. do ...0 success dere 


To prove WFx 3 Fx Fa 


C To prove 
Proof 1 1 


. Ui 

f 1 Ul 

/ Fa 2 3 PC 

WF^^TFa 14 CP 

,e (XKFX3GX, ,r,.Gr3.r,3,Fr3«r, 

(x)(FxDG<) (x)(Cx 3 //x) 

Fx 

(r)(Fx 3 Gr) 

Fx 3 Gx 
Gx 

(x)(Cx 3 Hr) 

Gx 3 Hr 

; i;?3"Gr) .r,fFr3Hx,3fFr3Hr, 


exercises fob sec 2 33 

nvOS 


Prove these OVQS 

1 (j)Fv 3 (Fa . 

2 W(Fr Cr) 3 Fa C^. 

3 ‘rlFr 

6 (rtt-x 3 -irl ^ ^ 

3 (xKFx ( HC 



elementary logic 


ZIZ 


B EstabLsh .he ,meM,o ol these OVQS b, prttv.dmg .else ,b.erpre.at,ons of them 

1 {x)[Fx V Gx) r) {Fa V Gb) 

2 (jc)(Fx V Gx) r) ((x)Fx V (x)Gx) 

3 U)tFx D Gx) 3 Fa Ga 

4 -{x)Fx^{x)-Fx 

5 ((x)Fx 3 (A)Cx) 3 (Fa 3 Go) 


2 3 4 EXISTENTIAL GENERAUZATION 

The next rule, extxtential generahzaiton (EG, for short), is used to generate 
existential quantifications from previous steps m a derivation The rule draws 
Its intuitive basis from the fact that if some particular thing, say, the moon, 
has a property, then something or other has that property. The formal rule has 
two options (1) from any schema we may infer the existential quantifica- 
tion of It or (2) from a closed schema which contains an individual constant 
we may first obtain an open schema by replacing one or more occurrences 
of this individual constant by x and then infer the existential quantification of 
this open schema There is an important restriction on (2) no occurrences 
of the individual constant within the scope of quantifiers may be replaced 
by ‘v' Thus the rule will let us infer '(It)Fx’ from 'Fx' and also from 'Fa'. From 
the informal point of view we may thus infer ‘Something is an F' from either 
'x IS an F' or 'a is an F' 

There is a brief and precise statement of the rule which encompasses both 
options This now follows 

Exislentia. generalization From we may infer (IcJS,. where a is 'x' or 

an iHtfncJHdf coiisraiji. 


The reason tor (WS, is a numeral referring to and are related again 

as Vneti are m the case ot Ul, which not only allows lor both options of the 
rule, but also permits the inference ol vacuous existential quantifications 
I he schematic form of the rule is, simply, 


^ ' X • ■ oj (• • • a • * •) 

arK--x..., eg f3xK---x > 


wl musTbr'sol'r''i'' EG will indicate why 

wo must be so particular m passing trom ,o ^ 


Ciirrrtl Appiuiilions of EG 

Fa p 

a»)Fx 1_ Ee 

(lt)F<i 1, EG 


S' llilft 
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Fx V Gt 
(lt)(FT V Cx) 


P 

1, EG 


Fa V Ca P 

(3 i)(FvVGt) I.EG 


Fa = Ca Hb 
(3 x)(Fv s Gx Hb) 
(lt)(Fa 3 Go Ht) 
&x)(Fx = Ca Hb) 
0x)(Fa sCx - Hb) 

Incorrect Applications of El 


1.EG 
I.EG 
I.EG 
1. EG 


Ft 3 Gx 
(3t)Ft 3 Gt 

Fa ■ Cb 
(1 t)(Fj: 3 Gj) 

Fo • (WCFo • Gt) 

at)(Ft • (a>)(FT • Gx)) 


P 

1.EG 

P 

I.EG 

P 

I.EG 


(Incorrect This is not an 
existential quantification ) 
(incorrect Two different con- 
stants have been replaced by t ) 

(Incorrect An occurrence of 'o' 
within the scope of (It)' has 
been replaced } 


... In addition, in each 

The incorrect examples fail to conform W ^e^^^ ,^^,,p,e,at.ons necessary 

example, step 1 also^'ai. » imply class o._posi^e^in.e9^^^^^^^^^^ 

to show this are a ^ g^en' to 'F’. and .j.tg Repeat the 

ample f, assign ^ ,g 2 to a . ^g,ilied that those 

assign 'x is even J ' |g g example h It is eas y 
assignments given for exampl ^ g.gp 2 false 

interpretations make eac P 

none of the first steps imply the s 

EXAMPLES EMPLOYING EG 

a TO derive (WFTVtWGx- from -FOV 


Den\ atiofi 


1 
2 

3 

4 

5 

6 

7 

8 
9 

10 

b Prove 


fa V Gh 
Fo 

Gb 

I (WFt V 0 t)Gt 

&T,FTVtTT.Gr) 

(It)Fr V (K)Gt 

.,_Pn~^Ga)O0x)^Fa GO 


P 

A 

2. EG 

3, add 
2-4. CP 
A 

6. EG 

7. add 

6-8. CP 
1 5 9 SO 

(IrllE 


Cm) 
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Proof 


1 1 I Fa- (-Fa V Go) 

al 1 Fa 

3I I —Fa V Ga 
4I Fa 

5 Ga 

6 Fa Ga 

7 (W(F« Ox) 

8 (mFx Gx) 

9 (lx)(Fa • Gx) ■ Gx)(Fx ( 

101 Fa (-Fa V Cd)ZlWliF' 


A 

1 ,S 
2, S 

2, DNl 

3, 4, DS 
2, 5, PC 
6 , EG 

6 , EG 

X) 7, 8 , PC 

■Gjtl m(Fx-Gx) V9,CP 


c Prove (W(Fi 3 Fa) ■ (3x)(Fa 3 Fx) 


II I Fa A 

2 Fa 3 Fa 1-1, CP 

3 GiKFiDFa) 2, EG 

4| (IrXFa 3 Fx) 2. EG 

Sl (IrXFj 3 Fa) (JrKFa 3 Fx) 3, 4, PC 


EXAMPLES INVOLVING BOTH Ul AND EG 

d Prove WFx 3 (3x)(Fx • Fa) 


Proof 11 I (x)Fx A 

2 I Fr 1, Ul 

3 Fa 1 Ul 

4 I I Fx • Fa 2 , 3 , PC 

5 I I QxKFx Fa) 4 , EG 

6 l tUFx 3 (ixXFx Fa) I- 5 , CP 

(Extrtiic. Give an alternative prool which uses Ul only once Hint Obtair 
'Fa Fa ) 


0 Prove (p D (t)Fji:) o (p 3 aOF4 
/Vi>i>/ ^Woiked out) 


U) 


12 ) 


I pO{x)Fx 

I p 3 (Ix)Ft 
u> U)FO D (p D 


P 3 {x)Fx 

\’ 

I 

p 3 ax)hx 

ip 3 U)^l) 3 ip 3 (Itjfjt) 


CP 
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p 3 (t)Fjr 

A 

P 

(a) Fa 

A 

1. 2. MP 

Fx 

3. Ul 

(3a) Fa 

4. EG 

p 3 (3 a)F V 

2-5, CP 

(p 3 (a)Fa) 3 (p 3 (3x)Fx) 

1-6, CP 


f Prove (x)Fx 3 — U) Fx 
Proof (Worked out) 

(1) I U)Fx 

_(r) - Fx 

1 U)Fx 3 -(a) - Fx CP 


(3) 1| 

2 

3 

4 

5 

6 


{x)Fx 

I (A)-fA 


Fx 

-Fx 


\ -(x)-Fx 
ix)Fx 3 -(x) 


-Fx 


g Prove -i3x)Fx 3 -(a)Fa 

Proof (Worked out) 


( 1 ) 


-(WFj 


(2) 


-(a)Fj: 

- 0 x)Fx 3 -(a)Fa 


(2) 


(a)Ft 

I 

-M - Fx 
ix)Fx 3 -(a) - Fx 


A 

A 

1, Ul 

2, Ul 

2 4, IP 
1-5, CP 


-&x)Fx 
I (a)Fa 
7 

L(at)Fx 3 


IP 

CP 


(3) 1 
2 

3 

4 

5 

6 
7 


-(ar)Fx 

WFv 

Fx 

~Qx)Fx 

-ix)Fx 

-{,^)Fx O -(x)Fx 


A 

A 

2. Ul 

3. EG 
1. R 
2-5. IP 
1-6. CP 


exercises for sec. Z.3.4 

. Prove these OVQS 

1 Fa 3 (WFa Fa 
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2 FaD (3x)(Fx Fa) 

3 Fa Ga D &(){Fx Gx) 

4 Fa Ga D (ar){Fx Ga) 

5 (lt)(Fx D Fx) 

6 (3x){Fx D Fa) 

7 (lt)(Fx Gx 3 Fx) 

8 (3x)(Fx Ga 3 Fa) 

9 (x)Fx {x)-~Fx3{^)(Gx -Gx) 

10 (t}Fx D (lt)(Fx V Hx) 

11 ip [x)Fx) 3 {p 3 Gx)Fx) 

12 (lt)CU)Fx D Fx) 

13 -ix){Fx^-Fa) 


B 


M (jKFa: WCi) d (lt)(Fj (ItjCj) 

15 W(FxVCt) W-Fi3(lt)Gj 

16 (p V (t)Fi) □ (p V (It)Fx) 

17 U)(Fa: D p) d ((,)Fj d p) 

16 (ItKFar 3 (WF,) 

16 -WFx M-Fx) 

60 (lr)((F» 3 Cu) V (Fi 3 -Co)) 

Establish the of these OVQS 

1 Fa Ch 3 (1,)(F, Crt 


b)f providing false 


2 

3 

a 


Fa (xKCx lla)-:nixKFx UHGx Hx)) 
(xXFx 3 Cx) 3 (IxXFx Ox) 
aOFr 3 ar)-Fo 


interpretations of them 


5 WtFr V Cr) 3 ((,)Fr VU)Ck) 


2 35 UNIVERSAL GENERALIZATION 
Although we are now armed with rules for Hr 

ox.stenl.al quantifiers H is apparent that wl m. ?7® 

universal quant, hers and for dropp nnxlZ , oddin 

hope to prove ^I'slential ones For example, if w 

'-'"-'■'7Cx)3(0(Fr3Cr) 
t2> llrlirt ax)ziax)-(-F:,v-Gx) 

then we ought to have rules lor ohh 

::::r : - r ■ - " - ::: 

' - ■' - -I'toCror^^^ 
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A look at informal proofs was helpful in formulating the rules of conditional 
and indirect proofs, and it does not seem to be a bad idea now Thus con- 
sider the following examples 

EXAMPLE 1 To prove that « + (*+ I) = (tf+ 6) -M. for all numbers « and 
given that m + (n + 1 ) — (w + «) + /, for all numbers m, n, and i 

Informal Proof Lei a and b be arbitrary numbers. Since r/r +(//+ /) 
= (/» + n) + 1 IS true for all numbers m, n, and /, jt is true for a, b, and f 
Hence, a+ {b+ 1) — («+ t Thus, since a and b are arbiirar\. a+ {h+ I) 
~ (a + b)+ L far all numbers a and b 

EXAMPLE 2 To prove that replacing all the statement letters in any valid 
TFS by the statement letter ‘p always yields valid results 

Informal Proof Let S be any TFS Suppose that is valid Then suppose If' 

IS the schema obtained from S by making the indicated replacements Then 
for every interpretation of IF there is some interpretation of S in which all 
the statement letters are interpreted alike, so that S and ly both come out 
true or both come out false But S is true under every mlerpretation Thus 
so IS iV Since S is arbitrary, ue liaxe All TFS which are \ahd yield xalid 
results when p' replaces alt their statement letters 

By inspecting these examples and paying particular attention to the 
Italicized sentences, you will observe that the informal versions of universal 
generalization conform to the following patterns 

(A) Letx be any object 


(• X • ) 

(x)( • X ■ •) 

(B) Let X be an arbitrary F (number, schema, person) 


( X‘ • ') 

For any x which is an F, (• • * x • ') 


, (B) a particufar universe of discourse .3 tac.lly assumed ">'"0 W 
niverse of discourse is completely unrestricted Nonetheless <SI be 
sduced to (A), tor whenever we desire to use (B). we can substitute the 
allowing complex form of (A) 


N 


238 ELEMENTARY LOGIC 


Let X be any obiect 
I Fx 


(••■A---) 

Fa3(-"Y-") CP 

. {x)(Fx D (■ • ■ T • • •)) 

Consequeniw, we can disregard (B) and focus upon (A) Furthermore, we 
can rewrite this as 

(• • • A • ■ ■) 

fj)f‘ • - T • ■ (where x is arbitrary) 

Now (A) looks like Ul and EG Yetthereisabigdifference (A) has a require- 
ment that r be arbitrary. But what can this possibly mean from a formal point 
of yiew’ Informally, the meaning is fairly clear The obiect at is supposedly 
selected at random, it serves as a mere representative of all ob)ects, and 
none of its peculiarities may intrude into the argument at hand With this 
understanding (A) seems to be a correct way to argue If we can show that 
lor any jt chosen at random (• • • at • • •), then, clearly, U)t- ■ ■ x ■ ■ ■) holds 
Of course, we must be sure not to use any of the properties of the ac we select 
as a representative For example, it is wrong to argue 

Let 36 be any obiect 
36= I8-I- 18 
Hence (rKr= 18+ 18) 

This argument appealed to one of the properties of 36, and so it does not 
treat 36 asjiisr mn object. It a given obiect is to play the role of an arbitrarily 
srieaej uhjeci in the tuiirsc of an artumem, then the argument must not use 
im pm WHS hnoM ledge that we ha\e about this object in particular. (Of course, 
wo can apply knowledge that we might have of obiects in general ) 

In lormalieing unuersul generalization. It is useful to let variables play the 
roles ol names ol arbitrary obiects Moreover, the arguments in which arbi- 
trary obiects liguie are really subsidiary arguments such as those used in 
conciiional and indirect proofs Consequently, they will be set off as sub- 
ordinate lines ol argument by rewriting (A) as 


A ) 



PART TWO ONE VARIABLE 


quantification theory 


239 


They written to the left of the vertical line is used to indicate that v- „ 
as the name of an arbitrarily selected ob]ect during the course of ih "T 
ordinate line of argument We shall call such suborLate lines of araumem 

o,:roTm“'7"^^ 7“ because whenTp ;; 

whmh or ^ f a ' back to steps 

rences of . “7 °“b^- 

suborriif ."^i instance, inferences with the following patterns of 

suDordmate lines of arguments will be incorrect 

Fx 


Fx v Gx t, add 


1 

Fr f 


X 


JC 


F-t t, fi 



However, 



• 

! 1 



Fx 


Fx 


1 F 


Fx V Gx add 


1 Fr R 



will be correct, because the schemata containing free occurrences of Y have 
(let us assume) already been legitimately obtained uir/ii/i the restricted sub- 
proof Intuitively, these restrictions are justified as follows Schemata with 
free occurrences of 'x which occur before a restricted subproof has been 
initiated represent "previous information" about the objects Consequently, 
using these schemata in the restricted subproof is tantamount to using 
previous information about x Since V is supposed to denote an arbitrary 
object for the purposes of the restricted subproof, it is illegitimate to use the 
previous information about it Of course, there are more formal reasons for 
imposing the restrictions, namely, without them we could prove invalid 
schemata and justify invalid inferences We shall illustrate this as soon as 
the rule of universal generalization has been stated 
In universal generalization, all we are supposed to know about the object 
r IS that it IS an object, consequently, we really are supposed to start from 
scratch We could reflect this formally by having restncted subprools begin 
without assumptions However, in extending the rule of assumption, it is 
technically convenient to introduce the symbol ’A* to serve as a blank as- 
sumption and let the subproofs begin with blank assumptions Then we 
initiate restncfed subproofs by applying the following new clause of ms ruia 
of assumption 
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New Clause to the rule oi assumption At my stage m a JenMitmi ue 
may tuile donn 'A' prouded that «e simultaneously iniliale a nen terlical 
and nrite V to the left of the vertical line. 

This rule lets us initiate the restricted subproofs which are applied in the 
rule of universal generalization Consequently, such subproofs will be called 
UG siibproofs. 

Now let us state the rule of universal generalization (or UG, for short) 

Rule of universal generalization Let be the last step to date in a UG 
subproof. Then Me may terminate this restricted subproof and write ( x)S^ as 
the next step. 

Reason Hyphenated numerals referring to ‘A’ and followed by ‘UG’ 
Schematically jf I A A 


1 W, UG 

Let us Illustrate UG first with three examples and then return to the dis- 
cussion of restricted subproofs and the restrictions based upon them 

tXAHZLES 


h To derive ‘MiFx • Cx)' from ‘lx)Fx • U)Gx 
Deriiaiion (Worked out) 

m\MFx-tx)Gx P {2} I MFx-(x)Gx 

I UIIFx • Cx) I I ^ 


1 Fx Gx 
I xHFx ■ Gx) 


^x)Fx • (t)G^ 

P 

1 ^ 

A 

lx)Fx 

1.S 

ix)Gx 

1.S 

Fx 

3r Ui 

Gx 

4. Ul 

1 Fx • Gx 

5. 6. PC 

U){Fx Gx) 

2-7. UG 
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Derivation: (Worked out) 


( 1 ) 


(3) 


(t)(Ft 3 Gx) 
(t)(G.v 3 Hx) 
? 

(xXFx 3 //t) 


(x)(Fx 3 Gx) 
(x)(Gx 3 /fx) 
A 

Fx 
0 

, 

I FxO Hx 
(x)i,Fx 3 «T) 


(4) 1 

2 

3 

4 

5 

6 

7 

8 

g 

10 


(;()(Fj: 3 Ct) 
l,x)iGx 3 Hx) 
A 

Fx 

Fx 3 Gt 
Gt 3 Wt 
Gx 
Hx 
Fx 3 Wr 
W(Ft 3 Hx) 


(2) 


(x)(Ft 3 Ct) 
(t)(Gt 3 Hx) 
A 
? 

Ft D //j: 

(jc)(Fx D //^) 


UG 


CP 

UG 


P 

P 

A 

A 

1. UI 

2. Ul 

4. 5. MP 
7. 6, MP 
4-8. CP 
3-9. UG 


To prove- W(F^ 3 (Fx V Gx)) 


Proof: (Worked out) 


( 1 ) 


(2) 


{x)(Fx ^ (Fx V Gx)) 


I Fx D (/■' 

(jc)(Fx D (Fx V Gx)) 


(3) 


A 

A 

2 , add 
2-3. CP 
•|-4, UG 


I 

Fx V Gx 

I FxDiFx'JHx) 

5 I WtFT 3 (Ft V Gt)) ^ ,eslr.cled 

:anw.enl: Notice “""mg 1™"’ 
emove the handicap of starting 


A 

UG 


subpfoo* helps 
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Now for the restrictions on UG First, suppose that we could use ‘ in- 
formation ’ about V in the sense that we allowed schemata to be the as- 
sumptions in UG subproofs Then we could prove every universal quanlifica- 
iion as follows 


1|a| (•• X ) A 

2 I (j:)( X ) 1-1, UG (incorrect) 


Since many universal quantifications, for instance, {x)Fx\ are invalid, this 
would destroy the soundness of our rules 
Next, suppose that we could use previous information about V by reiter- 
ating or applying rules of inference to steps containing free occurrences 
of 'x which occur outside of restricted subproofs Then we coufd construct 
proofs of invafid schemata such as the toflowing 



1 . R (incorrect) 

2-3, UG 

1- 4, CP 

A 
A 

1, DNf (incorrect) 

2- 3, UG 
1-4, CP 

Therefore all the rJsIricurnVarTnecessrr^r soundness of UG 

bound occu'’rre?c«‘‘;f'V^n"™“^^^^ Pj-^^oob steps which contain 
not also contain free occurrences of x Th ®*®P® '^o 
bound to quantifiers so the previous inLrma, ="=P= 

sents information about obiects in general "^^bveaboutjrrepre- 

jow . ussummar.eUG and the c™itant restrictions 

1 A ^ 


UG 




'Ibeaemonslraled This v„ll show 
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Resindiofis 

1 No steps containing tree Jt may be reiterated into a restricted subproof 

2 No previous step containing a free occurrence of x may be used in an 
application of a rule of inference to produce a new step which is to appear 
in a restricted subproof unless the previous step already occurs m the 
subproof (It must also meet the other restrictions on lines of argument 
etc) 

Now for some more examples using U6 


EXAMPLES 

a To derive {x)Fx from (x){Fx Gx) Hx 
Denvauon (Worked out) 


0 ) 


(3) 


{x){Fx Gx) Hx 
{x)Fx 


(x)iFx Gx) Hx 
(x)(Fx Gx) 

A 

Fx Gx 
Fx 
{x)Fx 


( 2 ) 


P 

1 S 
A 

2 Ul 
4 S 

3 5 (JG 


(x)(Fx Gx) Hx 
{x){Fx Gx) 


UG 


o must be applied to step 1 first because it contains 

Camme,u Simpl.f.cawn rnusm PP obtamed ,n the 

a free occurrence of j; QtneiwisB 
restricted subproof 
b To derrve Or)Fx ffo™ -(ar)-Fj( 

Denvanon (Worked out) 


( 1 ) 


-(It)- 

7 

(.x)Fx 


(2) 


-Fx 


(3) 


-(lc)-fr 
rl A 

I I -Fx 
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(t) 


: — Fx 

IP 

Fx 

ONE 

)Fx 

UG 

-(Ic) - Fx 

P 

:1 A 

A 

1 -Fx 

A 

(3x)-Px 

3, EG 

\ — (lx)— Px 

1. R 

— Fx 

3-5. )P 

Fx 

6, ONE 

{x)Fx 

2-7, UG 

> derive (x)(p D Fx)' from ‘p 

juon (Partially worked out) 

p 3 (x)Px 

7 

(x)(p 3 Px) 

P (2) I 

i p3(tXPx) 

P 


p D {x)Fx 
A 

7 

p 3 Px 
(x)(p D Px) 



A 

A 


CP 

UG 


P 

A 

UG 


{Exercise Complete the derivation ) 
d To derive ’(ax)pj:’ from U)— Fx 
V>ert\ alum (Partially worked out) 


-tt)-Fx P 

7 

(2) 

-(x)-Px 

P 

(Iv)Px 


, I -Gx>Fx 

A 



— (ax)Px 

IP 



I Gx)Fx 

ONE 

-tsi-Fx 

P 



I -GxXFx) 

A 



' A 

A 
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ix)-Fx 

-{x)-Fx 

-^ax)Fx 

{^)Fx 


UG 

R 

IP 

ONE 


{Exercise 

Comment 


Complete this derivation Hmi Use IP ) 

Expenmentatior, should convince you that replacing (2) above by 


(2') 


-M-Fx 


Fx 

{ 3 x)Fx 


EG 


would prove to be futile 

e TO derive WtF^vp) from WFxVp 

Denial, on (Partially worked out) 


0 ) 


ix)Fx V p 
0 

(x)(Fx V p) 


( 2 ) 


(x)Fx V p 
A 

(x)Fx V p 

9 

, FxV p 
(x)(Fx V p) 


UG 


complete this derivation//.-. Obtain Px V P by SO and use 

‘Tro^aihrtworeouired conditionals) 

/r)Fx V P from (x)(Fx V p) 
f To derive (xjtx y P •• 

Der.a,.o„ (Partially worked out) 


( 1 ) 


(3) 


(x)lFx V p) 
9 

{x)Fx V p 


( 2 ) 


(x)(Fjr V p) 
-[(t)Fx V p] 


(x)(P.t V p) 

I _[(j)FvVp] 

7 

' [(x)Px V p] 

(x)Pi V p 
p (4) 

A 


IP 

ONE 

(x)tF-r V P) 
.((t)Fx V p! 
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V p] IP 

ix)Fx V p DNE 


(Exercise Complete this derivation Hint Two uses of IP and truth- 
functional rules will do the )ob easily ) 

Cuinnieiu This example is unusually difficult because the restrictions on 
UG block the most obvious moves to make m constructing a derivation in 
this case Yet if one can take simple truth-function steps ‘‘in the head"— this 
corresponds to the parts left for complelion-a solution can be found fairly 
quickly This comment also applies to the next example, which is also fairly 
ditlicult 


g To derive Tlc)lFt D p)‘ from \x)Fx D p‘ 


DeriMition (Partially worked out) 

(t) I tx)Fx 3 p p (2) 

1 (IvKFx D p) 


{x)Fx D p 
I -m{Fx =) p) 


p 


( 3 ) 


(t)Fr D p 
I -a*)(Fx D p\ 



I I itUx 


P 

A 

A 

UG 



(ax)(Fx D p) 

{x)Fx p 
\ -ax)(Fx D p) 

1 1 ‘-r. 


1 1 


P 

A 

A 

A 
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(lt)(FA 3 p) 


MCFt 3 P) 



FxD P 



{l\){Fx D p) 

EG 


-9x)[Fx D p) 

R 


Fx 

IP 


Fx 

ONE 

(x)Fx 

UG 

(BxHFx 3 p) 

EG 


0.t)(f A 3 P) 


{Exercise: Complete this derivation Hint: 

and also from -Fx.) 


•Fx O p' can be derived from 'p' 


cvpnClSES FOR SEC. 2.3.5 

A^Tuppl the reasons for these derivations 
1 
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6 I Fx 

7 1 Fx V Gat 

8 txD (Fx V Gx) 

9 (x)(Fx D (Fx V Gx)) 

10 (x)(Fx D (Fx V Gx)) (x)(Fx D Fx) 

B Prove these OVQS 

1 W(Fj: Cj) D M(Fx V Hi) 

2 (iKFjt V Gi) (j) -FxD (i)Oi 

3 «lt)Fjr D p) D U)(Fi D p) 

4 ((ijFi V p) 3 (x)(Fx V p) 

5 (i)(Fi D Ci) D (i)(-Ci D -Fx) 

6 <x)(FxV Gx)D (x)-(-Fx -Gx) 

7 W - (Fx -Fx) 

8 -(x)(Fx Gx) (x)Fx D -(x)Gx 

9 (x)((Fx D Fx) p) ^ p 

10 (x)(p V Fx) D -(p -(x)Fx) 


2 3 6 EXISTENTIAL INSTANTIATION 

Our final rule will permit us to drop existential 

reason it is called exiuenual mslan„ai^„ rn , u Old for this 

makes use of restricted subproofs. has in ^n,' ™ which also 

quently, it may be easier to understand th» r counterpart Conse- 

examples first ® o '* we study some informal 

- ::< i oi ..^n 

object su^ch fhm a°+ u+ h + D = fc) Now letx be 
-;1, we have -- = -^^^^Takinpc 

uxAMn E FROM ■ ocic To prove if s • if . 

"■Vp.u/p™,, Suppose that 

•nterpretation of 5 • JF m «?nma consistent Then 

, -®-Cm\rrc‘::7asToi •" -- ®-r:nV; 7:7 - 

‘'cal.on (it)(. . . V. “ *°"ows We start with pn . ' ‘^^^^istent 

oCiect Which satisfiP of this thpr« quanti- 

>u='"iod in picCa 7 '“"-"on •(• ■ he at least one 

-riro'renrr- " 

001 representative Object Now 
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we are safe, having dispensed with the arbitrary object, 
original line of argunnent from which we started 
Schematically 


we can return to the 


(ax)(- • • ^ 


Let jc be any object such that (‘ * • vC * ") 


A (A does not mention x) 

Once we reach 'A\ the restrictions on x may be dropped 
Drawing upon the lessons we learned Irom UG, we can begin to formulate 
our new rule by using restricted subproofs Thus we should start with 

Qx)[--x--) 


Unlike a UG subproof, this restricted subproof is permitted to have a schema 
as an assumption The object x does not have to be completely arbitrary, 
because it is supposed to be one of the t’s which makes ‘(lOf* • ■ jr • • •)’ 
true Consequently, we can assume that at is arbitrary e)(cept for satisfying 
^ . .)■ This object is to count as arbitrary until we no longer need it. 
that IS, until we can deduce a statement which is not about it in particular. 
Formally, this corresponds to deriving a schema which does not contain 
free occurrences of 'a' Letting IV stand for such a schema, our forma/ 
schema must be continued to 


&X){‘ • • X • • •) 

Id (• -JT---) A 


IV CIV does not contain free occurrences of 'j' ) 


Since we no longer need to treat V as standing for an arbitrary object, we 
can terminate the restricted subproof and write II' at a less subordinate lino 

of argument 
Schematically. 



•) 

•) 


A 
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1 

W El 

Naturally, we must still give a precise formulation to El The first step 
toward doing this is to extend the role of assumption once again by means 
of a new clause This will justify initiating El subproofs 

New clause to the rule of assumption If the schema &c)S^ is the last step 
to date III a derivation, then u e may write as the next step proi ided that ii e 
siiiiidlatieoiisly initiate a new vertical line and write 'x' to the left of it 

The restricted subproofs initiated by means of this clause of the rule of 
assumption will he called El subproofs The two restrictions concerning 
ieReTa\\on pTem\sses Iot rules el mlereece UG svibpvools cooURue 

lo hold lor El subproots 

The rule of existential instantiation may now be stated 

Rule of existential instantiation Suppose that W is the last step to date m 
an El subproof nhose assumption is Sj, Then, if W does not contain free oc- 
currences of 'x\ the El subproof may be discontinued and iV may be written 
anam as the next line (and outside the El subproof) 

Reason A numeral referring to (3 j:)S^, hyphenated numerals referring to S, 
and \y, followed by ’El’ ^ 

Belore demonstrating the necessity lor the restrictions on El subproots, 
let us illustrate El with several examples 

l XAMl'LLS 

a To derive llvXrAi V Ci) from fWFx’ 

Ptrivdlioil 


(t) 11 IWFx p 

2x1 Fx A 

3 FxV Cs 2, add 

•fj 1 llrflFr V Co 3, EG 

si tlxHFiVOO 1 . 2 - 4 , El 


^:r:Lem:'?n:rdrnot’rT’ 

Ifx ; CO does not. end since Ih^swVmeco^r"''^® '''' 

" “->-0" -or ih: r:L‘;ncTedii“or" 
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b To derive '{ajjfjr from (xXGx D Fx and (lr)Gv' 
Derivation (Worked out) 

(1) (xKCxDFx) P (2) (xKGxZiFv) p 

(3x)Gx P (3xjGx p 

’ aI Gx A 

(i()Fx 0 

I mFx 

iix)Fx E) 

(3) 1 ix)(,Gx 3 Fx) P 

2 (3x)Gx P 

3 xj Gx A 

4 Gx 3 Fx 1. Ul 

5 Fx 3. 4. MP 

6 I (3x)Fx 5. EG 

7 Gx)Fx 2, 3>6. El 


Comment Frequently, in dropping quantifiers while constructing a deriva- 
tion, one has a choice between dropping universal or existential quantifiers 
first Since dropping existential quantifiers entails initiating restricted sub- 
proofs, it IS usually wiser to drop these first Then one is always free to drop 
the universal quantifiers later, because the universal quantifications do not 
contain free occurrences of 'x' 
c To derive '‘-{x)Fx' from ‘(Bx) ~ Fx' 

Derivation (Worked out) 


m-Fx 

P (2) I (lx)- ft 

7 

I I (a:)Fj 

~{x)Fx 

I ’ 


I -(t)Fx 

0x)-Fx 

P 

(x}Fx 

A 

(3x)~Fx 

R 

a| -Fx 

A 

I ’ 


7 

El 

-ix)Fx 

IP 

I at)- ft 

P 

MFx 

A 

gxl-Fr 

1. R 

xl -Fx 

A 

I Fx 

2.UI 



252 ELEMENTARY LOGIC 


6 1 1 Fj: V -(It) - Fjt 5, add 

7 j -(av)-Fi 5, 4. DS 

8 -(M-Fj 3, 4-7, El 

9 -l.x)Fx 2-8, IP 

Commeni We need to derive a contradiction from '(x)Fx' in order to use IP, 
and we already have one in ‘Fx‘ and —Fx' However, these appear inside a re- 
stricted B subproof , so neither they nor their conjunction can be brought out 
ot it Yet, from a schema and its negation, we can derive any schema. So all 
we have to do is derive any schema which does not contain free occurrences 
ot 'x' and which negates something already obtained m the derivation. This 
was done by deriving — (9x) — Fx' from 'Fx' and Fx’ 

Now we are in a better position to appreciate the restrictions that govern 
Et Their necessity will be demonstrated by showing that relaxing anyone of 
them permits the derivation of invalid schemata 

First, let us relax the restriction on the assumptions in El subproofs Then, 
(or example, we can prove the invalid schema ‘(3x)Fx 3 (3x)Gx’ 

1 I (Ix)Fx A 

2 ij Ox A (incorrect) 

3 1 (It)Gx 2, EG 

•4 ( at)Cx 1,2-3, El 

5 (3x)Fx 3 (WGx 1-4, CP 


Next let us relax the restrictions on reiteration into restricted subproofs 
Then we can prove the invalid schema ■(3x)Fx ■ (3x)Gx 3 Ox)(Fx • Cx)’ 


1 1 I ex)Fx • (It)Cx 
2 1 1 (ItlFx 
3 1 I i| Fx 

4 Gi)Cx 

5 J Cx 

6 Fx 

7 Fr • Gx 

8 1 llt)(Fx-Cx) 

9 1 llrKFx • Cx) 

10 1 a<)(F, ■ Cx) 

1 1 tirlKx • GllC X 3 at)(Fx • Cx) 


A 

1. S 
A 

1.S 

A 

3. R (incorrect) 
5, 6 PC 

7. EG 

4, 5-8, El 
2. 3-9, El 
1-10, CP 


II wo relax the restriction on the tutes of inference then 
a s.mpio mod.l.cat.on ol this derivaUon tolZZT!’ ? 

D (Jr)( — Ft • Cji’ rs e invalid schema, 

^^b^equent steps (except for Its 

fence in step 11) is replaced 
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bv ■ Fx' The reasons remain the same except for step 6 This has as its 

not be a sound rule of inference 

EXAMPLES 

a To derive 0 x)Fx V (3x)Cy from (W(Fr V Cx)' 

Dematwn (Partially worked out) 


( 1 ) 


(It)CPx V Gx) 

9 

(3x)Fx V 0x)Gx 


(2) 


0x){Fx V Ct) 

Fx V Gx 

(ar)Ft V {3.r)Gr 

[^)Fx V (It)Gjr 


P 

A 

A 

EG 

add 

CP 


(3) I { 3 xWx V Gx) 

Fx V Gx 
Fx 

(WFx 

ax)Fx V I3x)Gx 
F x O [(lYfF-T V (3x)Gx] 

9 

, (lr)Fx V (Ir)Cx 
(WFx V {ix)Cx 

romolele this derivation ) 
t) To derive (itjtrx 

Denxauon (Partially worked out)^ 

(Ir)Fx V 0 x)Gx 


SD 

El 


( 1 ) 


( 2 ) 


(lt)(Fx V (Or) 
(gx)Fr V (Ir)Ox 
(Ir)Fx 
Fx 

fx V Gx 
. (lv)(Fr V Or) 

7 

(ItXFr V Ox) 


add 

EG 


CP 

SD 
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[Exercise Complete this derivation ) 
c To derive p D (3;c)FAf from ‘(3jf)(p 3 Fx)’ 
Derivation (Partially worked out) 

(1) (3i)(p D Fjt P (2) (ar)(p 3 Fjc) P 

’ X pD Fx A 

p D (It) Fx 0 

P □ (at)Fx 

p D (It)Fjr El 

(3) Gx)(p D Fx) P 

I t| p 3 F;c A 

P A 

9 

(lt)F;t 

I p D Hi) Fx CP 

P D (It)Fx El 


[Exercise Complete this derivation) 
d To derive '(JjiXp d FxY from 'p D q,)Fx’ 

DerpMwn {Partially worked out) 


P 3 at)Fx 

9 

(3i:)(p 3 Fx) 


P 3 ax)Fx 
I -(3x)(p D Fx) 


P 3 (It)Fx p 

-(It)lp D Fx) A 
9 

P 

MP 

t Fx ^ 

? 

P 3 Ft 

nt)(p 3 gg 

^ lltKp D Fx) El 

llillp D 


(St)(p D Fx) 
P 3 (ax)Fx 
1 -(3x)(p D 


Fx 

(3xKp Z) Fx) 
-(3x)(p 3 Fx 

P 

P 

(3x)Fx 
X Fx 

7 

aO(p 3 Ft) 


p 

A 


P 

A 

A 


EG 

R 

IP 

ONE 

MP 

A 

EG 
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I (ar)(p 3 Fx) El 

7 

(3.t)(p 3 

(Exercise Complete this derivation ) 

r Ti.,. 

p D 0x)Fx 
P 

(3x)Fx 
,xl Fx 

7 

Fx 

p D Fx 
. (W(P 3 M 

The next example IS much easier 

a ax) Fx O p froh' ^ 

e To derive (BxjfJ: y 

fPartially worked out) 

Derivation (Hariiuity 


( 1 ) 


W(F> 3 P) 
0 

(WFx 3 P 


( 2 ) 


(x)(F' 2) p) 
&()Fx 
1 

I P 

(3i)Fx 3 P 


CP 


W(Fx 3 F) I 

' (Ir)Fx ^ 

' Fx ^ 


El 

I ^ CP 

Qx)Fx dp 


1 (3x)Fx D P 

completethisdenvation, 


iXERCISES FOB ^ penvations 

, supply reason for hes ^ 

1 1 I (3(HFx 

2 xl Fx CX 
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2 . 1 


Fx 

— Fx 

[^) Fx 

'(It) Fx 

Qx){{.x)Fx ■ Gj:) 



Fx 

Gx ■ Fx 
{ix){Gx • Fx) 

(IxXGx • Fx) 
ilxXCx Fx)VHt 
ll»)C X D aix)lGx Fx) V Hx) 
i UWWGx) O ((Ix)lGx • Fx) V Hx)\ 

Q. Prove these OVQS 

1 (xKFx :3 Cx) D -{’IxMFx • -Cx) 

2 • Cx) D tii)Fx • (lt)Cx 

3 Gx)FxD{^^){G\DFx) 

4 U)tFx O Gx) D U3x)-Cx D ta*)-Fx) 

5 tlxtFx • p » tixttFx • p> 

6 -axlFx D (x»Fx D Cx) 

7 KlOFx O tx)Fx) D -ttlx)Fx • tlt)~Fx) 

8 UixlAx 3 U)Fx) Z3 (tx)Fx V Gc)-Fx) 

9 tli><Fx 3 tx)Fx) 

10 (likUlxJfx 3 Fx) 


2 4 PARAPHRASING AND DIAGRAMMING STATEMENTS 
'<^0 have already touched brietly upon the problem ot paraphrasing state- 
ments involving quartvilication. This brief discussion, occurring as it did 
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==3-3=:=“ 

paraphrasing application of formal logic to arguments in 

gramming is essential to th PP ^ Unfortunately, 

ordinary language This should " 

,t ,3 also by now familiar , ,„'a„„d,le. us .urn to 

connectives but also quantifiers are presen 

24 1 VARIANTS ON THE FORM ALL f ARE G 

Statements Of the form All f are G such as 

All whales are mammals 
All my friends are hoboes 
All mynahs are birds 
All Mary's brothers are lawyers 

assert that all things which are ^ hoboes, birds, lawyers Conse- 

ssglii=~s 

easily spotted Here are 
given above 

Each whale IS a mammal 

Any friend of mine is a hob 

^:,Xs -f-rr have become lawyers ^ ^ 

:rm:nn:Ke such asser.,o. ^ ^rjire" "" 

The problem can be mad® 3 „3 o, some. 

rr.:-,rh-n^g accompanied by an sRamp 

„r Lions are carnivorous 

rarealwa';srTna^9lesar^^^^^^^^^^^^ 

p are universally G ^33,33 pown 

'^'’^•^^nraG Titisa|e....'3ap'-a 

If It IS an F. It «s a 
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logic 



i 

. \ Cx-Fx 

{lx){Cx Fx) 

{lx){Gx • Fx) 

\ \ m(Cx • Fx))/ Hx 
. , at)Cix O ((ItXCjr • Fx) V Hx) 

1 U)Ul*)Gx> 3 Uix)iCx ' Fx) V lix)) 
Prove Ihese OVQS 


IsKFx D Gx) D -OkHFx ’ -Gx) 

2 tl»)lF X • Gx) D l,^)Fx ’ il*)Gx 

3 aOFxOilxKGxDFx) 

4 lillFx D Gx) D CGx)~Cx O (lr)-Fx) 

5 \l»)Fx • p = lliKFx • p) 

6 -llslFx D U)(Fx 3 Gx) 

7 U1t)Fx D U)Fx) 3 -Ul*)Fx • (3r)~Fx) 

8 U10/-X O U»Fx) D Wx)Fx V lx)-Fx> 

9 at)»)-x O U)Fx) 
to <lcK(lilf-x 3 Fx) 


2 4 PARAPHRASING AND DIAGRAMMING STATEMENTS 

V(o havo already touched bnelly upon the problem of paraphrasing state- 

mon« involving quantification. This brief discussion, occurring as it did 
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ordinary language This shou ^ 

,t IS also by now familiar that p P ,^,s mmd, let us turn to 

::m:X^T:pXr Ltcontrontusnowthatnotonly^ 

connectives but also quantifiers are presen 
241 VARtANTSONTHEFOR^t ^ 

Statements of the form All F are 

All whales are mammals 
All my friends are hoboes 
All mynahs are birds 
All Mary s brothers are lawyers 


All Mary s brothers are lawyers ^ ^ 

assert that all things which F ^ lawyers Conse- 


easily spotted Here 

given above 

Each whale IS a mammal 

Any friend of mine is a hob 

ArMal^''s P®''® each thing which is an /■ is also 

stLments make such „y learning “ '®" bTno" all. of 

The problem can be mah® ,^„„w,„g ,s a Us of som 

^ I ,ons are carnivorous 

The F IS a G P ^ tihhg®™®® "iiDee-sidod 

- fe':i:ays universally Oangerous 

c are universally ^ comes down 

If It IS an F. It 'S ** 
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Paraphrases of these examples are thus 

{x){x IS a Uon 3 -r 's carnivorous) 

U)(x IS a cat 3 X cares for its young) 

(x){x IS an elephant 3 x is a large animal) 

(T)(r IS a shark 3 x is a dangerous fish) 

{x){x IS a triangle 3 jc is three-sided) 

{x){x IS a murderer 3 x is dangerous) 

(t)(x goes up 3 X comes down) 

(j:)U is a let 3 X is a plane) 

However, even these forms are not always tantamount to ‘{x)[Fx 3 C t)' , and 
one must be on the lookout for exceptions For example, 

Congressmen are visiting Leavenworth 

does not usually mean that all congressmen are visiting Leavenworth, but 
rather that some congressmen are visiting it Again, 

The captain is a good man 

IS usually about one man and has the form 'Fa' as opposed to 
The captain is an army officer who outranks lieutenants 

which IS generally intended to refer to all army captains 
Another exception is 

An elegant woman is a hostess at Charlie’s 
which IS paraphrased by 

tlxlU IS an elegant woman t is a hostess at Charlie’s) 
and so contrasts with 
An elegant woman is beautiful to behold 
or in other terms, 

UKx IS an elegant woman D , is beautiful to behold) 

Similarly contrast the pair 
VJhat I want is what 1 gel 
Vfhat 1 want is a strong drink 
The lust may bo londered 
iikl want t D 1 geu) 

:ToZr'"‘ " “ -'■>™««a..on ot the simple-sub, act- predicate 
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/ want a strong drink 


There is a more 
Examples of this 


amusing type of exception that is well known to logicians 
type are the following statements ^ 


Highwaymen are numerous 
Geniuses are few 


Applicants are lacking 
The wicked are plentiful 
The eagle is becoming extinct 


These statements are best viewed as asserting something about a whole 
class rather than about the individual members of this class Thus, when we 
say that geniuses are few, we mean that there are not many of them, we do 
not mean that Einstein, say, is few Thus such statements should mjrbepara- 
phrased by statements of the form (x)(Fx D Gx)’ Failure to recognize this 
can lead to silly arguments, which have served as logician’s jokes, such as 
the following 


Hawaiians are dying out (,x)ix is a Hawaiian r is dying out) 

Kimo IS a Hawaiian Kimo is a Hawaiian 
Kimo IS dying out Kimo is dying out fUl, M9) 

One should not regard these or any other exceplions with mere idle 
curiosity They have been offered to emphasize how fallible our ‘ rules ' for 
paraphrasing can be This is an area in which each statement must be 
viewed as unique, and paraphrased by means of sympathetic attention to 
context and the author's probable intention The sooner one appreciates this, 
the fewer mistakes in paraphrasing one will make 
Another family of statements fall into the ’All F are G' category, but begin- 
ners often find them difficult to recognize because F and C appear In 
reverse order Three, but not all, of the forms that such statements take 
follow, w{tl? examples 

Only G are F Only the rich are members of Old Oak 
None but G are F None but A students are honors graduates 
All IS C that IS F All is well that ends well 

The first statement does not assert that all rich people are members of Old 
Oak It asserts that all members of Old Oak are rich Likewise, the second 
statement affirms that all honors graduates are A students, and not that 
all A students are honors graduates The last statement similarly sa>'s that 
all that ends well is well, and not that all that is well also ends well Hc/o 
are more examples in this general (amity 

None but the brave deserve the (air 
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They a^so serve who only stand and wait 
God helps them that help themselves 
Base IS the slave that pays 
Only the godless are damned 

And their paraphrases 

(xlU deserves the fair D x\5 brave) 

tx)U IS a person who stands and waits D x also serves) 

(t)(r IS a person who helps himself D God helps x) 

(jt)(x IS a slave that pays O x is base) 

U)U IS damned D x is godless) 

Finally, let us collect a few odds and ends that deserve mention First, 
there is the use of pronouns as substitute universal quantifiers Some ex- 
amples of this have already appeared, but here is another 

He who hesitates is lost 


This paraphrases as 

U)lx IS a person who hesitates 3 x is lost) 

A related construction is found in ‘all who’, ‘each one who’, etc , as in 
All who attended voted 


which IS paraphrased by 


U)U IS a person who attended 3 x voted) 

Oi course, this use ot pronouns must not be confused with their use to refer 
to detm.ta things The contrast is brought out by means of the following pair 

Ox slatemen!^ ** ^ 


He who does evil will be punished 
Ho does evil and will be punished 


Another method for saying that ‘All F are C 
couple of examples follow 


IS supplied by infinitives 


A 


To know her is to love her 
To live IS to suffer 


Their respective paraphrases ate thus 

UKI knows her 3 ^ loves her) 
uKt lives 3 r sulfers) 

AS a hna, device, le, us consider disclaimer phrases s 


J'no matter who’. 
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•even the oldest’, and 'no matter hoW This use is illustrated in the following 
examples 


NO matter how stupid she may be. a beautiful woman merits attention 
No matter who requests admission, he will be denied 
Even the largest man can get through this hole 
The smallest worm will squirm when stepped upon 


I ne sriiaiiBoi 

=.,h^tiiute universal quantifiers, since, by denying 
These phrases ,„eption to a given regularity they 

:rpr;ru:atrrirno:xceptionsSot^ 

WU IS a beautiful woman 3 x merits attention) 

Sl^;::rm". x^ll squirm If stepped upon, 


exercises for sec- Reveal as much logical structure 
:rpS:,‘an"n1::^"cessary parentheses 
_ enammals 


Bats are mammals 
Sparrows are not mammals 
Th,> horse IS a hooved animal 

The mayor is a go 
Dogs have paws 

s —rr-s-,- 

14 Those who study hard wi 

17 He who seeks ^ deserve to Imd 

ie None but those who sert^^ 

19 Sad IS the man w 

20 The team members _3 ,3,1 

2, TO try IS to 00m and educated 

22 Gentlemen are alway 
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23 Only licensed physicians can charge tor medical treatment 

24 Shark bites are always fatal 

25 Only citizens of the United States can vote m U S elections 

26 Citizens of the United States can vote only in U S elections 

27 None but the insecure are jealous 

28 All vegetables are both delicious and nutritious 

29 Every student is either a graduate or an undergraduate 

30 Dogs are expensive if and only d they are pedigreed 


2 4 2 VARIANTS OF THE FORM NO F ARE C 

Much ot what we have learned about the form 'All F are G’ can be trans- 
ferred to the form 'No F are G’ This is not to say that the forms have the 
same variants or the same exceptions to their variants, it is only to say that 
many of the devices used to express variants of the first form have analogs 
in the variants of the second form One must guard against treating the two 
as exactly alike, however, for this can easily lead one astray The form 'No F 
are C’ may be rendered by ‘ix)iFx O -Cx) or by {^) ~ {Fx • Ga)’ The first 
IS the more customary rendition and will be used here, but the second is 
perfectly acceptable and should be used when it simplifies a problem at 
hand 

Some of the simple variants on 'No F are G‘ are illustrated by the followi ng 
examples 


None of the crew survived 

An elephant is not a fish 

Good students are not playboys 

Nothing valuable is sold cheaply 

A right triangle never contains an obtuse angle 

If it IS a bird, then it is not a mammal 

The horse is not carnivorous 


Their paraphrases are 

(Olt belonged to the crew o -u survived)) 

(rid ,3 an elephant D -u is alish)) 

I tilt IS a good student n -(t ts a playboy)) 
ititr IS valuable 3 ,s sold cVieaply)) 

'.Hr IS a right triangle 3 -tx contains an obtuse angle)) 

HKt IS a bird 3 -u isamammabi ^ 

*iKi IS a horso D is carnivorous)) 

^h:“::"r,rns":ehr ““ mies 
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The captain is not a brave fellow 
Good students are not easy to find 

The last will give rise to an amusing argument if nu.,„erpre,cJ 

Good students are not easy to find 
Johnson is a good student 
Johnson is not easy to find 

The forms 

Only C are not F 

None but G are not F 

are paraphrased as '(x)<.-Fi 3 Gs) Thus 

Only the inattentive do not pass 
None but the lazy do not succeed 

are rendered 

, T V IS inattentive) 

WU does not pass D x 

WU do®® 0°* succeed 
The statement 

one IS wise Who does not guestion his specs 
,s similar, being paraphrased as 

,x)i-(x questions his spouse) 3 a is w ^ ^ ^ 

that the constructions would give 

and the near®®' 'dings .p.s are 

None but non-C are r 

S:lrbThfntCf— 

They may be ^ ^a^patanl)) 

(jtKa is ^ ,5 a conformist)) 

Infinitives may 

TO Know her IS .0 not lov® her 

which paraphrases as 
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UKx knows her D -U loves her)) 

However one must be caretul m 
particular attention to the position 


paraphrasing such statements and pay 
ot the negative particles Thus 


To know her is not to love her 


can probably be paraphrased as 
-(xHx knows her D x loves her) 

but It certainly does not mean that all who know her do not love her 


2 4 3 MISCELLANEOUS VARIANTS 

Alter such a lengthy discussion o1 AH F are G and No F are G we shall 
not have to say much about Some F are G or Some Fare note It is worth 
while to give a few examples of variants of these forms however so that they 
can more easily be spotted later To this end let us look at the following 
examples 


Horses are sometimes black 

A lady came to the dance 

Something red flashed through the sky 

Black crows exist 

Russians are in attendance 

Kings are sometimes not tyrants 

Their paraphrases are 


(^x){x IS a horse x is black) 
tlxtU IS a lady r came to the dance) 

(Ixltx IS red x flashed through the sky) 

(lt)U IS black x IS a crow) 

ai)(x IS a Russian x is In attendance) 

ao(x IS a king -u is a tyrant)) 

ConuasHhese however v<>m the following nonvar, ants 
Horses are not sold as meat 
A lady did not invite me 
Russians ate not present 

which paraphrase as 


UHI IS a horso o -(t IS sold as meat)) 
iiHi 15 a lady o -u did not invite me)) 
Uh. IS a Russian 3-,. is in attendance)) 
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Furthermore, do not be misled by the construction 'There 
used to deny rather than to assert existence Thus 


are no', which 


IS 


There are no just wars 

There is no such thing as a round square 


are paraphrased as 


~Qx)(x IS just ‘X IS a war) 

— (3x){jr IS round x is square) 

The following statements all belong to a family which has not made an 
appearance yet 


All and only my classmates are invited 
One IS wise if and only if he knows his sons 
Something is feared just in case it is unknown 


These statements are related by being paraphrasable into the form Ul 
(Fx—Gx)', thus we have 


(jc)(a: is my classmate * jns invited) 

(:t)U JS wise s X knows his sons) 

IS feared ^xis unknown) 

Sometimes people will use a variant of ‘All F are G' when they intend to say 
that ‘AM and only F are G' This is because the former is shorter and easier 
to say So it IS necessary to pay attention to context and other cues to avoid 
being misled m this case Frequently, this shortcut is used m giving defini- 
tions We have, for example. 

A bachelor is an unmarried man 


meaning 

WU IS a bachelor ^ .r is an unmarried man) 
and 

To be is to be perceived 
meaning 

U)(r IS a being = r is perceived) 


2 4 4 COMPOUND TERMS 

Many of the previous forms reappear with compound f- or O 
example. 


Jnui for 
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All black horses are wild 
IS paraphrased by 

wu IS black j: is a hovse 3 x is wld) 

Similarly, 

Mo tal men live past 90 ^ ^ . 

Some women who are ambitious drive their husbands crazy 
Some wild mushrooms are not poisonous 

may be paraphrased as 

{x){x IS fat jc IS a man D -(x will live past 90)) 

(3j)(x is a woman x is ambitious x drives her husband crazy) 

{ 1 k){x is v/ild X IS a mushroom — (x is poisonous)) 

Often a compound will be couched within a compound, as in the following 
examples 

All cats are safe if they are not rabid 
A shark »s dangerous only when it is hungry 
No lion should be petted unless it is muzzled 


Here the best strategy is to paraphrase inward, thus 

txHx IS a cat O X is safe if not rabid) 

(x)(x IS cat D (— (x IS rabid) D jt is safe)) 


(t)(x IS a shark D t is dangerous only when it is hungry) 
tx)tt is a shark D tx is dangerous D r is hungry)) 

tx)tx IS a lion D X should not be petted unless it is muzzled) 

(x)(t IS a lion D (-{t should be petted) v x is muzzled)) 

When dealing with these examples, however, one must beware of sub- 
tleties For example. 

Apples and pears are fruits 




Uku IS an applo v a is a pear) D t is a (ruit) 
Another typo of nuance is ifluslrated by 
Laroo anls inllict bad biles 
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Given our present apparatus, the 
single unit It does not mean both 


phrase ‘large anf must be treated 
large and an ant', for then 


as 


a 


Large ants are large 


would be a logical truth What it means ,s ‘ant larger than most ants, and 
this phrase cannot be further analyzed using just our current techniques 


2 4 5 TIMES AND PLACES 

Quantifiers are also used to refer lo times and places The reference may be 
made explicit by means of phrases such as 'everywhere', 'wherever, no- 
where', and 'someplace', or it may be left implicit Let us consider the 
explicit cases first A bevy of them are provided by the following slalemenis 

Everywhere that Mary went the lamb was sure to go 

Nowhere does the road fork 

Where there is smoke there is fire 

John never asked her out 

Whenever it rams, it pours 

These statements are paraphrased as follows 


(t)(Mary went to x D The lamb was sure lo go to tj 
(x) — (The road forks at x> 

(xXSmoke is at x D Fire is at x) 

(x)-<John asked her out a time t) 

(x)(lt rams at time x D It pours at lime rt 

For the implicit references we must turn to statements such as the following 


John hangs up his hat when he comes home 
I loved him when he was single 
John may be found with Mary 
The colonel inspected the enlire perimeter 


By paraphrasing these as follows, the references to limes and places bo- 
come explicit 

(xJtJohn comes home at lime x 3 John hangs up his hai al time M 
(arid loved him at lime r • He was single al lime t) 

(arXJohn IS at place X ■ Mary may be lound at place r) 

<r)(x IS a place on the perimeter 3 The colonel inspected place .> 

Some consiruclions used to refer lo times have also 
connections, and we must take care not lo contuse Ibese roles 
sider the function of always «n 
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Sadie always gets what she’s after 
1 always leave my son with a baby-sitter 
This sign always is found at an intersection 


In the first statement ‘always* is used to refer to all things, in the second, to 
all times, and in the third, to ail places Thus, as paraphrases, we have 


UKSadie is after x D Sadie getsx) 

(r)(l leave my son at time x D My son is with a baby-sitter at time x) 
(j:)(This sign is at place x D An intersection is at place x) 

Again compare the following uses of ‘if* 


A man is good father if he loves his children 
It IS cold if it IS snowing 
Everyone will be good if the world is saved 
which are paraphrased by 


U)(x ,s a man D (t loves his children D ^ ,s a good father)) 
U)(lt IS snowing at time x D It is cold at time x) 

The world is saved D U)u is a human 3 x wilt be good) 


exercises for secs. 2.4.2 TO 2 4 5 

Por:*Urerr::::3t’^ as muon structure i 

1 No elephants are r^nw 


No elephants are pink 
No careful drivers have accidents 

to attend 

body who asked was refused 
Gieat artists are not skifftuf 
Great artists are not always pretty 
Great artists are never pretty 
Never are the rich taxed 
The goat is not a bovine 

None bulmeTud"’?''’”""'"’ 

^-o'osea,d,s,„:::~'’~^ 

Toallendclassisnotip|ea,n 

0 "k elephants exrst 
Slopped 
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18 Diamonds are sometimes cheap 

19 Something ,s expens, ee when and only when ,1 ,s ,n demand 
There are no ladies present 

21 An isosceles triangle is one with two equal sides 

22 All and only the imprudent are unrewarded 

23 A spendthrift is never rich 

24 To be great is to be immortal 

25 A black horse is never white 

26 No old ladies will be invited 

27 No old ladies are in the room 

28 Not all old ladies are in the room 

29 A horse should not be ridden if it is not over two years old 

30 Cows and goats can be milked 

31 Each student will be tested unless he is excused 

32 A crowd will become a mob only il it is enraged 

33 There are wild animals that cannot be tamed — ' 

34 Heavy feathers are feathers, but they are not heavy 

35 Beets and potatoes are root crops 

36 Every man or woman over twenty*one can vote 

37 No person who is under twenty>one or a felon can vote 
28 dog is always hungry 

39 My dogs are always beagles 

40 Although black dogs are never barkers, they are sometimes biters 

41 If It snows in the mountains the roads freeze 

42 If all the snowflakes melt, then there wiH be no snowbaKs on the window 

43 Wherever there is a city, (here is a smog problem 

44 Whenever he visits, he slays for dinner 

45 A teacher is effective if and only il his students learn 


2 4 6 'ANY’ AND 'EVERY' 

Paraphrasing statements m wh/ch the words 'any' and 'every' occur can bo 
quite tricky, since in same contexts these words are inlerchangeabfo. while 
m other contexts then meanings differ markedly Consider, lor oxamplo. 

Any man is mortal 
Every man is mortal. 

All men are mortal 

They all say the same thing, so it appears as if 'any. every, and an a'o 
interchangeable However, compare the following 

If any man is immoriaf. medical science is incorrect 
If every man rs immortaf. medicaf science is mcorrcci 
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Here ‘any’ means ‘some’, so this pair are paraphrased as 

(ItKt is a man • x is immortal) D Medical science is incorrect 
(x)U IS a man D a: is immortal) D Medical science is incorrect 

A similar case is provided by the next couple 

John cannot beat any player 
John cannot beat every player 

which may be paraphrased as 


-(3x)U IS a player John can beat x) 

~(x)(x IS a player 3 John can beatx) 

The last pair differed in meaning, yet the next do not 
John can beat any player 
John can beat every player 


jjoblems of scope further complicate things when we turn to examples 


If anvlhinn 'nformed 

II anything happens, the newspaper reports it 

In the last example, 'if refers to 'anuih 

the quantifier corresponding to 'anvth.no® ' P®''^P'^fasing the example, 

■ng to 'If This excludes '' ‘^e variable correspond- 

lOU happens) D The newspaper reports x 

aou happens) 3 The newspaper reports X 

and narrows the choice to 

ppens 3 The newspaper reports x) 

'U ''=PP“"a.°he'netlprperrrprts;r^^^^ " ^ that 

--eon: -=Peot to occurrences of 

"G. the mayor will, ecuiy „ 
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If someone calls I shall be told 
If someone calls, his message will be taken 

A fire IS some place unless it has rained 
A fire IS some place unless the chief goes there 

The last pair may be paraphrased as 

(av)(A fire IS at place x) V It has rained 
(x)(A fire IS at A V The chief goes to r) 


2 4 7 DEPTH OF ANALYSIS 

When paraphrasing statements it is often important to decide on the amount 
of their structure to reveal The more probing analyses of a statement 
naturally end up exposing more of its form, but often a fairly superficial 
expose will suffice for the purpose at hand If, for example, an argument 
can be validated by purely truth-functional techniques then it is unneces- 
sary to bring quantification theory into the problem at all This is true even 
when the argument contains statements involving quanliliers To be more 
concrete consider the following argument 

It IS raining everywhere in Connecticut 

Assuming that today is Saturday, the game is oil if it is reining cvcryrvhoie 
in Connecticut 

Hence today is Saturday only if the game is oil 
This argument has the truth-functional form 


p, q 3 (p D r) q D r 


and so it is valid The statement It is raining everywhere in Conneclicul has 
been diagrammed as simply p . but it admits of the more complex diagram 
(x)(Fa D Gx) It should be clear that there is no need to use this diagiam 
or to give a deeper analysis ol Ihe argument Purely Irulh lunciional tech- 
niques suffice 

On Ihe other hand one may find that, although a quantihcaiional analysis 
IS needed for certain parts of an argument, a purely trulh-funcuonal analysis 
will serve for Ihe rest ol it As an example consider this argument 


No man kissed his wile at Ihe station, but some men who Ooaidcd the lia n 

saluted the conductor 

Thus some men boarded the tram 


In order to demonstrate Ihe validity ol this argument u .s necessary lo 
bare the quantihcaiional structure ol all ol the conclus on and ol me a. 


IJ/ 
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Thn f.rQi rtavise of the premiss may be treated as a 
. does conta.n <,uant.„ca.,ona, structure. Th,s 

simple analysis of the argumertt gives it the form 


p ■ (IcHFx • Gx ■ Hx) ■ 0x)(Fx • Gjt) 

whereas a more thorough analysis would give it the form 


U)(J.t 3 — Kx) • (3x)(Fi Gj: Hx) 0x)(Fx ■ Gx) 


Clearly, m this case, the deeper analysis is inefficient and superfluous 
There are, as one might expect, no hard-and-fast rules for determining 
how much structure to lay bate But it is useful to look for recurring phrases 
and terms If a phrase occurs as a unit in both premisses and conclusion, 
then It probably may be left unanalyzed But if il occurs whole in one place 
and parts of it appear elsewhere, then the whole should probably be analyzed 
into its parts Of course, if someone’s aim is to give as deep an analysis of a 
statement as possible, then let him analyze away But significantly simpler 
schemata and demonstrations of validity will be gotten by revealing no more 
structure than is required Notice, however, that these remarks are con- 
cerned chiefly with demonstrations of validuy, and do not constitute a blanket 
authorization to use purely Irulh-lunctionai techniques For many a valid 
argument will appear to be invalid if only truth-functionally analyzed If 
validity is established by one of the simpler analyses, then this is all that is 
needed As long as one fails to establish validity, however, a further analysis 
is required, until the deepest analysis is reached Then, if the argument still 
turns out to be invalid, the verdict must be accepted 
Another area of simplification concerns universes of discourses Suppose 
that all the statements involved in a particular problem are about a limited 


category of obiects such as humans or numbers Then many of the refer- 
ences to humans (or numbers) in these statements can be absorbed by the 
quanliliets of their paraphrases Thus, if the universe of discourse is limited 
persons’, or ’everyone’ can be paraphrased 

r^Tv h„ I A? A '“raPPPP'. ’somebody’, etc . 

may he treated similarly Thus, under such circumstances. 


Evervono is for himsell 
Nobody lives Jorever 
Some people drive mo crazy 

110 one can remain under water without air lor ten minutes 
may do paraphrased as. simply. 


HM» IS tor himself) 
ui~u lives forever) 
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(li)U drives me crazy) 

can remain under water without air for ten minutes) 

Of course when the universe of discourse is not limited to humans, such 
paraphrases may not be satisfactory Other things besides 
cannot be for themselves, live forever, drive me crazy, or rema n unde 
water without air for ten minutes Thus it is possible for ^ 
about humans to be paraphrased as a false one about everything The stale 

would then be paraphrased as 

iyYx is a human D y is for himself) 

W(r IS a human 3 -(a lives forever)) 

pofe"! !nTad"oruTnr.^eTa:"parph^^^^^^^^^^^^^^ 

crazy', it might be possible to use 


a person who drives me crazy) 

The eoceptability of such paraphrases w^ e^^^^ 

some other examples of ta^^^^ 9 ^ ^ ^ 

All wise people live long ^ W ^ ,cns lasti) 

NO fat men run fast (t)( ^ particular category, simpler 

When the °'a‘l|cen'trs'^P'®' "'^°'"“’“'n!’,sses"'Th'L°s! when me 


'■ ■ 

marFoTet'Rple.oensider me arguments 

Thus all who voted are pe p 
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If the universe of discourse were taken as unlimited, these would be para- 
phrased as 


John kissed Mary 

(IrXr IS a person x kissed Mary) 


(v)(jr voted Z) j stood on line) 

(jiXat stood on line D x had coffee) 

. Wfx voted D jT IS a person • jt had coffee) 

and consequently, they are valid only i, we supply the implicit premisses 

John IS a person 

(OU voted zi jf IS a person) 

we not only obtam thVfoIlolmrs”paraprase^^ 

John kissed Mary 
(3i)(a: kissed Mary) 

(r)U voted Dai stood on line) 

U)U stood on line D AT had coffee) 

■ U)U voted D X had coffee) 


but the extra premisses also become unnecessary 


EXERCISES FOR <?Prc o - 
A Parapl,raseZ! ^,t ^ 

Ihe money to buy a car ' "’“''aver, ,t ,3 (3,.. ,,, , 

^ “"vono „s,en 3 ,\Tw,„ b " 'bat any student 1 

trouble ° ""'I hear us, and if anon u 

= II somebody oalk ^ ®ball be 

It the lines are open* ' bim back, but someb n 

® ^f’yone IS weicom Will call me o 

3 “onol meet ZZm 

" somi ZZZ I' wm be? ""I remember h 

“ Parapiuai, ‘ ^““t his q,L„ ® biven to him 

““ «--- oiyroS 
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If all COWS give milk, then either some of our animals are not cows or some 
of them are sick 

If a man is great only it he is known, then no men in this town are great 
Some people smoke, some dnnk, while some neither smoke nor drink 
If large amoonts of money are hard to earn, then the man who earns a large 
amount of money is either very smart or very lucky 

Unless neither nuts nor hemes are fruits, some birds and some squirrels 

"man knocks at the door now,thenalHhegirlsw,, I hideinthecloscls 

II someone knocks at the door, then he will be sent away, although everything 

necessary for our protection IS available 

:===== 

"« ." 2 , 

twice For the first time assume that the 
rd ro=ursTrre:'tS"o persons For .he second tinre assume rha. 

1 * Eve™ body in the room will stand up 

: :rmtrr.--dow,hew,l,seequ,,aas,ght 

: :dTd“::.teryp?e“r.:Che«asthe 

e Tne ones who bought candy pa^'»- 
^ No one who entered ter ^ 

8 Someone received a price | 

, „ from PARAPHBASES to SCHEM*J* leiahvoly easy to obtain 

rstatemen. -“; 3 ';;t:s^::.hy "placing allcon^onentsu^ 
schema which^diag by "d tho same statement 

rrenT:tatement ex-P'- " 

liter for all repetitions 

. hates dogs) - Tabby loves cats :,,7n.3-^lP“'°- 

^r^gsTfa -3.3 :> „„ not sub.cct m 

jrther analysis, the" 

,„ers to yield, say. „.s o tr “ w . 

,)(, loves cats O r 
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Next we turn to the components which are to be analyzed as simple-subject- 
predicate sentences Their subjects are replaced by individual constants, 
and their predicates by predicate letters Different subjects and predicates 
are replaced by different constants and predicate letters and recurrences of 
the same subject or predicate by the same constant or predicate letter. Thus 
If all the simple components of 

Fa ■ Cb E (Ka V Hh ■ -Fc) 

Returning to our first example and treating 'Tabby as a subject yields 
U)U loves cats D x hates dogs) • Fe D (p . v (r p,„ 

explicitly analyzed Ifa s'ub'lec't or“reSrirthe'f^'^t 

or predicate letter We can even concefvfof ^y a constant 

currence Of 'John', say, would be taken rr 1 °Re oc- 

.nVtTsrrh:;-:;Te:!r 

have been a.eneeed m. only onen'*5tn7,!^"''T “"analyaed elalemenis 

predicate part of 'a Predicate letter has h*. 

lelior musfalso h» ^‘"'’’'®'®“‘’‘®'='-Pfedicate sento " *° ’’pP'oce a 

sentences For exami P'o^icate part mr^ Predicate 

brother has hee, ^ '* ^ oomponent star open 

>>'othe, ihon 'John killed John's 

« 'I'lk. Th« '<^>‘"'<•1100 7s bmih 'T killed x's 

Thus, to return to our Jirs, example ^ m 7^' <^-9-mmed 

‘^'®’’"""’=>y"nolly diagram It by 


Hero / 
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Finally, although each statement to be diagrammed may ordinarily be 
treated as a separate entity, such need not be the case when a problem in- 
volves two or more statements This happens when one attempts to deter- 
mine equivalences or implications Then a "simultaneous diagramming s 
necessary that is, the same individual constants, statement, or predicate 
letters are reused when representing elements common to 
ments For ^ 

and George is a ,o represent all occurrences of 'George and 

should use the a,, occurrences of 'a friend of John's' 

InV'aTiend orrJime Thus the three statements could be diagrammed by 
'(tXFjt D Gi)', 'Fa', and 'Ga'. 


exercises for sec. 2.4.8 oxc-cscs 

A Obtain sch8m3t3 which di39 

of sec 2 4 Reveal as much Oelween these paired slalomenls 

By means of derivations, establish ^ , cat 

■ A8 -ts are blac. ^ is spuare 

Sorle people 4- "»;\^\,7;,,ttrgraTuat, he is no. an undergraduate 

If somfionc IS 3 studs • «. nni an undcrQ^^*^^^ ® m h 

" hen no one called the P<>^« everyone sang 

in Anv place there IS smoke iner 




some 



elementary logic 


r p” py p;a oLem subjects an. pre.,ca.ea 

a,e (epiaced by dillerent constants and predicate letters and recurrences o 
the same subiect or predicate by the same constant or predicate letter Th s, 
if all ihe simple components of 


John IS a Boy Scout • Jane is a Girl Scout - (John is m school V Jane runs 
■ -tGeorge is a Boy Scout)) 

are analyzed in terms of subjects and predicates, aschema diagramming the 
statement would be 


til • Gb “ (Ka V fib --Fc) 

Returning to our first example and treating ‘Tabby’ as a subject yields 
UMt loves cats 3 \ hates dogs) • Fu D (p s (q v (r D p))) 

An expression is replaced by a constant or predicate letter only when it is 
explicitly analyzed as a subject or predicate In the first example, the simple 
sentence ‘Rover hates dogs' occurred, but because it was treated as an 
unanalyzed unit, neither ‘Rover’ nor ‘hales dogs’ was replaced by a constant 
or predicate letter VJe can even conceive of an example where one oc- 
currence of 'John', say. would be taken as a subject, as in ‘John killed a cat', 
but where another occurrence would be treated as part of the predicate, as 
in Frank struck John’s car’. Then ‘John’ would be replaced in the first oc- 
currence by a constant, but not in the second 
Onto the simple*subjec\-piedicate sentences and unanalyzed statements 
have been disposed o(. only open sentences, truth-lunctional connectives, 
and guantilicrs remain Thus, to obtain a schema, we need only replace the 
open sentences by piedicatc letters with 'r’ appended to them. In so doing, 
diheicnt open sentences are replaced by dillerent predicate letters, while the 
same open sentence is replaced by the same predicate letter in all its occur- 
rences Moreover, if a given predicate letter has been used to replace a 
predtcaiQ part ol a simplo-subjcct-predicate sentence, then the predicate 
ittitr rnusi also bo used when this predicate part makes up one of the open 
swnicncLS For example, if a component slalement. ’John killed John's 
bfo’ncf . has been diagrammed as 'AV. where 'K' represents 'x killed t’s 
tretru then the componcni aiHx killed x s brother)’ must bo diagrammed 

-V Thus 10 return to our Iirsl example, wo may tinally diagram It by 

<.■/ 1 J <,i| / j 3 l/. M til / u 3 pj)i 

I t as to to Chosen to ttprcsenl 'c loves cats', since it has already 
^ ' trd tr s lo o in 0 agramming Tabby loves cats' 
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p„«,, 

treated as a separate ha„pens when one attempts to deter- 

volves two or Then a • simultaneous diagramming is 

mine equivalences or , constants, statement, or predicate 

necessary, that is, the same ,o the several stat^^ 

letters are reused when ® ,„endofJohn'sisafn 

ments '“f ,mply 'George is a friend of mine', we 

:;:i;ru':e1h:s:m:constanttor^re.^^^^^^^^ 

rd^^Tie^f:^-:"^^ three statements could he diagrammed hy 

•WIFV 3 Gr)', Ta. and Cn 


XERCISES for sec. 2 - 4.8 me previous exercises 

■ °,tec rrCeal as these paired statements 

There are no ^pp,33 3,3 truits and pears are fruits 

Apples and pears a f^^ 

S^mfperpirare no. 'a> No< P-r'^JuI:! he is no. an undergradua.e 

rsrdrr - 

1 All s'hP^h'V Hence Joe is taking logic „33ds gas buys it 

g ::ro:;-<= 7 rnm-rgX-;;^:e-^^^ 

rifh*. - -P - are buds ,. .oHows .ha. bald eagles ha 

^ ^r--lna, numbers some, n.eg^ 

= “rXnrnumbers are prime numbers 


1 

2 

3 

4 

5 

6 
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6 

7 


9 

10 


Babies aie illogical Nohoby is despised who can manage a 

logical people are despised So babies cannot manage crocodiles so long 

as they are people 

Every living thing is a plant or an animal John s goldfish is alive bet it is 
not a plant Something has a heart provided that it is an animal So John s 
goldfish has a heart 

Lions are dangerous animals Some lions are lame Therefore dangerous 
animals exist 

Whenever John buys a Coke, he buys a cake John bought a Coke yesterday 
U John bought both a Coke and a cake yesterday, then all his friends visited 
him Hence everyone is either not a friend of John s or visited him 
An atom is indivisible, but molecules are not So nothing is both an atom and 
a molecule 


1 1 Any lady who drives a car wears a hat. while anyone who wears a hat has a 
bald spot Although not all ladies drive cars, ladies do drive cars So there 
are ladies who have bald spots 

12 Ho one wants to go to lait So there is someone who would like to eat cake if 
ho wanted to go to tail 

13 Whoever stole the car sold it Someone sold the car only if he signed the 
registration So anyone who did not sign the registration did not steal the car 

14 Anyone who attends college takes courses or drops out Anyone who takes 
courses works hard Anyone who drops out is dratted So provided that a 
person auends college, he works hard or is dratted 

1$ It no bats are vampires, then no ghost stones are true Alt stones about 
houses are true There are ghost stones about houses Consequently, vam- 
pire bats exist 

ie Only lawyers Can practice law If everybody practices law only if everyone is 
a laiwyer. then there are law schools which grant many degrees For these 
reasons theto aio taw schools that grant many degrees 
t7 There aio last hotses which are brown Unless nothing is a last brown horse, 
no little horses are lost horses So something is a fast horse only if it is either 
brown or not a little horse 


18 Acrobats are bold and so are airmen Everyone here is an acrobat or an air- 
man So no one hero is not bold 

19 Each and every war is unjust but some wars are understandable Thus un- 
luit but understandable things do exist 

:o Ever, one has a hoarl So someone has hair and a heart just m case he has 
ha r. and anyone who docs not have a heart has x-ray vision 


QUAHTtPlCATtON THEORY AND BASIC CLASS 

C .-.ui among ina molt impoitani obiecis ol mathematics There are 

'“hUbmontal obiecls 

- V, vma c, ,0, „ has been shown that numbois. lunctions, senes 
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limils, and all other mathematical objects can be construed as classes 
Logicians have played an important role m the reduction of mathematics 
to class theory, and the investigation of class theoiy is one of the more 
important applications of logic We cannot hope to develop class theory 
thoroughly in this book, but we can use one-variable quantification theory to 
study some elementary portions of class theory This will be our project m 
this section 


2 5 1 CLASSES AND MEMBERSH}P 

A class IS a collection of things which share a property in common The col- 
lection IS not a heap, however, classes are not spatiotemporal objects Thus 
we can speak of the class of blue ribbons or the class of positive integers 
or even the class o( classes The common properties which the things in a 
class share need not be some simple, or "neat", property Thus there is the 
Class of U S Presidents who lived in the nineteenth century and the class 
of things which are either bald people or milkless cows Indeed, given any 

open sentence ( r ). one can speak of the class of r’s such 

that ( V ) 

A class contains all and only those things which have the property deter- 
mining the class Thus the class of men contams all and only men, the class 
of crows contains all and only crows, etc To symbolize the membership of 
an object x in a class A, we use the symbol V and write 

JC 

Thus, 'John € the class of men' means 'John is a member of the class of men’ 
IfJ IS a class with a finite number of members a,b c d h, then we can 
write 

A ~ {a,b c d. /i} 

buf of course. If ,4 has infinitely many members, this is not possible Suppose 
that 

^ = {1,2, 3,4, 5} 
then the following are true 
ieA, 2eA. 3eA 
while the following are false 
6€A. OtA. 2>cA, TheSune/f 
Classes which have the same members count as identical classes To ex- 
press that A and B are identical classes, we write 
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« 

Thus the following holds 
(1) A = B =l(HJt/l 

which simply states that /I and D are identical classes if and only if they have 
the same members Since every U S President must be over twenty-one the 
Class ot U S Presidents over tvjenly-one »s the same as the class of U S 
Presidents 

There are also classes which have no members For example, the class of 
unicorns, the class of round squares, and the class of U S Presidents under 
twenty one are memberless classes Let./4 and D be two memberless classes, 
and let t be any object Then both t€/t and'xe/? arefalse^so x£A = x6B 
IS true Since x is arbitrary, (xHt e /t — t e B) is true, and then by (1), /4 = B 
Thus all memberless classes are identical, and there is only one empty 
(momborloss. null) class This is denoted by 0 Thus we have 

12 ) 

There are also classes which contain everything, such as the class of all 
things, the class ot things which are blue or not blue, and the class of things 
vrhich are identical with themselves Again, it follows from (1) that all these 
classes are identical thus there is only one universal class The universal 
class IS denoted by V', so we have 

i (3) 

V/o have naively assumed that every property determines a class, which 
contains all and only those things which have the property In 1901, Bertrand 
Russell showed that this assumption can lead to contradictions His argu- 
moni ran roughly as follows Classes have properties and can belong to 
closes Some classes belong to themselves lor example, the class of 
classes 15 a doss so it belongs to itself Other classes do not belong to them- 
sc'.es lor example, the class of men is not a man. so it does not belong to 
•'stU To say that a class x belongs to itself is to say that r e t. so to say that 
t dots not belong to itsell is to say-t x < x) Now consider the class of classes 
, tn do not belong to themselves Call it « Then 

'ii*i t K ^ It < th 

Go t/ ui 
H * « - \H t H) 

- J i' 1 4 4 coniraj ct.oa’ 
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Much of Class theory since Russell's discovery has been devoted to de- 
termining which classes may be assumed to exist without engendering con- 
tradictions The goal is to develop a class theory which will be both con- 
sistent and sufficiently rich to provide a foundation for (he rest of mathe- 
matics We cannot explore these interesting problems in this book Instead, 
we shall assume that we are already given a universe of objects and limit the 
classes we deal with to classes of things in this universe We shall also con- 
struct our notation for class theory so that we shall be unable to express the 
membership of one class in another In particular, we shall not be able to 
write 'fi € li’ or ‘— (/? € It)’, and so will avoid Russell’s contradiction by being 
unable \o formulaic’ it 

For objects t m the universe and any class of objects in the universe, we 
can express c /f'. but not ’/f € r’. or 'A € B\ where B isa class of objects m 
the universe 

We can think of the universe as a square 



Then our classes can be represented as regions in the universe 
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members o1 A Thus vre have 


(4) (r)(x€^ =3-(jc£/l)> 

p.ctor.ally, ,t A represents one tegtott ,tt the square, A represents the rest of 
\he square 



Since the univofso is the whole square, the empty class is represented by 
no region m the square Wo do have, however, 

15) v-g 
IG) d - V 

V^hen every member of the class A is also a member of the class S, then 
A IS a itibchis Of li This is written 'A ^ W. so we have 

^ (7) .1 C If 3 

S nco I < 0 IS false for any choice of x, while ‘x e t'* is true (of any choice of 
». both iiMs « g D j (/{) and 'tt)tx«/t O 1 1 tO’ are true of any class A 
Mtncg. 0/ (7). wo also have 

o) .1 c y 

O) 0 C .1 

M« can itprcscni iho subclass relation pictonally by drawing one region 

r..'n n j.noin<;r (.01 course, this docs nolwotk with tho empty class unless we 

> 1 - r\ cl it .ss wittim every region ) The diagrams aro ollon useful lor under- 
•.'4-0 rg Ati/ 4 siatemcni atxrut classes is true Thus consider 

I'Ci t ; ii tl C <• c I c; C 

' 4.0 I I.i non-.enl I C « • « C C . wo shall see that -wo have already 
10. 'c . -'i j I " c 




PART TWO ONE-VAflWBLE QUANTIHCATION THEORY 



Similarly, (he truth o( 

(11) A SB^bca 

can be seen from the next diagram 



The vmhoded region is .4 


2 5 3 INTERSECTIONS AND UNIONS 

The class of things which two classes have in common is called their i/ire/-- 
sectton The intersection of A and B is written 'A n B' Consequently, 

(12) {x){x€A n B = xeA x^B) 

holds if two classes share members m common, then their mteisection is 
represented by the overlapping portions of the regions which represent 
them 


r 
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252 COMPLEMENTS AND SUBCLASSES 

Tne ciimpinnwi of a class v.nlten A', isihe 

members oM Thus \*»e have 


dass of things which are not 


UHx£^ =— _ 

P,ctor,ally. .1 ^ represents one region m the square. .T represents 
the square 


tha rest of 



Since the universe V is the whote square, the empty class is represented by 
no region in the square We do have, however, 

15) r = o 

(6) 0-r 

When every member ol the class /t is also a member of the class S, then 
/i IS a subclujs of B This is written 'A C B'. so v.e have 

[7) -t C fl " UHj tA D 

5 ncc 'x « \5 IS false lor any choice ol x. while 'x £ V'’ is true for any choice of 
i. both (iKi < 0 D j; « .-11 and (xMx eA O x e ly are true of any class A. 
Hence, by (7). we also ha*e 

l2l t - t 
<31 0 I t 


»»o can ttpicsent the subclass relation pictonally by drawing one region 
«v *• n a. wr er lOl ccursc.ihisdoesnotworKWTihtheemptycIassunlesswe 
. * ol <i as Aitr n ctcry region ) The Uiagrams ate often useful for under- 

a sta'ufrtnt about classes is true Thus consider 




, H n ' 


t c c 


’It ’LCftsent 1 

• d I “ r 


^ C C" . kvc shall see that ac hake already 
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Similarly, the truth ol 
( 11 ) A QB =BCA 
can be seen from the next diagram 



The unihoded region is 


2 5 3 INTERSECTIONS AND UNIONS 

The class of things which two classes have in common is called (heir inier 
section The intersection of A and B is written 'A n B' Consequently, 

(12) (r)(r€/^ n 5 = • T€^) 

holds If two classes share members m common, then their intersection is 
represented by the overlapping portions of the regions which represent 
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If two Classes have no common members, then their intersection is simply the 
empty class It is easy to see that the following must hold: 

(13) A n B = B CiA 

(14) M n (fl n C) = (^ n B) n c 

(15) A C\A^ A 

(16) /I n 0 = 0 

(17) A nv = A 

(18) ^ n B C 

The class of things which belong to either one (or both) of two classes is 
called their i/ma/i. The union of /I and B is written '/t U S’; so we have 

(19) (0(t€/i U B s (t€/| V teB)) 

In terms of regions, the union of two classes consists of the portion of the 
square occupied by both regions 11 A and B do not have any members in 
common, then the region representing /I u B will be broken into two dis- 
lointcd portions. One can easily see that the following hold 

(20) u B = B u /) 

(21) A U (B U O* W U B) U C 

(22) A U .4 = /I 
(23j U 0 = 

(24) A U 

‘ ^ ( 25 ) A ll 

(26) A n ui u C)= (.-I n B> u w n C) 

(27) A U IH n Ct = (A U B( n {A U C) 

(28) A n It <^A \J It 

( 29 ) .1 r\7i^K) 

(30) .1 U ,1 - 1' 


EXERCISES FOR SECS. 2.5.t TO 2.S3 

A TtuoCffiio'T 

1 . « of c»cn numbers 
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2BS 


B 


2 (t)(> « I' V relt) 

3 3 £ 12,4,6) 

■» 3 £ (2.4,6) U (3,5,7) 

5 3 £ (2,4 6) n (3,5.7) 

3 (2f= (1.2) n (2,3) 

^ The class ot even numbers O (he class at odd numbers = 0 
* numbere^ ^ "“mbers = (he 

9 ()u(i} = r 
'0 (1.2) C fU U (2) U (3) 

11 (l)n( 2 )c(i 

12 (1,2,3) n (f)-(l,2.3.4) 

13 (3,2) S (2,3,4) n (3,5) 

14 l'C/1 3£l = 1' 

15 M n 11) u 4 =N 

Oenve contradfcljons from each of the following 

1 (f)(r € ^ H -U € r • r f//m/ use UI and replace x by '/i ] 

2 (x)(jr</? j.) (xexDxfx)) ^ 

3 U){x £ R ^ -^(x e X y X e X —txex))) 

4 (\)(XiV) {x){X£R^X€y -fX£X)) 


class of odd 


2 5 4 PROOFS IN CLASS THEORY 

Although It IS fairly easy to convince oneself of the truths of class theory 
which have been cited, it is mferesfing to know that if is possible fo construe 
all these truths as merely franslauons of valid OVQS For then basic class 
theory can be viewed as one-vanable quantification theory in a new guise 
The rest of this chapter will be devoted to carrying out this project But first 
It will be necessary to specify the apparatus of basic class theory more 
precisely 

The capital letters '/f, ‘B’, 'C , and ‘D’ will be used as class terms They are 
supposed to represent arbitrary classes We shall also use 0’and as class 
terms which represent the empty and universal class From class terms, 
further class terms can be for med, u sing |U‘, ‘O', and parentheses in the 
obvious way Thus ‘/t U B , ‘iy4 n 0)’, 'A n {B (J cy, and 0 r> y) U A' are 
class terms The task of specifying precise rules for forming class terms is 
left to the reader (Note that in the examples given, outermost parentheses 
have been discarded and that, of course, 'x* is not a class term ) 

The simple sentences of class theory are of three forms. 
xea. a = /l. a C /3 

where a and J3 are class terms Thus the following are among Ihe simple 
sentences of class theory 
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A = BUC, tlBUC 9 = WnB) 

The oLher sentences are composed from simple sentences in the usual way 
by using truth-functions and quantifiers The precise specification of the 
rules lor forming these sentences is also left as an exercise 
It must be emphasized that class terms are not to be treated as individual 
constants, that is, they cannot be replaced by, or replace, the variable 'x 
Consequently, neither Ul nor EG can be applied to class terms Notice that 
if class terms were replaceable by a variable, and conversely, then we should 
obtain expressions such as 

X € X, A € X, x = A, X C A 

which have not been admitted among the sentences ot class theory 
Next we shall give the iranslaiion rules for translating sentences of class 
theory into OVQS The double arrow wiH be used to indicate that the 
expressions on either side of it are translatiorts of each other The first rule 
IS simply 

Rt t e tt a X 


where a is one of ‘A\ D', 'C, or ‘D’ Ri states that 'x e A' translates as 'Ax', 
'xt li translates as ‘Cx‘. etc Notice that this rule applies only to the class 
terms Vf, 'D', ’C\ and 'D' The other rules apply to all class terms, and the 
Greek letters ‘a’ and '(3 will be used in stating them to represent arbitrary 
class terms The rules now follow 


R2 X t u (x e q) 

R3 xtarip»-*x€a’Xip 
R4 x<aU^*-*TCaV X€0 
R5 a C; = T c 0) 

R6 u - /3 »-* « a a V € p) 

R7 r€0'-*^U 
R3 xtl' — Ax V -Ax 


Tho motivalion behind most of Iheso rules should be clear irom the intro 
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,t lA dearlv possible to translate every sentence 
By applying these object that, since 'Ax, 'By', etc , 

of class theory into an OVQ . ( .-moo OVQS This problem is easily 
are not OVQS, we cfo nitt ^,0 , put we shall not bother to 

overcome by replacing A y ■ ’ n produce sentences built 

do so.) We start by applying R5 and R6 
from sentences of the form 

' ' “ „iinntifiers Then successive 

where o is a class term, via truth-lunchons^ iromaterial when several are 
applications of the other rules { h .5, , etc , 

applicable) will finally 3 

so that the result will be an OVQS ^^^3 ,0,0 a sentence of 

Notice that ~|y'p^ly,nrR 1 throughout an OVQS will do that 

class Jp ,b,s ,n mind, however _ 

rules were not designe ^ ^3gnC = B’ 

CXAMELE. The translation of B 

Truiislaiion Step-by step ^ 

Cx)(flY ■■ V A ^ ^ g ; -U £ B)) 

WCBY = dY V ^ ^ CY ^ 

- '' ^C-c..cea'blybyccndeos,ngsuc.sswe 

Vyocanshortenthistranslatm^^ 

Sl^n be condensed tosevenstop 

to the next example a c M A B) O C 

The translation of d-' 

example 

TranslattonStep-by-s'^!’ 

^ ® £'^(rf^ n B) n C) f ,7 

2 (y)(y£ 0_^^^^'^,(^ nBj^r 

-Ax 3 Y 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 


s-U€B)) 
X e C ^ -U ^ 


R6 

R6 

R4 

R3 

R2 

R8 

R1 

R1 

R1 

R1 

R1 


D ^ ^Vi 

(x)iAx ^ 

ix)iAx 
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5 WWV -AKO<eA R2 

6 IrtMt -AxOAx -Bx Cx) 


A theorem of Class theory will be defined as a sentence of class theory 
whose translation is a valid OVQS A proof of a theorem of class theory can 
then be defined as a proof of a valid OVQS, followed by its translation into 
Ihe notation ot class theory 


LXAMPLE Proof of 0 C B' 


l*ruo/ 


tU A 

2 Ax -At 

31 ^Jc 

41 AxVBt 

sl -At 

6 B.I 

7 At -AxZ) Bx 

8 {t){Ax -Ax D Bt) 

91 (t)(/lT -Ax D X € B) 

lol (t)(t€0 Z) xiB) 

U\ OSS 


A 

A 

2.S 

3, add 
2, S 

4. 5. OS 
2-6 CP 
1-8, UG 

8. R1 

9. R7 
10 R5 


The strategy behind proof construction in our class theory is quite simple, 
as may be seen from the example Working backward, the theorem to be 
proved IS translated step by-step mio quanWicahonal notation Each step 
ol translation will be lustitied by one of the translation rules, of course Our 
backward trip will come to an OVQS. which we then attempt to prove by the 
usual techniques Once a proof of the OVQS has been found, we need only 
append our translation steps to it in order to obtain a proof of the class- 
theory theorem This will be illustrated in the several examples that conclude 
his section 


LXAMI l l S 

a To prove U)(t<^) O A = V 

l‘rn<f 
1 1 ’ I jLI 1 



s It 3 t It ; 

0 It / - li 


A 

A 

A 

3 add 


3-4. CP 
A 
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71 

8 

9 

10 
11 
12 
13 
141 


I Ax 

\axV-Ax)DAx 

MAxOMlAx<^iAx^-Ax)) 

(v)U£/l) 3£I = '' 


b To prove A C A U B 


I , Ul 
6-7 CP 
5, 8, PB 
2-9, UG 
1-10, CP 

II , R 1 

12, R8 

13, R6 


\ Ax'/ B\ 

I ',4V D (rlAT V Bx) 

A QA^ B 


To prove (3 t)(j; £ S) ^ 


(B = A) 


A 

A 

2, add 
2-3. CP 
2-4. UG 

5. R1 

6, R4 
7 R5 


Proof 

1 

2 

3 

4 

5 

6 

7 

8 I 

9 
10 
11 
12 

13 

14 

15 

16 


)(0j: s Ax Ax) 
x)Bx 

Bx-Ax -Ax 

Ax -Ax 
Ax 

Ax V -(WSJt 
—Ax 
-&ABx 
-(lx)Bx 
x)(Bx-Ax 
■xD-(x)(ex-f 

xeB) / vrcB ^-T^A) 


A 

A 

1. R 

A 

2. Ui 

4. 5. MP 

6. S 

7. add 

6. S 

8. 9. DS 

3. 4-10, El 
2-11. IP 
1-12. CP 

13. R1 

14. R7 

15. R6 
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EXERCISES FOR SEC. 2.5 4 
Prove these theorems of class theory 


t 

= B c A 

16 

2 

(i)lx f P) 

17 

3 

(i)-(x€.5) 

18 

4 

r -0 

19 

5 

0 -t' 

20 

6 

A Q 1' 

21 

7 

0 C /f 

22 

6 

A <Z B U QC 3 A QC 

23 

Q 

ixXx « /f n « - jr € W X (A) 

24 

to 

A n n^ii HA 

25 

It 

^ n (H n C) = {^1 n /i) n c 

26 

12 

.t n « A 

27 

13 

n 0 - 0 

28 

14 

1 n i ' » ,1 

29 

15 

/t n « c w 

30 


A\J B=B \J A 
A V (B U C) = (A U B) U C 
A \JA=^A 
A U 0 = 

Avy=y 

AVA==V 

A n J = 0 

/I C ^ u fi 

A=A \J B B C A 

A n IB u C) = (A n B) u (A n C) 

A u IB n C)==IA u B) n lA U C) 

A n B C A u B 

~(A nB = 0) o (3lt)Ue^) (IvHieB) 

(A n B) U B A u B 

(lt)(4t eA)B —(A *» P) 



PART THREE: FULL 

QUANTIFICATION 

THEORY 


3.1 QUANTIFIERS AND QUANTIFICATIONAL SCHEMATA ^ ^ 

The greatest drawback ol one-variable concerned 

to reveal the complete logical “[ "'f ^j^oon as one raises logical 

with relationships This comes to the surface as so 
questions about statements such as 

(1) Every event is caused by something 

(2) There IS something by which every event IS caused 

It turns out that (2) implies (1) this implication between 

quantification theory is incapable o e sviribolized as respectively 

(2) and (t) By means of its devices they are sym 

(3) (r)(r IS an event 3 a IS caused by someth g) 

(4) (IvXEvery event is caused by a) 

These in turn are diagrammed by 
(v)(Ft D Cl) 

Qi)//r „ nart of the problem IS 

, other Of course par nave 

neither one of which implies and every ^ L|e to obtain 

obvious the informal quantifiers =»^;'7®,„able ,t is imP°=='^'® 

remained unsymbolized Butwi pt,(iers At best we ge 

a correct symbolization of these q 

(5) (x)(x IS an event O l3x)V‘ 

(6) (li)U)U IS an event 3 x is caused y equivalent lo 

.ootiral while tne IV 

The latter IS not even gramm jbyx) 

(7) (lr)U,s an event) 3 (3x)(xis cause 
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wh, 0 h hardly has Ihe sarho sehse as (1) (Note - “ne^ar.abie quanhhca- 
''-rtlTh^rth^-U -Wihq qoahhhers 

Jdl le eZdod It to Ohe-vanahle quant, hcatioh theo^ By the saje 
token the present inability of one-variable quantification theory '“handle 
arguments involving relations prompts its extension to full dt-antification 
thMry This IS accomplished by two ma)or additions First, more ''anables 
and quantifiers will be added This will allow (1) and (2) to be symbolized, 
respectively, as 


(8) WU IS an event Z) (3>')U is caused by y)) 

(9) IS an event 3 x is caused by y) 

Second, the domain of quantificational schemata will be extended by 
admitting the new variables and quantifiers as new symbols and by allowing 
more than one variable or constant to be attached to a predicate letter. Two 
of the resulting schemata will be 


(xXFx 3 {ly)Gxy) 

{^y){x){Fx 3 Gxy) 

which diagram (8) and (9) Nonetheless except for these two additions, much 
of full quantification theory will be familiar from the one-variable branch 
The same rules of inference can be used (with some additional technical 
restrictions), and no new rules will be necessary Moreover, except for minor 
changes needed to extend them to the new schemata, the concepts of inter- 
pretation and validity used previously can be carried over to the full theory 
s Nonetheless, it is advisable to start once again at the beginning by returning 
to the analysis of simple sentences 


3 t 1 SIMPLE RELATIONAL STATEMENTS 

A simple-subject-predicate statement attributes a property to the object 
Its subject names For example, the sentences 

The New Haven Railroad is bankrupt 
The Pennsylvania Railroad is solvent 


respe«>vely, to the New Haven and 
Pennsylvania Railroads On the other hand, the statemertts 


( 1 ) 

( 2 | 


The New York Central merged with the Pennsylvania Railroad 


The New York Central and Pennsylvania Railroads 
Haven Railroad 


took over the New 
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rf nnt aq ascribiRq properties to any one railroad taken alone, 
are best viewed, not as ^scrib g P 

but rather as asserting that th Pennsylvania are 

ships to each other Thus (1) assej^s . a are 

related by means of a merger, while P) , ,3 possible 

further related to the Lgle statements by selecting one of the 

to regard (1) and conceived of as attributing the property 

railroads as a subject Thus( ) ^ork Central or with equal 

of merging with the Pennsy merging with the New York Centra! to 

right, as attributing the ^ much more useful no, to single out a 

the Pennsylvania However ,t will be m 

subject in (1) and (2) Instead f =^,3 „d,„dual constant to each of 
and m symholizmg them assign a e ^ T abbrevi- 

r;prrvr,\tirdr;:^:'e-- 

Mnp 

Tnph 

where VT stands for the New Haven^^^^ „ ,3 c^led adyidlc 

si==is=-= 

lined) 

g^isS^pTNewYork 

gplirnthePiifioiBn 

Triadic Jot!l®®"*^^^^u°^urRSmaon . 

jS^iSsgavetheb^w^^^^^dBm^ 

-teoYer, -.mns -een .Y _ be.vreen five things 
— otatetradicrelatio.^^ 


„es paidtwent)Ld2!!2I5'°S^ '^^h.ng standing 

jerted is represented y 
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seated by a predicate constant Thus the genera! form of statements assert- 
ing dyadic relations is gn/en by 

Fab 

while triadic, telradic, and pentadic relational statements have the respective 
forms 

Fabc. Fabcd. Fabcde 

The active and passive forms of a relational statement are symbolized 
alike Thus 'John loves Mary and ‘Mary is loved by John’ may both be ab- 
breviated by Ljtn Reversing order while simultaneously switching voice 
affects no change in the significance of a relational statement However, 
reversing order without changing voice or changing voice without reordering 
can lead to changes of meaning Thus it is possible for ‘John loves Mary' to 
be true, while both 'Mary loves John’ and ’John is loved by Mary’ are false 
In general, Fab' must not be equated with 'Fbo', nor 'Fabc' with 'Fbac, 
'Fcab , etc 

Many relations can and do hold between a thing and itself Thus someone 
may love himself, kill himself, pat himself on the back, talk to himself about 
himself If by 'Lab', Kab , 'Pab', 'Tabc we mean 'o loves b', 'a kills b‘, 'a pats 
b on the back', and 'a talks to b about c’, respectively, then the relations to 
Dneself in question are formulated as 'Laa, 'Kaa', 'Poa', and 'Taaa'. Some 
relations hold only between a thing and itself Identity is an example of such 
a relation since everything is identical with itself and with nothing else This 
might prompt one to think that identity is a property, and not a relation, so 
that we really ought to symbolize it as la’ rather than as ‘a = b' But notice 
that this would deprive us of the means for denying identities We could not 
express, tor example, the statements 

-(Grant = Lincoln) 

-(Chicago - the capital of Illinois) 

Moieovet, since the same person or thing is often known by different names, 
we should no longer have the meahs lor expressing highly informative true 
identities such as 


Hemingway = the author of The Killers 
Mark Twain = Samuel Clemens 

William Quinn = the first governor of the state of Hawaii 


Indeed, as Ihese examples show, whether or not something is a property 
dyadic, triad, c, or tetrad, c relation ,s realty not a question ot how m2 
things ,t can truly relate, but rather a question of grammar Now let us think 
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to Z ZT"' r'" “ “"e or more blanks wh.ch are 

roiaf ^ subject ’ terms to produce Simple-subject- predicate or 

rien!T Fonnatance, let us think of 'is red' and 'loves' as con- 

densations ~,s red' and '-loves-' Then, whether or not a relation is dyadic 
t ladic, etc , will be simply determined by the number of blanks the symbol 
tor it contains On this score •=’ stands for a dyadic relation 


3 1 2 VAflWBLES AND QUANVFIERS 

Let us consider the relation of being We can affirm that one thing 
IS larger than another without using quantifiers, namely, Boston is larger 
than New Haven'. Using one quantifier, we can even state that everything, 
something, or nothing is larger than a given thing, for example. ‘(x)(x is 
larger than Boston)’. '(at)(j: is larger than Boston)’, W — ix is larger than 
Boston)' However, to slate that everything is larger than something or that 
there is no larger thing, two quantifiers with different variabfesmustbeused 
Thus, to start with 'Everything is larger than something’, we can first write 
‘(i:)(ar is larger than something)’ But if we continue this symbolization, using 
only V we can obtain only ■(jr)(x is larger than x)’ and ’(at)!!: is larger than x)' 
The very simple remedy to Ihis problem is to introduce an additional variable 
and write 'U)f3y)(x is larger than v)’ The statement ’There is no largest thing’ 

IS a little more complicated One might just write '-{dx){x is the largest thing)’, 
but this would fail to reveal the full structure of the statement But if we reex-* 
press the statement as ‘There is nothing which is larger than everything’, 
then It can be symbolized via (IrXyXx is larger than >)' 

The sentence -(at)(y)(x is larger than y)’ happens to be true This is seen 
as follows If there were a thing x larger than everything ), then t would 
be larger than itself (because it is larger than everything) But nothing is 
larger than itself, so there rs no largest thing The acceptability of this argu- 
ment illustrates an important point about the relationship between x and ) 
and the corresponding quantifiers distinct variables need not carry refer- 
ences to distinct things In other words, the something or everything of 
'(3x)' or '(x)' and the something or everything of ’(30’ or (>)’ can be the same 
thing The sentence ’(xXSvWx is the same size as j)’ will also be true if every- 
thing IS the same size as only itself To express a statement which is true if 
and only if everything is the same size as something different from itself, we 
should have to write <x)(3>)(— (i = • r is the same size as^) 

This point can be illustrated further by expanding universal and existential 
quantifiers in finite universes by means of conjunction and disjunctior 
Suppose we consider the un, verse U of three Jrsnncr Ihings a. b. and r Then 
in V, 
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(1) = 

amounts to 

(2) (3>)(« = rt (BjXfc-y) 03’W'^ = >’) 
which in turn amounts to 

(3) („-aV » = f.Va-c) (b = fl V i> = b V 1> = c) (c = « V c = b V c = c) 

Notice how a b and c have been substituted for both a and > Without 
such a substitution (3) would come out false in U For n = a is needed to 
mate Its fust component true b = b the second and c = c the thud 
To ascertain the truth value of a statement containing more than one 
quantilied variable we simply apply the familiar rules W( r ) 's t™® 
i! and only ( x ) becomes a true statement whenever x is taken as 
naming an actual object (SxK ) is true just in case there is some ac 

tual object such that ( x ) becomes a true statement when t is taken 
as naming this object except now x may be replaced by other variables > 

X « etc Thus (xX3>Xx = y) again »s true just in case (3yKx = y) becomes 
a true statement whenever x is taken as naming something But this hap 
pens just in case there is something such that x = > in turn becomes a 
true statement when y is taken as naming this thing But there is such a 
thing namely the thing x is taken to name So (3yXx = >) becomes true 
whenever x is taken as naming something and consequently (xX3>)(x = y) 

IS true also 

Since diherent variables need not carry distinct references there is no 
difference between say (xKxisred) and (>)Cyisred) Indeed both are true 
if and only if everything IS red Similarly (IcKx is red) and (3y)(yisred) are 
seen to be equivalent This sort of equivalence extends a long way but im 
portant exceptions arise when quantifiers tall within the scope of other 
quantifiers For example 

(4) (ir)(r IS human D (3))(> is the mother of x)) 

IS a simple biological truth but it is replaced by (y) we obtain the 
falsehood 


15) IS human O (3>)(> is the mother of y)) 

Excluding such exceptions which will be charecferized precisely later 

UIFr (,in iJlf- etc are an equivalent They are merely variant ways 

ol saying that eveiything is an F Similarly (3x)Fx (3y)Fy 0z)Fc etc are 
variant and equivalent expressions. or something is in F Since something 
and everything may ord narily be rendered by (3x) or (3y) etc and (x) 
Cl. elc with equal iust.ee ,x)(,)Fx, ,s equivalent to (>Kx)F>x and 
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(lt)(3v)rv> 10 (3>)(ar)fM In the first case the equivalence holds because 
we are dealing with mere variants of Everything bears F to everything ,n 
the second case we have variants of Something bears F to something The 
next pair of equivalences is even more surprising In the last pair j- and i 
are changed throughout in the next pair j: and i are changed only in the 
quantifiers Thus we have the equivalence between (r)(\)FA->’ and (0(v)Frv 
and between (lr)(3>)Fjr> and (9>X3i)Fr> and here remains unaltered 
throughout The latter of these equivalences is seen to be true as follows 
(ar)(30/^v\ IS true if and only jf there is an a- and there is a v such thatF 4 > 
that IS if and only if something bears F to something But this is precisely 
the condition under which (3>)at)rx\ is true So (lx)(3\)Fv\ and (3v)ar) 
Fjt) must both be true or both be false and thus equivalent The equivalence 
between and (>K-t)Fx> is demonstrated similarly {Of course our 

subsequent techniques will permit the rigorous derivation of these equiva 
iences} 

The last pair of equivalences allows the permutation of adjacent and like 
quantifiers We cannot permute adjacent and unlike quantifiers however 
Thus (\)(3^)Fn is not equivalent to (3})(x)Fx} The second form is stronger 
and implies the first but not conversely For example if it were true that 
something is the same size as everything then everything would be the same 
size as something Or if something created everything (including itself) then 
everything would be created by something or if something caused every 
thing everything would have a cause But the converses need not hold 
everything is the same size as something namely itself yet there is nothing 
such that everything is the same size as it Every person has a father but no 
person is everyone s father Everything may have a cause but there need 
not be something that caused everything fit can be argued that confusing 
( 4 )( 3 ^)F 4 >’ with f^})(x)Fxy lies behind the first cause argument for the 
existence of God ] The form G))ix)Fx} requires us to pick a> first and then 
everything must bear F to ft whereas (x)G))Fx} allows the possibility of 
finding a different ) for each x For example (’r)(3>)(x = i) is true because 
for each y a y can be found (that is x) such thatx = > But (as long as more 
than one thing exist) (3»(-r)(x-» is false for nothing v is such that every 
thing IS Identical with it The contrast between (3>)(r)fr=v) and (t)(3>l 
(x=-y) IS further emphasized by expanding the former in the universe 

{a be} (The latter has already been expanded above) In (3iK0 

(x—y) amounts to 

W(A = a) V <a)(a = i) V (t)(J = c) 

Which in turn amounts to 


{a=a b~a c 


*=* h = c r = 
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IS false smce each con,ur,ct,on has two false components On the other 
hand, il implies 

(„ = aV<, = iVa=c)-(i. = aV(, = fcV(, = c) (c = r, V e = b V c = c) 

that IS, the expansion of •W(3y)U=yy m l«,b.c} A simple 
test will prove this Sinoe many people tend to confuse t3})WFxv and 
■WOjfFxy', It IS useful to illustrate the difference again with a diagram. Let 
us suppose that we have a universe of three cities, a and h and c Let us 
further suppose that roads from one city to another are represented by 
arrows and that it is possible tor roads to lead out of and back into cities 
(loops through suburbia) Then if 'Kxy' abbreviates ‘/I road leads from v 
to y', the following diagram verifies , 



but falsifies \ly)MRxy In other words, m this diagram there is no Rome, no 
City to which all roads lead But both '(x)(3>')]?Ay’ and X3y)(x)Rjr>'’ are verified 
by 



Exercise Is it possible to construct a diagram which verifies \^y){x)Rxy 
but not ■(xX3>)Rx>’'’ 

With such a variety of variables betore us, it is often difficult for the be- 
ginner to decide which ones to use when symbolizing a sentence Accord- 
ingly. it will be useful for us to run through a few examples which illustrate 
the problem of choosing variables To start with, consider the truth 

(6i Every man vs a son of some man 


We start out by paraphrasing this as 

(7) lx)(r is a man D r is a son of some man) 

The variable 'x has been used here, but any other variable will do It is a 
matter of hisloncal accident that logicians tend to use ‘x’ first Next wa 
must symbolize 'x is a son of some man' Now a new variable must be se- 
lected II we choose 'i then the symbolization is '(3y)(>' is a man • x is the 
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» sr— r." r.:” “»■“ 

would yield 

which could not possibly “0^ o, nwaning isquiies a new 

“•«: rr nrcsr-.' - “ -- » 

meaning Thus consider 

(8) Every man loves himself 
This IS rendered by 

(9) (v)U IS a man 3 X loves v) ^ 

No.onlymus. t ^'^etlUng lorexample fail to match (8, in 

be bound to the initial W Ainn 

point of meaning 

T (3vKx loves y)) 

^rVJc IS a man j wa 

W.saman3(W0'°''f>» 

U)(t IS a man 3 X loves y) „ew or old 

,n the next example however it maKe 

variables are used „ p.acX 

(1 0) If everything is r following 

Thismay be symbolized eguallywel. by any 

^=^’^(;’,:‘(^'isbiS) 

si: red,’ 3 (z) - cz IS blaoK, ,3, action 

P-IIV -t us symb^'- the sentence to ano^r^^^ 

Philosopher contradicts every Philosoph 

';C contradicts himself -f^/^rTdo's 
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(WU >S a philosopher Wy 's a philosopher □ ^ contradicts y)) 
we obtain 

i3x){x IS a philosopher ■ U)U is a philosopher n x contradicts x)) 

This fails on two counts it fails to bring out the connection between every 
philosopher and the first philosopher x, and it makes every philosopher 
contradict himself That is why a new variable is necessary The consequent 
ot (11) IS a new statement, and so the variables used in the antecedent may be 
repeated or disregarded The consequent of (11) may be symbolized by 
(lt)(t IS a philosopher ■ j: contradicts j:)’ or *(9y)(y is a philosopher ■ y con- 
tradicts >y. or etc Naturally, we must use the same variable throughout the 
consequent, tor this philosopher contradicts himseSf Thus a complete sym- 
bolization of (11) IS 


(at)(x IS a philosopher (y)(y is a philosopher D x contradicts y)) D (3z)(z is a 
philosopher • contradicts z) 


In sum, considerations ot meaning determine whether new or old variables 
are to be chosen and whether a given variable is to tall within the scope ot a 
given quantifier Where such considerations have no bearing, the choice ot 
variables is a matter of personal preference However whenever a new 
quantifier must be used, a new variable may be used, and it is probably best 
to do so 

At this point It IS necessary to specity our technical apparatus more pre- 
cisely In addition to V, the letters y, ‘z’, 'ii' . and 'u‘ will be used as variablesy 
^ and m order to ensure an unending supply of variables, subscripted 'x , 

' T’. ‘c‘. and 'it will also count as variables Thus x, . y,’. ‘iv^'. and are 
all variables Where a is any variable, (a) is a imn ersal quantifier and (9a) is an 
Thus (x)'. •(» . ‘(zV, ‘(u)*. (z,)‘. etc . are universal quanti- 
fiers, while ’{Ir)’, (3>)’. (3z)’. (3«j)‘,etc.areexistential quantifiers Existential 
and universal quantifiers are read as we read ‘(x)’ and X3x)' We may read 
(3i) . for example, as 'There isay’.'for some etc The scope ot a quantifier 
IS as before the shortest expression following the quantifier that grammar 
and parentheses permit Thus the scope of '(x)’ in '(xXx = x D (3y)(j: = y)) d 
{lx)U = rV IS U = t D (3>){t = >))•, that of 'Gy)’ is '(x = y)', and that of ‘(3x)’ is 
(r = t) 

Wo must also specify the distinction between free and bound occurrences 
Of variables with some care We shaU say that cm occurrence of a variable a is 
botmJ to an ouarrencc of a quantifier {a) (or (3a)l in a sentence just in case 

e occurrence ot a is within the scope of the occurrence of (a) [or (3a)]. but 
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nf (fA or Ga) t Notice that an oc 

not within the scope of a later and never 

currenceof x' is thus on y onvention follows a similar gram- 

""" 

have masculine antecedents 

axAMecES Arrows inic«dage 


b (IxiRt = ') = <&' ,„„reistoiuirf|dstincasethereisan 

===§!==== 

EKAMPCES a ,). «(r = » 

(ItK-r = •*> 

3 . . - "H 

r.ir- - r:r~ •' ■ ••”'"■ ”* " 

types of predicate letters 

fq^VvadmiTes-jr)) 

^X)^X IS worldly 3 

would be an expression sue 

->--^^>'^':’nupred,ca.efe..erH»occurw,thtwovar.ab,esa..ac 

would be diagramme „,ajo«v'""“’ 

,Forth»pvrpo5P= 

of the variable a 
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and this requires the predicate tetter 'G' to haire three variables attached to it 
Obviously, the number of variables attached to a predicate letter can be 
increased indefinitely 

Let us call an occurrence of a predicate letter with owe variable or constant 
attached to it monaeltc Thus ‘Fx\ ‘Fa\ 'Fy, and all contain monadic 

occurrences of T. All occurrences of predicates in OVQS are. of course, 
monadic Let us call an occurrence of a predicate letter with two (not neces- 
sarily different) variables or constants attached to it a dyadic occurrence of 
the predicate tetter Thus 'Gxy\ 'Gay', 'Gyy', ‘Gaa\ '(x)Gxa\ ‘(3y)G^y'. and 
‘U)(>)G>Jc' contain dyadic occurrences of ‘G’ In general, an occurrence of a 
predicate letter with n (not necessarily different) variables or constants at- 
tached to It IS called an n-adic occurrence of the predicate letter Thus 
contains a tnadic occurrence of 'H‘, and ‘{x){^y)Kxaby' a 
telradic occurrence of 'K' 

The class of quantificational schemata is an extension of the class of truth- 
functional schemata and the class of one-vanable quantificational schemata 
Thus every TFS and every OVQS is a quantificational schemata (QS) The 
class of OS IS determined precisely by the following rules 

Every TFS is a QS 
R2 Every OVQS IS a QS 

R3 A predicate letter with any number of variables or constants attached to 
It IS a QS 


R4 II s and W are QS, so are-S. (5 • Ih), (S V W'), (S 3 W), (S ■ W). 

R5 If 5 IS a QS and a is a variable, then (o)S and (3a)S are QS 

^ R6 Special resinaion No expression is a QS if it contains m-adlc and 
rj-adtc occurrences of the same predicate letter, with m ^ n 


The special restriction excludes expressions such as li)Fx V FxV This 
not only lac, Mates the inlerprelation of QS, but also prevents us from con- 
tusing the use ot -F as a representation of. say, a property word with its use 

and 'Z7TT -am"r;ore^ 

t. f ° “"•‘>"'=6, both cannot be diagrammed bv 

one m co^nt rstern’r'"® 


If /> IS a lather then b is the father of c 
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Cri pe™..s vacucs 

rr: ast:tn. n: os pe... .. 

vacuous quantilier. ^ occurrences of variables may 

The previous delinil.ons no. be done explicitly here 

be easily adapted to the ° “•^^.^Ilnces of variables A Co.eJ OS is 
An open OS is one which has free 
one which is not open 


OllC 

HXwMeuBS,w,™rr— oPcossTcucTiou 


Fax 

I 

(x)Fax 


(_p V WFux) 


b Fx, 


Gxy 


(Fx O Oty) 


Haxx 


Ox) Haxx 
y 


The same ™'‘==^Q'"s'Thus'’lhe schema 

OVOSWillbeusedfcrO 

((,)Fx^C((C3x)0')Gxy U)f-' 

„ay be abbreviated as 


. tor secs. 3.1-1 TO 3 ^3 ,„3„„„ca.,ons m .case 

[ERCISES FO^.^erse m he (abeJI. 

Supposmh '"h „„n anddisiuncuon 

favor of comhhhhd (;r)(ft b O'lC*'* 

1 WFxVbfC) ^ (lr)lfx3 0)C«> 

2 W(3>)Cx> 
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3 (3j)(y)Ct) 8 wfjro 3 (3>)F)a 

4 (rt(>)F3y 9 (JxWyKFa -F)) 

5 iilMFxy 10 (x)Fx-ty)Fy 

B Paraphrase these statements using logical symbols Reveal as much structure as 
possible 

1 Everything is like something 

2 Something is like everything 

3 It nothing is like itself then nothing is like everything 

4 Nothing is like something 

5 There is some house in which all people live 

6 Each person lives in some house 

7 Some people like every painting 
a No painting is liked by all people 

9 Every person who does not like his brother likes himself 

10 Every cow is an animal and every head of a cow is a head of an animal 

C Determine the truth values of the following statements (given that n = is true 
just in case a and b are the same thing) 
t (j:}U“.x) 6 Wty)-U = y) 

2 (;E)(3>Kjr = j) 7 (x)-0')(x = j) 

3 (t)-(3>Kjc = J) 8 (3>)(ar)U = y) 

4 (x)[3j)-(x = >) 9 (3y)-(lr)(x = y) 

5 10 Oy>U)-(x = y) 

0 Draw arrows to indicate the bonds between the occurrences of variables and 
quant tiers in the following 

1 {x)(x«y D (3y)(x = y» 

2 13) lb « » O U)(^ - ) V (3z)U = Z)) 

3 13))1) = 0 D (xlCc = z) a))(y = 

4 u =» b D ({lv)(j = a) V (3y)(y « b)) 

E Idenlily the monadic dyadic Iriadic and telradic occurrencss of predicate 
. letters m the following lists 


Fxa 

5 

llaaxa 

9 

U)13>Hi)Hzz). 

hxx 

6 

Gx 

10 

U)//xa 

Oii 

7 

G^xa 

11 

(3))//>jr 

lixyx 

8 

U)Ctt/ 

12 

(3>)G>»3r 


F \Vh ch ol the lolloping is a genuine mobbreumej QS? 
' Hr V i|) D Fiu) 

2 

3 V C^) r) ^x) 

4 IU)/-v O l.t)p) 

6 (iif.j D OHO> » 
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Logical predicates play an imporlant role in the interpretation of QS OVQS 
‘’Z assigning open sentences to their predicate letters, hut 
with the advent of several variables and dyadic and triadic occurrences of 
predicate letters, this is no longer feasible Logical pred, coles will be intro- 
uuced to fill this gap 

Before introducing logical predicates let us take a closer look at the prob- 
lem which they are designed to handle Suppose we start with the schema 

(1) W(fjr Z> {3))(Fy ■ Cxy)) 

and wish to interpret it as the sentence 


W(r IS a number D p>)(> is a number • jr js smaller than y)) 

It IS simple and natural to view ‘F' as meaning ‘number* and ‘C as ‘smaller 
than’ However, as we learned from one-vanable quantification theory, 
simple unbroken terms for 'F and ‘G’ to represent are not always readily 
available This problem was solved earlier by mfroduung open sentences at 
occurrences of predicate letters The same approach could be applied in the 
present case Thus we could think of the open sentence is a number’ as 
having been introduced at the occurrence of 'F and the open sentence 'z is 
smaller than w' as having been introduced at the occurrence of 'G' We 
should require thereby that 'i* replace 'z and replace *«' Yet if introduc* 
ing 'z IS smaller than u'* at Gx)' would yield ‘r is smaller than then what 
would introducing the same open sentence at 'Gyx' yield? If the distinction 
between 'Cxy' and ‘Gyx’ is to be preserved, it would have to yield is smaller 
than x’ Now, by just sticking with open sentences and ‘r, '}\ etc. it is 
perfectly passible to lay down rules for the introduction of open sentences 
which will meet even this demand Nonetheless, by introducing logical predi- 
cates and speaking of the introduction of logical predicates instead of open 
sentences, much simpler rules for interpreting schemata will be obtained 
A logical predicate looks jUst like an open sentence e^epMhat its free 
variables are replaced by circled numerals such as © . ® . © . etc Thus 
the following are logical predicates 

©loves®, ©loves©, (4(r = ©>. UKi = © •© = *> 

Logical predicates are merely symbolic aids which will be used to handle the 
special problem of interpreting schemata T/ret ure constructeJ from open 
sentences by simply replaang all the free occurrences of uirwbles In circled 
monerals The sentences from which logical predicates are obtained must not 
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contain individual constants, and there is a restriction on the choices of 
circled numerals every logical predicate must contain at least one occur- 
rence of © . and if It contains any other circled numbers besides © , then 
It must also contain the circled numerals that precede it in the sequence of 
circled numerals © . @. @ etc For example, a logical predicate 
cannot contain © without also containing ® and 0 A logical predicate 
which contains only © is called a one~pIace preditiiie One that contains 
only © and @ is called a two-place predicate More generally, a logical 
predicate whose greatest circled numeral is @ is an n-place predicate 

EXAMPLES 


® + 36=©, ® loves®, 


a One-place predicates 

® IS green, (lc)(® loves x), 

(a;K® loves x O x loves ®) 

b Two-plaoe predicates 

^ ® W© loves 

c Three-place predicates 

a^gical predicate Afs'o!^''i*es @ '^,1 Td iT^' oomeral to appear m 
© likes ® ^ ® o dillerent two-place predicate from 

them IS “syLough^to“aTe‘’'\h" 'htrodocing 

predicate letter at which the introduchoTis 1 'ho 
numerals in the logical predicate This v,e Iri ® ‘'’o circled 

eubstiiuted lor the occurreTce ol th^ ^hen this sentence 

variables or constants In this process the vf ' attached 

hrst one (leftmost one) attached to the orer f f "hich is the 

occurrences o, © second on^.s'^utd .o f ^ll 

O etc For sample. ,f the occurrence Of th “oocrrences of 

" pplaces ®. V replaces © and v 1 ” ^^® '■Frr«', then 


diagram 
Si heitui 
l->'t.ical predicie 

Hesiili 


'l'Q,0, .. 

( • © 

I U. 
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4- .S a predicate letter, c„ are variables or constants and 

p,ace“" “ - “n 


EXAftiPLES 

a. Sc/iema. (x)Gy)Hxy Fx 

Logical predkmes: ® + ®=© (for'//') 

Oj’X® + ® = 3 ) (for'F') 

Result: (v)(3^)(.r + i = » = (at)(j- + f ^ 

b. Schema; UXFxx :> (BylFya = (Fyz V Fxy Fxx))) 

Logical predicate- I® shouted at @) 

Resalf (x)l(x shouted at x) D l(3yX) shouted at a) » (fy shouted at r) 
V (j- shouted at y) ■ (x shouted at x))) 

c. Schetna. Fxy 

Losica! predicate © < © 

Result: x < y 

d. Schema. Fyx 

Logical predicate: © < © 

Resi/li: y < X 

Note how, in examples c and d. the important difference between 'Fry' and 
‘Fyx' IS preserved 
Let us consider the schema 

( 1 ) Fx 

This schema represents the paradigm of an open sentence expressing that 
X has a given property }f that property is, for example, the property of being 
an uncle of someone, then ’Fx' would diagram ’x is an uncle of someone'. 
Likewise. 'Fx' could also diagram is an unefe of>)'. The last sentence 
IS merely a paraphrase of 'x is an uncle of someone’, which in turn is a para- 
phrase of 'x IS an uncle’ No matter how we express ‘uncle’, whether by 
simply 'uncle' or by ‘(3y){© is an uneJe of >)', we should expect that inter- 
preting 'F' as 'uncle' should turn ’Fx’ into an open sentence which is a 
paraphrase of 'x is an uncle’. Introducing '(3))(© is an uncle of >), (3;) 

(© IS an uncle of z)', or '{ 3 «>t©is an uncle of «) at the occurrence of F 
in 'Fx’, all yield such sentences, namely, 

(3y)(x IS an uncle of y) 

(32)(x is an uncle of z) 

(3h’)(x is an uncle of ») 

However, if we introduce ‘(3.v;(© is an uncle of k) , we get 
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(lt)U IS an ancle of x) 

which sevs that souteone ,s his own unde, and 

uncle' The logical predicates C3y)(® is an unc e >) . ^ ‘ ^ ^ „ 

of zY etc , may be introduced at ‘Fx with impunity But when ^ 

uncle of ri' IS introduced, the 'x' of 'Fx' is put for © and becomes bound 
to 'Oxy, thereby destroying the intended meaning of ‘Ft An occurrence 
a variable which was free before the introduction did not remain so alter- 
ward 

Next consider the schema 
(3) 

where the arrows indicate the bonds between variables Let us interpret 'F 
as human', that is. 0 ss human*, and ‘G’ as 'sacrifices something for', that 
IS. ‘(32X® sacrifices t for (2)y’ Then (3) comes to mean 

(4) Every human sacrifices something for something 


or in logical notation, 

(51 U)C* IS a human D (3y)i3zXx sacrifices z for y)) 

[Remember that '(3)')(3z)(x sacrifices z for y)\ ’(3z)(3y)U sacrifices z for y)\ 
and (3z)(3y)(x sacrifices y for zT are all equivalent variants of 'x sacrifices 
something for something' 1 So long as'G' is interpreted as’f3iv’)(0 sacrifices 
u- lor ®)’, (3uX® sacrifices /< for ©)', or any other variant logical predicate 
which does not contain "x or ‘y , (3) will be interpreted as a paraphrase of 
f4) and [5), However, if 'O' is interpreted as (3y)(0) sacrifices y for®)', we 
get the ungrammatical expression 

U)Cv IS human O t3y)(3yXx sacrifices y for y» 

and If It IS interpreted as '(JxX® sactilices x tor (5))', we get 

(6) (x)(i IS human D GyKTxKx sactilices x tor y)> 

which IS not an acceptable paraphrase of (4) or (5) It is not a paraphrase of 
(4) because it means It something is human, then something sacrifices 
ifsell for something' [Recall that '(xXFx 3 p)' and ■(ix)Fx 3 p‘ are equiva- 
lent ] The change in meaning here is due to a realignment of bound variables 
Because ol the presence of '(Sx)' m 'OxX® sacrihces x for®)', the second 
X in (31 IS no longer hound to •(*)• ^ hound occurrence of a i anahle pul far a 
, in I, J mmieral bus hciome bounj u a neiv occurrence of a qiianlijier 
When an occurrence ol variable changes its alignment during the course 
01 an operation by starting out free and becoming hound or by starting out 
bound to one occurrence ot a quanlii.er and ending up bound to another 
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examples Occurrences of variables in schemata 
non of a logical predicate 


captured upon introduc 


a Loucal predicate (jt)!© <j 3© +r=©) 

Schema Fx^Oy)Fy V Fa) 

.capered occurrences 

Result M(/< r + Jf ^ «3j)(r)(j < l 3 + t = >) 

V (t)(a < t D <ir + j = a)) 

b Logical predicates Wl) loves®) (lr)(© sends x to @) 

Schema F\ V = Gxa) 

^ . ;* 

captured occurrences- — ~ 

Result (y)(y loves y) V -WlOK)' loves x) - Bxitx sends j to a)) 

Since we shall interpret predicate letters by introducing logical predicates 
at their occurrences we must not allow occurrences of variables to be 
captured upon the introduction of logical predicates For when capturing 
takes place the schema in question tails to lake on its intended interpretation 
When this happens the schema may also take on a truth value opposite to 
the one it should have had and this can even affect the classification of the 
schema as valid or invalid For example we already know from one variable 
quantification theory that 


(7) lx)Fx D Fx 


IS valid and almost the same derivation may be used to show that 


(8) lx)Fx D Fy 

IS valid Since (8) is valid it should be true (or every interpretation But see 
what happens if we allow capturing' Interpreting F as Gylly is the father 
of ©) and taking the universe as mankind (8) becomes 

(9) W(3v){y IS the father of ur) 3 HylCy 's Ihe father of y) 

This IS of course false m Ihe universe of humans every human has a father 
but none is his own father Since such capturing must be avoided Ihe 
following restriction is imposed on the introduction of logical predicates 

Occurrences of i eriaWw from the schema put for the circled numerals must 
not be captured by quantifiers in the logical predicate introduced 
Several comments are pertinent to this restriction First we can always 
mechanically check lor violations We need only look at the alignments ol 
the variables contributed by the schema before and alter introduction and 
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see If they have changed Second, we need never worry about this restric- 
tion if the logical predicate contains no quantifiers or if its quantifiers do 
not contain variables which occur m the schema. For either there will be 
no quantifiers at all to bind the schema's variables, or else they will be the 
wrong kind of quantifiers Finally, if one predicate is excluded by the restric- 
tion, one can always find an equivalent one which will not be excluded This 
IS done by changing the appropriate bound variables in the logical predicate. 
For example, the restriction prohibits the introduction of ■(lt)((T) = x)’ at 
'Fx, but does not prohibit the introduction of ‘(3>’)(© = y)'. On the other 
hand, both predicates are variants of identical with something' Thus, 
whenever possible, one should introduce only predicates which share no 
variables with the schemata into which introduction is to take place. 

EXAMPLES 

a The two-place predicate 

(3))(Ed spent (T) for the purchase of y from 

may be introduced at the occurrences of ‘F’ in 

Fab [Result (3y)(Ed spent a for the purchase of y from 6)] 

Fxx [Result (3y)(Ed spent x for the purchase of y from x)] 

(3z)Fflz [Result (3z)t3y)(Ed spent a for the purchase of y from z)] 

but not at the occurrences of F' in 'Fxy or ‘(ax)Fyx‘ 

b Find logical predicates whose mlroduotion converts the schema 

UH>Kz)(.Fxy 3 Fix - Fiz) 

into the following sentences 

0) WWU)U = y + JrD y = x+y 

(M) (rIOKdU pledged y toy I, y pledged y to ;c j pledged a to d 

Solutions 

(0 © = © + © 

O') ©pledged® to @ 


EXERCISES FOR SEC. 3.2.1 
A Whem possible, mlroduce the predicate 
(9\)i(r)gav0 ) to(2)» 

. at the occurrences el F' m the following QS 


When It IS not possible to intioduce 
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be !m;:duct' ©SRvus™e.b,„g ,o© wb.cR can 

1 Pjrn V Fax 4 (T)( 3 z)ft. 

2 Fa D MFta S 0MFsy 

^ 6 Fab - (xX«)Fx» 

Find logical predicates whose introduction converts the schema 
(T)(3>)(c)Fric V (3i)(r)F3o 
into the following 

' (WiXzXz gave j to t for j,) v gyXxXy gave t to^ lory) 

I (t)(3)Xc)0 +3 =x-z) V(3>)(jrXT+T=>-v) 

3 ( r)(3i)(z)(x sent c to _y = c went to x lor z s friend) 

V GOWO* sent ^ to r ^ > went to y torys friend) 


3 2 2 INTERPRETING QUANTIFICATIONAL SCHEMATA 
Because quantificational schemata include OVOS, the same considerations 
which arose concerning the interpretations of the (alter continue to be 
relevant The most important of these deafl with universes of discourse 
Quantificational schemata must also be interpreted m universes of discourse 
otherwise it will be possible fo find schemata which are valid, given the 
existence of one number of objects, and invalid, given the existence of a 
greater number The same OVQs which were discussed before continue to 
be good examples of such schemata Practically all the things we learned 
about interpreting OVQS continue to apply fo quantificational schemata 
and hardly anything new has to be learned The only important difference 
between the interpretations of the two kinds of schemata concerns predicate 
letters they are no longer interpreted by means of open sentences, but 
are now interpreted by means of logical predicates 
Let us begin with universes of discourse We are now able to diagram 
statements about the objects in universes which we could not previously 
diagram Consequently, the notion of truth in a universe has a wider applica- 
tion than It previously had For example, the sentences (r)(3^J(^ < >) and 
(3y)(.r)(> IS a child of \)' were previously outside the scope of our notation 
The first is true in the universe of numbers, the second is false in the universe 
of humans Our notation lets us say new things about a given universe, but 
this IS the only new thing We need not alter the notion ot a universe or the 
concept of truth in a universe Therefore, since one-vanabJe quantification 
theory serves as our model, we may define an interpretation of a QS as 
fo//ows 

An Diierpretaiion of a schema m a um\erse V is an assignment of 
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r======-i- 

4 predicates to the pred.cate letters which have n-adic occurrences 

m the schema (if any) 


[A predicate assigned under clause (4) must be introducible at all occur- 
rences of the predicate letter to which it is assigned J 


EXAMPLES 

a Schema {{x)Fx V p) ^ (3y)(GJcy Fy) 

Universe and assignments U mankind 

j( Karl Marx p T F © hates communism 

G © IS an enemy of @ 

(WU hates comrnunism) V T) = (ByXKarl Marx is an enemy 
of V y hates communism) 
b Sc/iema (lc)tGxa D <,z)(Hzza p)) 

Univcwe and ojiifluments U the ctass of positwe numbers 0> 

G ©<© H ® + ®=@ p F 
Result (lt)U < 0) D {x){z + 2 = 0 F) 
c Schema (xKFx D (.(3z)(Fz Gzh) V (32)(Fz Gxh))) 

Um\ers€ and assignments U the class Of planets 
b the Earth F © belongs to the Solar System 
G ® IS a satellite ol @ 

Result U)U belongs to the Solar System D ((32)(2 belongs to the 
Solar System z is a satellite of the Earth) V (32)(z belongs to 
the Solar System x is a satellite of the Earth))) 

By letting T represent (x)U = x) and F represent — (x)(x = x), every 
interpretation of a schema converts it into a statement If an interpretation 
in a universe U converts a schema S into a statement which is true in U. 
then the schema is said to come out true (in U) for the interpretation, other- 
wise the schema is said to come out false for the interpretation All the 
schemata in the three examples given above come out true for their respec- 
tive interpretations 

A schema which is true for every mterpretaliorr m a universe U is called 
xahJiit U One which is true tor at least one interpretation in a universe U is 
said to be cousisfeiu in U 

lxamplls 

a These schemata are valid m the universe {1} p V p (3x)Fx D (x)Fx 
(rlf-xt O (j:K\)Fx>. Fu D (x)F< 
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tains more than one obiect _nc,t,ve num- 

b This schema - ca""© - ® 'or a .me 

bers (rK3»Cv, (^=='9" one ) 

interpretation, assign it ^ 


tERCISES FOR SEC 3 2 2 , 3 ^ ,he indicated 

What truth values m the indicated universe 
interpretations^ 


(t)(3v)Frv = P 
Uimer^e mankind 
/t«i«iiriu'i<r P ' 
WFJtrr 

Uim ersn integers 
Assigiiiiml^ “ 
W(3r)G«r V fc 
Utmcrse 

Assignments z • 

WP-Fa 

Utmerse i‘r 

Assigtuiwtts P 

'"mU) 

Uimerse 

-.-.enrotatlOl 


f (2) IS the lather ol® 

F ©+©-© 

F ®+®-® ° ® ®'® 

3 , F ®“® 


Uimerse F ®+® ® a , false inlerprelation in another 

^„,sn,-er.rr aome universe and a lalse in. 

^ ^ Which are cons, stent in that on, vers^ 
Which are valid m the univ ^ ^ ^ 

1 pVP 6 (3))FW 


fos The following c 
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g,ven ,ntarpre.a.,on ,n a given universe if and only it i. 

L original truth-functional sense) for the assignment ° ® 

statement letters Hence a TFS is valid (in the new sense) it and on y it is 
true for every assignment of truth-values to its statement letters In other 
words, a TFS is quantificationatly valid if and only if it is truth-functiona y 
valid Now for OVQS The only difference between the previous interpreta- 
tions of these schemata and the present ones is that predicate letters are 
now assigned one place predicates But this difference surely does not 
change a schemas truth-value under a given interpretation Consequently, 
a OVQS which previously counted as valid still counts as valid, while no new 
valid OVQS will be added by the new definition 
The definitions of invalidity, consistency, and inconsistency follow the 
previous models 


A schema is invalid if and only if it is not valid 
A schema is consistent it and only if it is consistent in some universe 
A schema is inconsistent if and only if it is not consistent 


The relations which we noticed earlier between valid, invalid, consistent, 
and inconsistent TFS and OVQS also hold for quantificational schemata 
The proofs of these are left as exercises, since they are familiar by now How- 
ever, as a reminder the relationships are listed once again 


Every valid schema is consisieni (but not conversely) 

Every inconsistent schema is invalid (but not conversely) 

A schema is valid if and only if its negation is inconsistent 
A schema is co/iiisreni it and only it its negation is invalid 


EXAMPLES OF VALID QS 

a D (jc)Fjc;c 

In/armal Proof Let 0 be any universe and / any interpretation of (a) in U 
Two cases must be considered Case 1 T is interpreted so that everything 
m u beats F to everything in V Then everything in V must bear F to itself 
That IS, F IS interpreted so that both 'UmFxy' and U)Fxx' are true in U 

‘ n otherwise Then {x)iy)Fxy' is 

false in V so (a) is true in U by virtue ot a false antecedent 

b (3i)(i)F)jr ID (ji)(a>)Fjj 

Infomml Proof Let U be any universe and I an interpretation of 'F in U 

F to everything in u Then, given anything in LI, there is somethinn in li 
Which bears F to it, since there is something m U which bears F to every- 
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thing m V Thus ,s interpreted otherwise 

r;,ttr;n"^:r:-.a,seante.^ 


example of an invalid qs 
c (v)(3>)F3l 3 
To 


c (v)(3>)F3l 3 Witr) ^ ^ ^ , 3 , 3 ^ 

TO Show that ,0) IS invalid we .us. spe^^ V ( ) ^ 

'rr© = © T?e:(P) interpreted as 

U)(3t)Ct-) - 0v)W(T = ^ ^ ,3 ,,, „} tor 

which IS false in (1.2) L 
the same assignment to f 


exercises for validity 0'"'®=®°® 

Present .ri/ur»'o'P™n'"°" 

1 U)(»Fm = W0y)F^^ 

2 WOXFxy V -F-ry) 

3 OritWF-r ^ 

4 (3y)(Fy :3 

3 (W(3y)HAy 3 (Hr)"" 

4 W(3y)Hyy ^ W"” 

5 (WFA:yFy) WP 


us assume a station m e rV^ IP ,vieans that 

,n and equivalence w 



31 6 ELEMENTARY LOG'G 


thD case oi quantiiicat.on theory, but there is no need to do this here, since 

the ne\N oroots nrirnic the earlier ones 
The discussion of one-variable equivalence postponed the two aws of 
interchange until they could be treated in the context of full quantification 
theory Now is the time to fulfill that promise However, it will be convenient 
to introduce three other laws of equivalence first 
The first of these laws is stated as follows 


LAW \ ft S implies W, then (a)S implies {oi)\V 

Proof Assume that S implies W. and let U be any universe and / any 
simultaneous interpretation of (a)5 and [a)lV in U Suppose that (a)5 is 
true for / Then for all choices of am U.S is true for / If a does not occur 
free in W, then {a)W is a vacuous quantification Hence the interpretation of 
(a)lV already interprets W But in this case IV is true in t; for/ since 5 implies 
W Hence (a)H' is also true for / Next consider the case in which a does oc- 
cur free in W Then the interpretation i of (a)lV does not interpret W How- 
ever, every extension /' of / which assigns an object m U to a will be an 
mterpretahon of W Thus consider any such /' Since S implies W, and S is 
true for all choices of a in U. W will be true for I’ But then W is true for / and 
all choices of a m U, that is, is true for / Thus, in either case, (a)S 
implies (alVV 


The next law deals with existential quantifiers 
LAW 2 If 5 implies ft'. (3a)S implies OallV 

Proof h S implies )V. then dearly— tv implies— 5 But by Law 1, if — tK im- 
plies -S. tal-lP implies {d)~S However. (a)->V implies (a)-5 only if 
-(a)-5 implies The law then follows from the transitivity of im- 

phcalion and the equivalence of and -(„)-»/ to Oa)S and (3a)tt', 

respectively Show that s impltos W only if-ty implies -S and that 

- (a)-5 IS equivalent to (ga)5 ] 

From Laws 1 and 2 we can easily establish this law of equivalence 

equivalent and 

lda)i and OajtK are equivalent 
{Exiriiu- Establish Law 3 f 

thIoriF"coreshom^'‘i!'^T '™»t-'enction 

S occurs in 5' ^ ‘ one or more places in H" where 
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EXA^JPLES 


S' 



ir 

U)F\y V Gx, 

s 

Ox, 

<x)Fxy y Hx p 

(r)(£v V p Ft), 

s 

Fx. 

{x)ax)FxVp (x)Fx) 

(x){Fx V Gy), 

s 

Gy, 

IMFt V Fx\). 


Hx p 
iy (x)Fx 
IV Fry 


The second example shows that rnlerchanging may produce vacuous quan- 
tifications, but there is no harm in this The third example is more serious, 
however, for W is not a QS, since the special restriction in the definition of 
QS IS not met Consequently we will tacitly assume throughout the state- 
ments and proofs of the laws of interchange that H" is indeed a schema 
Let us turn now to the first Jaw of interchange 


//5 p/iii iV arc equnalcnl and tfW comes from S' by mierchangmg \V wtthS 
in S', then S' and W are also equivalent 


Proof To prove (his (aw we shall show that (a) the law is true for the sim- 
plest S' and (b) if the law is true for all schemata which are simpler than a 
given S', then it is also true for this S' (Here one schema is simpler than 
another if it contains fewer occurrences of statement connectives and 
quantifiers) Given (a)and(b) the law must belrue for all5' Forsupposethat 
the law did not hold for a particular S' We way assume that this is the sim* 
plest S' for which (he law does not hold By (a) this could not be among the 
very simplest QS So there are QS simpler than S' for which the law holds, 
and It holds for all these But then by (b) it would have to hold for S' loo, 
which IS a contradiction 

Proof of (a) Here neither S' nor W' can contain statement connectives or 
quantifiers So S' must be S itself, and f ff “^lust F^rTlencerinr awTTV are 
equivalent, so are S' and fV ^ iLiilDJ 

Proof of (b) If S' and S are the same that fs. if the intercharjge is earned out 

by replacing ai! of S’ by W, then W and W are the same so if S and W are 
equivalent so must be 5' and ff" Thus we may assume that the occurrence 
of S m S' Is a genuine part of 5' Then seven cases arise according to the form 
of 5' In each case it is assumed that the law holds for QS which are simpler 
than S' 

Case I 5' IS a negation, that is. 5' is -£ Then 5 is £ or occurs w.lh.n £ 
Thus W IS -N where N comes from E by interchanging n with S 
in E Since £ is simpler than S', the law holds for it Thus /V and £ 
are equivalent But then so are -£ and -iV (Why?) Thus i and 
ly are equivalent 
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„ F E Then W IS N. • N,. where /V, is £, or comes from it 
; tne'inferchange, anrf N. is E. or comes from it hy the in er- 
,.L„no E and E are simpter than S , E, and N, are equiv 

rrandTan'dt - equJent Thus E, E. is equivalent to 

N, N. 

S' IS E, V (Prooi similar to case H ) 

S' IS D (Proof similar to case W ) 

S' IS E - E (Proof similar to case U ) 

S' IS ME Then tV' is («)N where N comes from E by the inter- 
change Thus N and E are equivalent But then fa)E and (o)N are 
equivalent hy Law 3 

Case VII S' IS 0a) E (Proof similar to case VI ) 


Case II 


Case 111 
Case IV 
Case V 
Case VI 


The second law of interchange states in effect that interchange of equiva- 
lence preserves validity consistency implication, etc Its precise statement 
and proof are so much like those given for the corresponding law in truth- 
function theory that we shall not present them here 
Earlier, we took notice of the equivalences between '{x)Fx\ and '{y)Fy’ 
and between (ic)fx and (3y)Fy More generally we have the following law 
of equivalence 


l\w4 lfS„andS^ where a andparevanables, areexactly alike except that 
S, contains free occurrences of a in all and only those places where 
Sj 3 contains free occurrences of p, then (a)5„ is equivalent to (/3)S^ 
andt3cic)S^ IS equivalent to (3a)S„ 


Proof for (a)S„ojjt/ (p)S^ Let U be any universe and let / beany interpreta- 
tion of (a)S^ s (p) 5 ^ in U We shall show that this schema must come out 
true for / Since and 5g differ only by containing free occurrences of a or 
0. (a)S„ and (0)S^ share the same free occurrences of variables, individual 
constants, and statement and predicate letters These are given the same as- 
signments by I Now suppose / makes (a)S„ true in U Then for all assign- 
ments from U to a, 5„ is true m U But because and Sg are indistinguishable 
except lor the free occurrences of a and fj, and because these occurrences 
match each other exactly, all assignments from U top will also makes, true 
Thus ,1 („,i ,s uoe lor /, so is By similar reasoning. ,f (a)s is fafse for 
/. then so IS ISIS, Thus (a)S, o (p)S, must come out true for / Since W and / 
are arbitrary, the equivalence must hold 


(Crirrisi- Carry out the proof for (3a)S, and (3/3)S ] 

uxxMvtLs According to Law 4. the loflowing are pairs of equivalent 
schemata 
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(l>)((z)Fvz = Gx). V //uz'O 


(lv)((z) F^z = G V) V toz« ) 

O)0z)(.O(G.yVH>^'‘) W(^>' , , an occurrenoa of a 

to (a) or (30) by /3 „ „ bound variable 

sby means of a ctoxa »/ « b" 


EXAMPLES 


Neil Schemaia 
(z)(Fz 3 '' 

Ufaw-C») 

p D (x)Gx 
lx)Fxx 

(j.)(Cy ■ 0))Wy>“) 


Variable 

Changed 


Old Schemata 

{x%Fx D i?y)^Fy V Ga")) 

0)(Fxy - Gy) 
p 3 (ip)C« 

(2)Fjrz 

==?=2;'SSSrSr. 

mrmolamd bT.be'.ollowmg law ex froinS In one 

^oC of 


“molarnd bTthe“ ,f tv conies from S bx one 

ormulateo uy , bound variables U> „,,,iis from these 


or more cltang j w are eqimolem e from 5 by 

ehaiises then S and W „ comesjr / 


,)5; in 5 in question 
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Several changes of bound variables earned out simultaneously can be re- 
duced to smgle changes earned out one at a time. Thus the simultaneou 
changes which transform ■{xfy)Fxy to \zmFzw reduce to he single 
transformations of '(vffvlFJv' to •W(>v)Fi>v' and thence to (d(u’)Fa>‘ • Re 
routing becomes necessary to handle transformations such as that of 
'W(y)Fjcy \o ‘{y^{x)Fxy If vje change ■<’ to ‘y’ or ‘y’ to directly, we obtain 
'ty)ty)Fyy or 'WWFjcx'. and these will never yield ‘iy){x)Fyx’. This problem 
IS handled by first changing ‘x’ to 'z' to obtain ‘aKy)Fi>'’- Next 'y' may be 
changed to 'x\ yielding and finally ‘i may be changed to y . This 

sort of trick will permit the reduction of all simultaneous changes of bound 
variables to successive changes Thus, if W comes from S by several changes 
of bound variables, we may assume that all these changes are made suc- 
cessively instead of simultaneously Then W is obtained from S by changing 
S to SpS, to5i. S^to S 3 . . ,S„_, toS„. andS„ to IV. Moreover, it follows 

from what we have already proved that S is equivalent to S,, S, to Sj, Sj to 
S,, . . . S„., to S„, and S„ to W. Hence, by the transitivity of equivalence, 
S IS equivalent to W. 

The law governing changes of bound variables is useful to bear in mind 
when applying quantification theory to arguments in ordinary language. A 
derivation dealing with schemata containing one set of bound variables may 
be much more simple than one dealing with equivalent schemata containing 
different bound variables. By choosing the right bound variables when para- 
phrasing and diagramming statements, it may be possible to simplify greatly 
the proof of the validity of an argument The law governing changes of bound 
variables tells us that bound variables can be chosen fairly freely 


EXERCISES FOR SEC. 3.2.4 

* ™P'":ation and equivalence, and 

possibly some obvious trulh-lunctional implications, establish the lollowing 


• Cj)' implies '{x)Gx\ 

(10- Fx’ implies ‘(IrHF.* D Gx)\ 
t-*) — Fx' IS equivalent to ’U)Fjt’ 

IjXFat V GxY is equivalent to '(yX-Fy D Gy)' 

(j)Fjr V p IS equivalent to '(>)Fy V p’ 

Irtfj: 0>)C,' IS equivalent to '-(-U.Fj v -0y)C,..)’. 

U)t>)F.i>' IS equivalent to ‘hMFyx' 

UlFjt implies ‘OMFy V C>)* 

Establish Law 3. 

Cmrn7 ,r°°" '"lerchange. 
Carry out the remamUer o1 the proof of Law 4 
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3.3 DERIVATIONS 

There is no decision procedure for quantificational validity, but there are 
quantificational rules of inferences which are both sound and complete 
Thus, although we cannot test for validity, implication, equivalence, etc, 
we can use these rules to establish the presence of these properties and re- 
lations (so long as they are actually present) To be sure, even then we will 
depend somewhat on luck and ingenuity But this is a familiar problem, so 
let us turn to the rules themselves 

The rules of inference used in quantification theory are, basically, the same 
as those used in one-variable quantification theory The truth-functional 
rules may be reused without any change Some slight extensions and re- 
strictions must now accompany the rules of Ul, EG, UG, and El, but the in- 
tuitive basis of these rules remains the same Since no further rules will be 
necessary, let us now reconsider the quantificational rules one at a time 


3 3 1 UNIVERSAL INSTANTIATION 

This rule allowed and shall allow us to drop quantifiers from universal quanti- 
fications In one-variable quantification theory the rule had two options 
(1) a universal quantifier could be simply dropped, or (2) the universal quanti- 
fier could be dropped and the occurrences of x' bound to it replaced by an 
individual constant In full quantification theory option (2) is extended by 
allowing the bound variable to be replaced by another variable Thus we may 
not only pass from 'ix)Fx' to 'Fx' or 'Fa', but also to 'Fy or 'Fz However, 
capturing is now possible For example, we can pass from (x)(3>}G4:v to 
'(3v)G>’y' by dropping ‘U)' and replacing *r by \ If Ul is to remain sound, 
then such capturing must be prohibited The last example shows that this is 
necessary, for Cr)(3y)Gxv does not imply (3>)Cyy [Take £/ as mankind and 
'G'as ©IS a father of ©.then (x)G>)Gxy is true in but OyCw is not] 
Let S be any schema, and let a be any variable (which may or may not 
have a free occurrence in SJ Then let 5^ be the result of replacing all the 
free occurrences (if any) of a in by p Here p is a variable or an md.v.dual 
constant 


EXAMPLES 

a Gx V (x}Fx 
b p 

(x)Gxy 


Gy V (t)Ft 
P 

{x)G XX 


We may now extend Ul by stating it as follows 
Universal mstantiabon From (atS, ne may mfcr 5,. 
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iltuJuiil lointiini or Miruible, pnniJed that no free occurrence of a in is 
ui/Zu/i ihe scope of on occurrence o/(/3) or (3^) 

The reason lor Sj is a numeral referring to (a)5^ followed by Ul’ 

Notice that /t is captured in just in case some free occurrence of a in 
S, falls within the scope of an occurrence of (/3) or (3^ For in this case the 
occurrence of /i replacing u will end up bound to this occurrence of (/3) 
or (3j) 

I \ ^^U•1 li 

Correct Appltioiions of Ul 


Ij iDilx'JCyx) 

P 

2) hx V 

1. Ul 

3j bo (i\a 

1. Ul 

-i 

1. Ul 

51 Iz'JCJsz 

1. Ul 

1 1 

p 

2 (M/-n 

1 Ul 

3 I bc\ 

2, Ul 

•i btt 

2. Ut 

5[ is\to\ 

1.UI 

6' huh 

5. Ul 

7 ' too 

5. Ul 

^ \%)l 

l.Ul 

0 

R fit 
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Derivation: 


1 

2 

3 

4 

5 

Q' 

b. 


Ga 

{x)ly)i.C.x ■ Cy 3 Fxy) 
0')(Cfl ■ Gy 3 Fay) 
G(i ■ Ga 13 Faa 
Ga ■ Gfl 
Faa 


P 

P 

2. U1 

3. UI 
1, PC 

4, 5. MP 


Prove = 


1 

2 

3 

4 

5 

6 
7 

sl 

9 


(y)lHxy » U)Hxz\ 

• (iv)(x)Hxw 

A 

1. s 

(y)[//xy - (z)Hxz] 


2, UI 

Htw ■ (z)Wxz 


1, s 

(n')WWxiv 


4, UI 

{x)Hxw 


5, UI 

I Hxw 


6, 3, MPB 

izlHxz 


7,UI 

{y)lHxy ■ (z)Wxz] ' 

(nOWWxiv 3 Hxx 

1-6, CP 


3, EXISTENTIAL 

new extensions and rest options to EG < > 3„,nd,- 

.verning UI P^^'''°;;'^;„3rntl.ng afreecoourrenoeo^^ x ^ 
refixed to an open aahsma of its occ 

dual constant could ^ “fo.nding Hrese ory captur- 

nd then an "'.'’“"r.n °newa,.ab.e puant 

3 the resulting sche .,„-2 This was excluded ,i^.hvname Given 

can taxe place under option 2 T mentioned expliciUy^yna 

,on of EG, option 2 should be exte individual 

,or additional variables, „„o„ences a/rcc ^ 3„ 

ve shall replasa on ^^^,31,10. and t ,30 capturing, lor the 

lonstant in a ^ 1 does not lead to un Op„nn 2. 

ixistential quantifier. Op ,ne one free 1 .aoie may be- 

;nly free variable d oaptdnng The "^^nema. as when r 

nowever, may lead to u ntiliers m the orig ^e other hand 

come captured by yield Hx)Fxxu; or „ay become 

-"=rhe"e:i:-hdi ^i::„te^ 

C"ed- which "‘=;®;„°'.P7rprehxed to example d each type 

''^^usTbe vrde'^ d EGistore^^^^^ a.fAx. - - 

:rcrurinTs-'‘‘-=“''"'“"‘“ 
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does not imply (lt)((3T)F« V Gx) [Let V ^ the universe ot numbers as- 
sign 1 to V, © < @ 'o f . and •-(©=©)■ to a ] Yet, ,f the first type 
of capturing is permitted, then this step would be countenanced by EQ 
Second note that ‘Fx/ does not imply '(3y)F>y (Let [/ and 'F' be the same 
Assign 0 to ‘x and I to i' ) However, if the second type of capfurmg is per 
milled EG would allow Ihis slep 

In order lo extend EG while avoiding unwanted capturing, d must be 
restated The following statement of the rule will suit our needs 


Existential generalization may be inferred from S^, nhere fi is an 

ntdiMdiial constant or free \anable. provided that no free occurrence of a in 
IS ujf/un the scope of an occurrence of (/3) or 0^) 

The reason lor Ga)Sa a numeral referring to followed by EG’ Here 
and are the same as the 5^ and of Ul Although now is part of the 
inferred step, a still represents the quantified variable, and /3 the individual 
coastant or unquantified variable 


LXAVlpLLS 


Correct AppUcuuons <ff EG 


a 1 1 

Fxii 

P 

21 

atfFxjj 

1. EG 

3| 

OyXlrfFxjy 

2. EG 

41 

(3c)Fx:) 

1. EG 

5 

az)Fxzz 

1. EG 

61 

az)lx\z 

t.EG 

7 

(3'.)B:)Fii>c 

6. EG 

3 

l t3>)l3u)t3r)/rit\s 

7. EG 

3 \ 

1 ’’ 

P 

2 

1 I3rl;. 

l.EG 


C 1 fr V 

2 (li)(^jr V (>)Gtu)) 

3 UvK/-t. V 

•t ilzHtz V (>)G;u>) 

5 aiMlrH/ c V (>)Ga>) 


P 

1. EG 
1. EG 
1. EG 
4. EG 




' l>l(■i^>l 4, 15 itruA 
by itpUcmg , Dy u 


oxamplo (c) slep 5, (or instance, 5„ is Gz){Fz 
• “ IS r , ff IS „ , and S, comes from S. 
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Incorrect Apphcntions of EC: 

d. 1 Fx V {y)Gxay P 

2 ^y){Fy V 1, EG (incorrect) 

3 {^){Fx V (>)Gjrjr>') 1, EG (incorrect) 

e. 1 Fxy V ix)Gxy P 

2 {lr)(P'jrA' V (jc)G,rx) 1, EG (incorrect) 

3 V (A)GAjf) 1, EG (incorrect) 

Notice the differences between the correct application of EG in example (c) 
and the similar but incorrect applications in example (d) Of course, the sorts 
of incorrect application of EG noticed in one-variable quantification theory 
continue to be counted as incorrect Both types of incorrect applications can 
lead to invalid inferences 

EXAMPLES INVOLVING U( OR EG 

a. To derive ‘Gx)Fxx’ from ‘(x)(y)/=xy’ 

Derivation: 1 {x)(y)Fxy P 

2 (y)Fxy 1. Ul 

3 Fxx 2. Ul 

4 {3x)Fxx 3. EG 

b. To derive '&x)Fxx’ from ■(y)(Jr)W- 

Derivation. 1 iy)(.x)Fxy P 

2 ix)Fxy 1. Ul 

3 Fyy 2. Ul 

4 (3x)Exr 3. EG 

Comment- Ul prevents 'Ext' from being step 3 m this example. 

c To derive '(3j:)Fxy' from '(x)fxr. 

Derivation 1 (x)Fxx P 

2 Fyy 1. Uf 

3 (ar)fxy 2. EG 

Co,m„en, Ul prevents from be.ng taken as step 2; and ,1 'to' .s takan 
as step 2, 'mFrcy is not perilled by EG as step 3. 
d To denve WI3y)iHry ■ Fx ■ Fy)’ from Fa' and 'um. D /lax) 

Derivation: t , Fa ^ 

2 (x){Fa D Hax) P 

3 Fa 3 Ilna Ul 
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“^1 

Hull 

1, 

3, MP 

5 

Haa • Fa 

4. 

1, PC 

e' 

\ Haa ' Fa ' Fa 

5. 

1. PC 

7 

Gy){Ha\ • Fa • Fy) 

6. 

EG 

8 

\ Gx)Q\)[Hxy • Fx * F>) 

7. 

EG 


These derivations contain illustrations of the mam difference between 
derivations in one-variable quantification theory and full quantification 
theory Since v^e are now dealmg with several variables, our success or fail- 
ure to construct a given derivation may depend upon making the right 
choices of variables to instantiate or generalize upon Sometimes we may 
want to "identify” occurrences of variables, as in passing from ‘[x){y)Fxy' 
to 'Fxt* Sometimes we may want to "distinguish” occurrences of variables, 
as in passing from 'Fxx' to ■(3.T)(3>)Fn’ Ul permits the identifications. EG 
the distinctions However, a general watchword is this try the simplest way 
first, and if this does not work, then try fancier methods 


EXERCISES FOR SECS, 3.3,1 AND 3.3.2 
Prove those OS 

1 lOOlZ-ii D Fxx 

2 i:Hh )/•:.» D 

3 i:hh)/-:k D 

4 li)hi 3 

5 UKfjj 3 fTiiiJ /-Au 3 (3clCf»c 

6 3 -ijlLO- 

7 UM>nrl//i>: 3 -ii)- Hzzz 
a -ii)l//ij --//uj 

to IliKhM/'X 3 /•>) 

tt lli«3tHl:K/-i f;> 3 hii 
t? Iilf I 3 

13 lt*i * 3 O'li 3 3 tilOil 

U Cub o UUb O lieu, 


3 3 3 LIMVERSAL GEflERALIZATION 
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mit us to prefix other universal quantifiers besides 'W, and other variables 
besides y must be permissible as restricted variables It will also be con- 
venient for us to be able to replace the restricted variables in a schema to be 
quantified by another variable, and then prefix a universal quantifier binding 
this new variable In other words, if the last line of a UG subproof restricted 
to IS, say. ‘Fx\ it will be convenient to be able to infer by UG not only 
'(v)Fa' but also ‘0’)^^' or '(z)Fz\ etc Naturally, this extension of UG can give 
rise to unwanted capturing, and we shall have to take pains to restate the 
rule so that this is avoided The intuitive basis of UG remains the same, 
however, that is. if F can be shown to hold for an arbitrarily selected object, 
then we may infer that F holds for all objects Restricted subproofs and 
restricted variables are again used to formalize the notion of an arbitrary 
object 

The clause in the rule of assumption which is responsible for initiating 
restricted UG subproofs must be restated The new statement is as follows 


New clause to the rule of assumption 'A' nwy be uniie/i as a /mv step w 
any denvalian proxided that a nen xertical line is tniitoied <ii the same tune 
and a variable is wniien lo the left of the xertical line. 


As the reason for ‘A' we write *A‘ The portion of the proof bounded by the 
vertical line initiated by this rule is called a restncied UG siibprouf, and the 
variable /3 is called the restricted xanable of the subproof, and thesubproof is 
said to be restricted to j3 

The same restrictions on inferences within restricted subproofs continue 
to hold, but instead of applying only to schemata containing free ‘r\ they 
apply to schemata containing free occurrences of the restricted variable of 
the subproof Thus it is permissible to reiterate ‘Fx’, for example, into a 
subproof restricted lo /, but not into one restricted x 
The mam extension of UG consists in permitting the restricted variable to 
be replaced before prefixing a universal quantifier Capturing must bo 
avoided if soundness is to be guaranteed, and it turns out that the same two 
types of capturing encountered when exercising option 2 of EG must be 
avoided now To illustrate the first type of unwanted capturing, consider 
'(xKFx V ( 3 y)Gx)y This does not imply (})(F} v (3))G\)). but the latter 
will be derivable from it if we do not exclude the first type of capturing Hero 
IS the derivation to be exorcised 


1 (v)(Fr V (3v)Cv\) 

2 -tl A 

3 I Ft V (3>)C’jr\ 

4 (>)(F> V 


P 

A 

1. Ul 

2-3. UG fmcorrecl) 
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Similarly, the second type of capturing must be avoided 
ina this IS given by WF:r> This does not imply h^Fyy . but a derivation ot 
the latter from the former is possible it the second type of capturing is 
permitted, namely, 


1 1 (x)Fxy P 

2 j1 a a 

3 ! Fxy 1, Ul 

41 (y)Fyy 2-3, UG (incorrect) 


Finally—and here UG is iinbke EG — if we replace any occurrence of the 
restricted variable in the schema to be quantified, then we must replace all 
of them I! we do not do this, other unsound derivations will be possible For 
example, '(x)Eix' does not imply (x)(y)Fxy'. but a derivation of the latter 
from the former would be possible if piecemeal replacements of the EG type 
were permitted, namely, 


11 U)F;cx A 

2\z ^ A 

3 :l A A 

41 1 Fzz 1,UI 

51 (>)Fo 3-4, UG (incorrect) 

el U)(»Fj:> 2-5, UG 

The previous discussion leads to the following restatement of UG 

Universal generalization Let Sg be the last step to date in a UG subproof 
restricted to (3 Then ue may terminate this restricted subproof and urite 
(a)S„ as the next step Here a and p are variables, and and Sg are related 
‘w III Ul untf EG, uilJi the additional condition that there is no free occurrence 
of p in (a)S„ 


The mason lor lo)S. consisls of hyphenated numerals referring to ‘A’ and 
followed by UG’ 

The rule with its two options may be represented schematically as follows 



or 

UG 


P A 

(• . . p - ) 

(a)t- • • « . ) UG 


(u replaces alUree occurrences of p in (• i 

during the replacement and must not occur free in'( 


a must not be 
(• -p )] 


captured 
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EX \MPLES 


Correct Applications of UC 


a 1 (c){y)Ft!y 

2 X, A 

3 (y)fz> 

4 Fzz 

5 {z)Fzz 

0 1 (x){y)Fxi 

2 i-l A 

3 iy)Fxy 

4 Fxx 

5 {y)Fyy 

e 1 (t)F-' 

2 >| A 

3 I Fy 

4 


P 

A 

1 Ul 
3 Ul 
2-4, UG 

P 

A 

1 Ul 
3, Ul 

2 4, UG 

P 

A 

1,U1 
2 3 UG 


b 1 (x)i))F-0 

2 l| A 

3 MFxy 

4 Fyy 

5 {z)Fzz 

d 1 (x){y)Fxy 

2 H A 

3 {y)F"> 

4 Fiiu 

5 

t 1 (v)(>)Ft> 

2 z A 

3 iij A 

4 

5 Fnz 

6 (t)P« 

7 


P 

A 

1 Ul 
3, Ul 
2-4, UG 


P 
A1 
1 Ul 
3, Ul 
2-4, UG 


P 

A 

A 

1 Ul 
4 Ul 

3 5, UG 

2 6 UG 




incorrect Applications of VO 


(x)Fx} 

A 

' ^ 

1 Ul 

Fxy 

2-3 UG 

ty)Fyy 


P 

A 

X\ ^ y- 

1 Ul 


o ^ UG 


l_ES involving TltE 

USE oh UG 


(t)F' 


(,)Ff IfOTti 


, occurs Iroo m Fxy I 


^ captured ) 


To derive 
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Derivation 


11 WFz P 

2 v| A A 

3 I Fx 1.UI 

4 {x)Fx 2-3, UG 

5 y\ h A 

6 1 Fy I.Ul 

7j {y)Fy 5-6. UG 

bI (x)Fx {yWy 4.7, PC 


Commeni As UG is stated it is incorrect to proceed as follows 


(z)Fz 

P 

1 ^ 

A 

\ Fx 

1. ui 

(x)Fx 

2-3, UG 

(y)Fy 

2-3, UG (incorrect) 


There ss nolhmg really wrong with step 5, however, because, if UG were 
modified to allow such steps it would remain sound Pedagogically, the 
present statement of UG appears to be less confusing, but the extension 
allowing steps such as step 5 would provide a useful shortcut We shall not 
use this shortcut, however 


b To prove {x)iy)(,Fxy -D -Fyx) D {x)- Fxx 
Proof (Worked out) 


(a) 1 1 (t)(>)(FAr> D-F}x) A 

? 

1 U)~Fxx 

\ O ~Fyx) D Ct) - Fxx CP 


(b) 


ic) 


(x)(y)[Fxy D ~~Fyx) 

A 
? 

— rjf;c 

u>- 

uH>HFv> O -Fyx) D U)- Fjc;c 
] lr)[>)tFj:i D -F>r) 

'■*1 A 

Fxx 
? 

i ~Ixx 
ir)— r XX 

1 ix){\){Fx\ D -Fxx) {x)- Fxx 


A 

A 


UG 

CP 

A 

A 

A 

IP 

UG 

CP 
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(d) 111 UXvXFxy 3 -Fyx) 

^ bXFxy D ~Fyx) 

5 FxxD ~Fxx 

6 -Fxx 

7 ~Fxx 
Bj (r) — f'rr 

9 1 (x)(y)iFxy D ~Fyx) D (x) - Fxx 

Comment This proof depends upon the “identification” of and ‘y in 
step 5 Suppose that we were to prove (x)(y)(/'o ^ -F>x) 3 (y) - F})' It 
would be natural to try to use the same proof except for replacing "Fxx' by 
'Fyy' This wil not work, however, because the restrictions on Ul prevent 
'Fyy D -Fyy' from taking the place of step 4 On the other hand, a very 
simple proof can be obtained by using (d) up to and including step 7, and 
then changing V to y to obtain •(>>) ~ as step 8 [Bxcrme Prove 
(x)(y)(Fxy D -F}x) D (y)~Fyy ] 

It IS very useful to try to carryout “derivations ’ on an informal basis be- 
fore attempting to construct a purely formal derivation This often helps 
to overcome the problems involved in choosing variables For example, an 
informal ‘'derivation’' of the last example might run 

1 Everything that bears F to anything does not have F borne to it in return 
by that thing fPremisse) 

2 Thus, if anything bore F to itself, it would have to have F borne to it in 
return by that thing, that is, by itself 

3 But this contradicts 0) 

4 So nothing bears F to itself 

Step 2 of this “derivation” is a clue for the use of IP and for identifying 'r' 
and y 

3 34 EXISTENTIAL INSTANTIATION 

The extension of existential mstanhalion will be similar to me extension of 
universal generalization New restricted vanables will be permitted, and when 
an existential quantifier is dropped, there will be an option at replacing 
the variable bound to it by a new variable The intuitive basis ol El remains 
the same, however. On intuitive grounds, ii is quite correct to select an 
arbitrary F once it has been shown that some f exist Existential mslanlia 
non and restricted El subproofs constitute the formalization of this mluihve 
procedure 


A 

A 

A 

1, Ul 
4. Ul 
3. 5, MP 
3-6, iP 
2-7, UG 
1-8. CP 
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First we must restate the clause of the rule of assumption which is re- 
sponsible for generating El subproofs This is done as follows 

New clause to the rule of assumption If ihe schema, (3a), is the last 
step to date in a demotion, then ire may ante 5^ as the nest step, pronded 
that we simultaneously initiate a new vertical line and write a v ariable fi to the 
left of It Here S„ and Sj are related as in the statement o/ UQ 

The reason for Sg is simply ‘A' The subproof initiated is called a restricted 
El subproof, Its restricted variable is /3, and it is restricted to p 

Unwanted capturing and similar problems could arise when this rule is 
applied The reader may verity, however, that as stated, the rule requires 
that (1) ^ replace all tree occurrences of a in 5^ (if it replaces any), (2) /3 not 
be captured in the process, and (3) /3 not be free in This guarantees the 
soundness of the rule Shortly, examples of incorrect applications of this 
ru(e w»(( be given The unsourtd "derivations" which they produce demon- 
strate the need for satisfying (1) to (3) 

Existential instantiation itself must be restated because we now have other 
restricted variables besides x’ The following restatement suffices* 

Existential instantiation Suppose that W is the last step to date in an El 
sitbproof whose assumption is Sg Then if IV does not contain ^free, the El 
sitbproof may be discontinued, iV being written again as the next step (and 
outside the El subproof) 

As the reason for W, we write a numeral referring to {3a)S , followed by 

hyphenated numerals referring to Sg and fy, followed by El 

examples 

Correct AppUcations of El 


Ox)Fxy 

P 

i| Fxy 

A 

1 Gz)Fzy 

2. EG 

Gz)Fzy 

1. 2-3, B 

mFxy 

P 

mI Fwy 

A 

1 

2, EG 

(3‘v ) Fu > 

1.2-3, El 


P 

(\)F^> 

A 

1 1 Fxx 

2. Ul 
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d. 1 

2 

3 

4 

5 

e. 1 
2 

3 

4 

5 

6 
7 

a 

9 


J 1 (av)fir 

3. EG 

( 

1. 2-4, E 

m(y)Fiy 

P 

4 (y)Fzy 

A 

Fzz 

2, Ul 

j mFzz 

3, EG 

Gz)Fzz 

1, 2-4, El 

: mFx 

P 

\ Fx 

A 

Fx V p 

2. add 

(IriCfjT V p) 

3. EG 

(SxXFr V p) 

1. 2-4. £/ 

(3x)Fx 

1, R 

y\ Fy 

A 

1 0y)Fy 

7, EG 

0y)Fy 

6. 7-8, El 


Comment: The clause of the rule of assumption for generating El subproofs 
requires that the assumption follow immediately the exislenlial quantifica- 
tion concerned. For pedagogic reasons it appears best to state the rule in 
this way, and thus it is necessary to repeat step 1 of (e) as step 6. However, as 
a shortcut it would be possible to do away with these repetitions and preserve 
the soundness of our rules We shall not use this shortcut, however. 


Incorrect Applications of the Rule of Assuiupiion: 


f 1 i^)Fxy 

2 .^1 Pyy 

3 I (3y)f’3y 

4 (dy)Fyy 


P 

A (incorrect: y Is free in 'Fxy ) 
2. EG 
1. 2-3. El 


g 1 OxHi3))Fxy'Mx) P 

2 J (^y)Fyyfiy A (incorrect- is captured ) 

3, I (3v)Fvy 3.S 

4 t. 2-3, El 


h. 1 ar)FiA 

2 W Fxy 

3 I (3y)E'ty 

4 mFxy 


P 

A (incorrect not ail occurrences of x havo 
been replaced ) 

2. EG 
1.2-3. Et 
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EXAMPLES INVOLVING El 


a To derive ■(■x)(3y)Fj:> from 0y)(jc)Fjcy 
Dernation (Worked out) 

(a) {3y)[x)Fxy P (b) ay)U)Ft> P 

’’ y {x)Fxy A 

f.x)t3y)Fxy ? 

(t)(3»Fj) El 

(c) SyXxiFxy P 

3 (x)Fxy A 

X A A 

■) 

(3j)F^) 

(xK3y)Fx} UG 

(x)(3y)Fxy El 


(1) 1 l3y)MFxy p 

2 > UjFjy A 

3 ' A A 

4 Fiy 2, Ul 

5 OylFAry 4, EG 

6 (ArX 3 })Fj :3 3 . 5 , U 6 

2 U)(3)i)Fa:j 1, 2_g^ £| 


b Toder,ve mFx Oxx) Uon, (3xXFx (yXFy ^ Gxy,y 
Dcnu,„on 1 (yXFy 3 Gxy)) p 

I ^ P-' iyXPyOGxy) A 

O 

^ C>XFy 3 Gxy) 2 s 

8 a.„F. c„, 

9 I axXF. Gxx) \ 

c To derive (t)((33XH, p . ^ 

n Fx>)) from (;c)(//'r 

o. ri. mon (Partially worked out) ’ 

I UK/Zx r) Gt) 


um3v)(/Z> Fx»D( 3»(G3 Fr>)) 
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( 2 ) 


U)(Ha D Ct) 

vl A 


mffy fa)) A OyKCi 


fjcy) 

Fxy)) 


(3) 


(xWx A Ga) 

A 

(3y)(Hy Fiy) 

W) Fay 


, (3>)(Gy 

1 (3y)(Gy _ . 

(A)((ay)(«y Fay) o eyHCy fa,)) 

(EA^rcF. complete .his derivation) 

, TO derive (A)fAA from (a.W(l)(FaT 
(A)tv)(FAy 3 Fja) 

Denvauon (Partially worked out) 

(1) I (A)(y)U)(FAy FtlAFal) 

(A)(3j)FAy 
(A)())(FAy 3 FyA) 

9 

(x)Fj:x 

(A)(y)W(F« Fyz^Fxz) 

(Y)(3y)FTy 
(A)(y)(FAy Fja) 

A 


( 2 ) 


( 3 ) 


Faa 

'(a)Faa 

(v)(y)UKFo Ffl^FaJ 

(A)(3j)FAy 

(v)0)(Fy' 3 Fja) 

A 

(3\)Fa:> 

Fxy 

9 

Fxx 


p 

A 


UG 

P 

A 

A 

A 


El 

CP 

UG 


F>2 Ftz) 


P 

P 

P 


P 

P 

P 

A 


UG 

P 

P 

P 

A 

Ul 

A 


(jr)(3\)rr\ 


and 
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(4) 


1 Fxx El 

ix)Fxx UG 

U)(y)U)(F;c>’ ■ Fyt 3 Fxz) P 

ix)[ly)Fxy p 

{x){y'){Fxy 3 Fyx) p 

A A 


{^y)Fxy 

Ul 

Fxy 

A 

{y){z){Fxy • Fyx 3 Fxz) 

Ul 

{z){Fxy ■ Fyz 3 Fxz) 

Ul 

Fxy • Fyx 3 Fxx 

Ul 

7 


Fxx 


Fxx 

El 

)Fxx 

UG 


{Exercise: Complete this derivation ) 
0. Prove: -mixKFxy ^ ^Fxx) 
Proof: (Partially worked out) 

I {^y)(x)(.Fxys^Fxx) 

\ 

~'{h){x){Fxy a ~Fxx) 

{h){x){Fxy m ^Fxx) 

U)(Fa:>- 3 
Fyy S -Fyy 
? 

~Fyy 

Fyy 
? 

? 

B — Fjv) 


( 1 ) 


( 2 ) 


A 

IP 

A 

A 

Ul 

MPB 


El 

IP 


IPartially worked out) 


0 ) 


(rX-fu D 
IrkiX-Fx, 3 -ll)x) 
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X A 

(3y)Hxi 
z Wjts 
-? 

Gi)Fxy 

( 3 y)Fxy 

-(3y)Fxy 

-( 3 y)Hxy 

-(3y)Fxy 3 -(3))Hx> 
(x)(-3y)(fTy 3 -(3y)Hxy) 


(2) 


(x)(,—Fxx 3 —(.3y>Fyx> 
(x)(y)(-Fxy 3 
: A 

-(3y>Fxy 
{3y)Hxy 
z Hxz 

7 

-Fzx 3 

9 

(3y)F>-* 


A 

A 

A 

A 


El 

R 

IP 

CP 

UG 

P 

P 

A 

A 

A 

A 


EG 


Fxx 

, 0y)Fxy 
0 y)Fxy 
- 0 y)Fxy 
1 -Oy)Hxy 

complete mis denvauon) 


EG 

El 

R 

IP 

CP 

UG 


, p-oo« OP ' "" 

.ntificational sohem ® universe since ihe'“ 

rpretations m any coniunction is m ascertain 

Z,s,e,u If and on d ^ ,p,ppasidle >° '^"^'’ ^Vl’merprctation m ono 
nitely many universe have a „consisiency of a 

utnX: on-anno. demo^" ^^ans e. an or 
::ror"nt inconsistency of save 
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haust.ve examination of their interpretations Nonetheless, proofs of incon- 
sislency may be obtained by means of our procedures for proving validity 
For a schema S is inconsistent if and only if-S is valid Thus, to prove the 
inconsistency of S it suffices to prove the validity of -S Indeed, to prove that 
5 IS inconsistent, it suffices merely to derive a contradiction, that is, a schema 
and Its negation, from S For once we can denve a contradiction from S. we 
can easily obtain a proof of the validity of -S by using the rule of indirect 
proof A derivation of a contradiction from S takes the form 

S P 


IV' 

1 -W 

and once we can carry out such a derivation, we can also obtain a proof of 
the validity of —5 of the following form 
S A 


IV 

-IV 

-S IP 

Therefore, to establish the inconsistency of a schema, we derive a contra- 
diction from it. and to establish the joint inconsistency of several schemata, 
wo derive a contradiction from their conjunction The latter case can be 
simplilied by taking the several schemata as separate premisses of the 
derivation, since in any case they could be quickly derived from their con- 
lunction by a number ol applications of simplification Thus proofs of the 
inconsistency of single schemata take the form 


n 


-JV 

JV 


' -If 

and piools 01 the ,oint inconsistenoy ol several schemata take the form 
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\V 


EXAMPLES 


MPLES 

Prove the inconsistency of {x)Fx (W 
1 I (x)Fx • — d'tf' ^ _ 


Proof 1 MFx 

2 (rjFt 

3 Fx 

4 (Wff 

5 -Gx)Fx 

b Prove the inconsistency of W(F-' 

_ _ c*.., r P 


P 
1.S 

2. Ul 

3, EG 
1.S 


-ftt)' 


Proof 11 

1 F» 

I -FJJ 

-I o. ...■■■ - 

6 I and (t)b)(Fn 3 

prove the toint, neons, stencyoM^.F. 


P 

1, UI 
A 

2, 3. MP 

3-4. IP 
5. 2. MPB 


-Fm)’ 


Proof 


P 
P 

2. Ul 

3. Ul 
l.UI 

4. 5. WP 


WOKFv, 3 -Fm) 

(,XFyy3-FM) 

FM 3 -F” 

Fxx 

® ' nsistencyof (rtOKF-'' 

prove the loint, neons, ste 

d ■0-xm)Fxx' 

(Partially wo, Ked out) ^ 

I MbV.Fx>^-°f p 

. (>)0)(Fe' P 

i (ItjO'lFo A 

lUl (3,)F,' 


-Cr,). WlyKF,,' H 


Cn) 
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A 

2. Ul 
6. Ul 
1. Ul 

a, Ul 
5. 8. MP 


El 


[Exintse Complete this prooi ot inconsistency ) 


EXERCISES FOR SECS. 3.3 3 TO 3.3 5 
K PfOVQ QS 

1 [X)} X I) t*)F: 

2 HK>)( 7 jcv D (\)(x)C 74 :> 

4 ii>(>x:)(7n: n (OOj:: 

5 

G a.x3»)i‘kl«4>: O (ii)(ixyO^)lUyz 
7 axio/iu 3 <J:)(3 ..)Fhz 
a llilOwi 3 
9 UK>XFi) 3 -F>4) 3 

to 3 / >0 UH>H:KFi> • F>i 3 F«) 3 (x\{\){F\y 3 Fm) 

It iiMtXtMY » « »>;» 3 {x)C,xx 

12 iix.xo.v *» iz)iHxz « Uyz)) 3 (iKyHC*> 3 C)j) 

13 « «>i» 3 UX>H:KGx) • Gxz 3 G«) 

14 »|1<F| 3 on 3 CKGyMFv • Itzxi 3 a>)(G\ • //;\)) 

15 j> 

to int.j 3 •* Oi -Fio 
17 liitn*- / II 3 

ta -«i«»>#i» 3 ii(Kii)'-f XY 
13 ».n~lti3 --UH%n t\ 

.3 3 (/M) 3 U<4F| 3 OnOii) 

21 II«I *1 n 3 C.I» 3 1»M»G «Y 3 <»i> 
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22 (33>)(F\ D (v)F;c) 

23 (^y){i'ix)Fx D Fy) 

24 (Wfi 3 W)Gi) => ^ 

25 \x)mz)<.‘l^ (G' = ^ , 

Prove the joint inconsisteney of the QS tn these lis s 


uk': 3 3 

(0(y)(f« 3 -Fix) u)0Kf y 

(3v)Wffl -ix){iy)Fxy 


3 4 applications TO ORDIN ,ui| quantification theo^ 

Most of the problems that a"®® * language have already been encoun- 

to statements expressed in ordma^ na.^ar^able quantification To 

tered m our previous ame„U rhose logical complexity used o 

hH sure we can now handle state .gsion demands it we can also 

these reasons a briei su 
now appropriate 

3 4 f BRINGING OUT ^E^^SHIPS '^^r"‘'r;s"ongmli 

Often an adequate relationships which were imp ^ , 

,ng It so that one o ^“J^J^aehas mother, “"'L 's in Mary is a 

r - ce used enhof to at.nb.e P ^ 

a relationship IS '"]f '' qappens when 

make this explicit This happ 

Mary is a mother 
John was struck 
The robber was caught 

are transformed to 

Mary is ^ pylof"®*'’'"® 

Crotb" was c/ught by someone 
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merit which IS SO phfased that relationships such as these are 
sider the valid argument 


All bus drivers must wash every bus they drive 

Wilson IS a bus driver 

Hence Wilson must wash some bus 


To establish its validity, bus driver most be expanded to make exP'":'* ^ 
relationship between driver and bus that is. the whole argument should be 
rephrased as 


's a bus X drives > D x must wash y) 
(3\)(Wilson drives y > is a bus) 

03)0 IS a bus Wilson must wash y) 


Again consider the valid argument 


All robbers must compensate their victims 
John IS a robber 

Hence John must compensate someone 


Us validity is established by hrst paraphrasing it as 

(t)0)U robs > D X must compensate >) 

On )( John robs >) 

ONHJohn must compensate n) 

(Here we have limited the universe ot discourse to persons ) 

The cases we have just considered have involved adjectival torms of verbs 
Although this IS usually a good clue to concealed relationships there are 
even more subtle cases Thus consider the statement 

(1) All monetary contributions to churches are tax-deductible 

This says that anyone who contributes a given amount of money to a church 
may take that amount as a lax deduction These fairly complex relationships 
become explicit when (1) is paraphrased as 

IS an amount of money ; is a church x contributes y to c 3 jc 
may take \ as a lax deduction) 

Moreover ihrs expansion ol (1) would be required to validate for example, 
the argument 

All monetary contrrbutrons to churches are tax deductible 
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Jones contributed some money to a church. 

Therefore Jones has a tax deduction 

3hr — et^LTdT « 

The argument 

AM mothers must prepare supper 

Mary is a mother 

Thus Mary must prepare supper 

may be validated by simply paraphrasing ,t as 

IS a mother 3 r must prepare supper) 

Mary is a mother 

Mary must prepare supper. simpler analysis 

(2, Every mother loves her children 

can be paraphrased as mother of 

( 3 ) Every mother loves all those 

and finally as loves ') 

tu h; p- 

raT-rn'^ot^.^ 

some s.mpl.h«>'°" the term ’pP' ^,l,er ti* h.s vic.i^hs 


some shhP""PP‘'°" "fedtuh the term h.s victims and 

uonal paraphrase Con^^^^,„ms m lavor 
phrases by dropping thee 
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which they derive In applying this ‘edhmqne. 
choose cohsistently the same relational term in 
For example the valid argumeirt 


however, it is important to 
favor of the corelative terms 


Every parent loves his children 
Hence there are no children not loved by 


Ihetr parents 


may be paraphrased as 

15 a parent of j 3 t loves >) 

IS a parent of > “U loves >)) 


or as 

(t)(\)0 IS a child of j: 3 t loves >) 

-(lx)( 3 \)(\ IS a child of jc —(jr loves >)) 

In the first case, the corelattve terms parent and child have been dis- 
pensed with in favor of the relational term parent of , m the second case, 
in favor of child of The argument remains valid under either transformation 
However, if the argument is paraphrased as 

IS a parent of > 3 t loves >) 

-(a.r)(3\)(\ IS a child of X — u loves >)) 

then It IS not valid, as it stands and requires the additional premisse 
U)(\K\ IS a child of a: 3 t ts a parent of >) 


EXERCISES FOR SEC 341 

Symbolize these statements using togicat symbols and the suggested notation 
Reveal as much structure as possible 

t Eveofone who is related to Johnson is related to someone (Noiution R j) 

2 Not every pencil on a desk is on a wooden desk (P D O IV) 

3 All mothers will watch ail and only their owr> children (\f VV) 

4 On each ot Jane s tmgers there rs a nng 0 P O R) 

5 U Sm m IS observed ho witl bribe Jones pOJlj) 

C S'ihcncver a child is in trouble, ha summons his mother {C T^) 

7 Dogs winch have ownois are more expensive lhan Ihose which do not (O O W) 

8 All horses buck sometimes (// U T) 

9 Some horses buc< whenever a nder is on them (// B T It) 

to \ihoevcr owns a car drives it on some bad roads (C O O R R) 

tt Viha'ever IS a cause IS caused by something in turn (C) 
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,, TReie,sa.ar.e.wR,=hse|,sso^ 

all Its sales to one person (A» PS) 

14 Every man that weds a 9''' ^ observed (O P) 

1 5 Evey observer photographed whatever 

34 2 SUPERLATIVES ..vvh aq best' 'greatest', least', and 

The superlative forms of Again, it may 

•most evil', also ^^‘’-^^;P‘=“",a.ionsh.ps, but in this case, usually, 

be necessary to 79;;;,'’^olber, for example, the statement 

something more is requireo 

(5) There is no greatest number ^ 

This implicitly involves the But (5) says ' 

r - - — • ■“ •• 

paraphrased as _|,= i)3x>>)) 

„h=r (iKv ts a number tr n 

(61 -(lt)(r IS ® number OW 

ly restrict, ngtneuniverse to numbers, as 

(7, -CW0)(-(A-^> merely ;;'o';rwmch 

Ce°rlatf'grrt:sTconcea,s a more implex ^ ,„3lys.s 

begin with 'There is no — 

Thus 

(8) There IS no shortest man 

may be paraphrase 

Z -aOOH-(r=Y. " «ntexts, >=e. --- o«urrenc» 

the following examp es ^oads the line 
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They may be paraphrased as 

(tKv IS in the class ■ is in the class —(x-y) D x\s shorter than >) 
heads the line) 

(VKX ,s a runner (»0 rs a runner • -(v = » 3 a: runs faster than » D U rs 
m good condition D x will win)) 

Naturally, there are exceptions to ptaclicaUy any rule of paraphrasing, and 
in the case ot superlative terms, two types of exceptions deserve mention 
The first may arise when a superlative is combined with a definite article, as 
in 'the tallest man' Such phrases usually purport to identify a unique ob)ect 
and function more or less as names Thus many sentences in which they 
occur are simple-subiect-predicate or relational sentences, such as the 
lollowing examples 

The tallest man in the room hit his head on the door frame 
The smallest whole nonnegative number is zero 
The last chairman was better than the present one 

Consequently, gwen our present techniques, these examples must be 
treated as simple-subfect-predicate and relational sentences, and the 
superlative phrases in question replaced by individual constants Later, we 
shall introduce additional techniques which will permit an even deeper 
analysis of these sentences 

By the way, ordinary language is so intricate that even these exceptions 
have excepUonsl The statement 

(12) The tallest man does not exist 

is not a simple-subject- predicate sentence, but rather means 
tt3) There is no tallest man 


Consoqucnily, (12) may be treated in the same way as the nonexceptional 
superlatives are 

The second type of exception that arises in connection with superlatives 
ocems wUon they are combined with plural nouns, as in 'the smartest men' 
Those exceptions are encountered in such sentences as 

(14) The smartest men save at Brooks 


m which releienco is not made to the smartest 
who are smarter than average It is possible to 


tnan, but rather to those men 
paraphrase (14) as 


(15) UHi isaman x is smarter than average :? t saves at Brooks) 


Cut such a paraphrase docs not bring out all the 
.a date many arguments m which (14) can occur 


structure necessary to 
In this book we shall 
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not develop the techniques necessary to give a full analysis to statements 
such as these Their treatment would plunge us into a rather unsettled area 
of logic Some logicians think that special anti as yet enperfected purely 
logical techniques suffice for dealing with these statements Others believe 
that they are best treated by means of mathematical methods used in statis- 
tical reasoning 


3 4 3 COMPLEX PRONOMINAL CROSS REFERENCES 
The greatest number of problems encountered m paraphrasing statements 
into logical notation are due to the complexities of pronominal cross refer- 
ence present in ordinary language Unfortunately, it is difficult even to be- 
gin to set down rules of thumb for treating these problems Generally, the 
best procedure consists in first carefully thinking through the sentence at 
hand, being sure, of course, to consider the context in which it occurs 
Once this step of analysis has been carried out. it is often advisable to try 
out an intermediate paraphrase which may combine both logical and ordi- 
nary notation This step will usually lead one to further paraphrases, and 
finally to a complete quantificational paraphrase of the original sentence 
fn carrying out these paraphrases, it is generally useful to paraphrase in- 
ward, since this tends to resolve problems into simpler components Often 
several tentative paraphrases will have to be examined and tested against 
the original sentence before a final paraphrase can be obtained These sug- 
gestions are so general that they are of httle practical value The student wiU 
find that in these matters experience is the best teacher To help the student 
gam some experience, several rather different but complex examples wilt 
be worked out in the remainder of this section 
Let us start with 

(16) Everyone who loves has his love returned 
This means 

(17) Everyone who loves someone is loved in return by that person 
or 

(18) If one person loves anolher, that person loves him, loo 
This leads us to 

(19) (r)t))(x: loves; D > loves r) 

restricting the universe to persons 
Next, let us try 

(20) Everybody loves those his loved ones love 
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This says that everyohe loves a certain type 

peoplet-The people his loved ones love So this much leads to 

(2t) (xKi loves those whom i s loved ones love) 


and this in turn to 

(22) (x)(i)Li IS loved by one of t s loved ones 3 x loves y) 

Now a person s loved ones are those he loves so z is one of x s loved ones 
means x loves; Thus j is loved by one of x sieved ones means (3z)(x loves 
C c loves >) So (22) may be paraphrased as 
(23) (x)(,v)[(3:)(t loves ; z loves >1 3 x loves >) 


or equivalently by 

(2'^) (x1(>1(z)(x loves z z loves > 3 x loves y) 

Next let us consider an example m which pronouns play an even greater 
role 


(25) If two instances of time are distinct then one is before the other 

Notice first that (25) is a statement about all instances of time it says of any 
two of them that if they are distinct then one is before the other This much 
loads to 


(26) )) 3 one of x and > is before the other] 

provided that we restrict the universe to instants of time The remaining 
problem is the expression 

One ol X and > is before the other 

II is a tempting move to paraphrase this as x is before \ However this 
leads to 


(27) (t = >) 3 JT IS betore \\ 

which ,s mcortocf because il sfafes that of Iwo dislinct instants of time the 
first IS before the second This is too strong To say that one of two instants 
ol lime IS betore the other is ri,rr to say which one is Thus what we want is 
I* IS betore w v (\ is before :r) 


ConsLquenily the appropriate paraphrase of (25) is 
(^o) - >) 3 ,(( IS before v o is before x))] 

Our ncit example is 
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(29) Everyone who .s admitted is examined beforehand 
As a start, let us transform this to 

™ .» . — = ■ • »™ - «• — 

«• "™ - ™“ “ “ 

rewrite (30) as ^ ^ examined before that 

(31) (x)(t IS a person admitted at a gi 

. a hu 'v’ then the consequent clause 
,, we let the g.veh time be represented by y, 

expands as 

, . t,rna r • z IS before >’) 

(3j)(x IS examined at time z z 

and the anteoedeht as 

. IS a person admitted at time 

Although the componen H we try 

they are put together sti examined at time c • c is 

(32) ( 3 y,U.sapersoh admitted at t.mey)3(Bs>U 

before j) me consequent are not 

we find that the yin the antecedent and 

linked Thus we might try examined at time : ■ c is 

before y)) . ,na, those admitted then are 

But this says only that t^rej ^ , he true i, no one was e. 

examined Oeforehan^^^^ ^ no one we 0 ;“ 

amined who was odmi 'od. 3 h„,iied at am 

Obviously. (29) 'noons ^et 

forehand This leads to ^ ^ ,3 examined at t.m 

(34) (x)(y)(x IS a person admitte 
Z . Z IS before y)) 


HXHnCSES FOB SBCS-^ 
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2 Thote IS no tallest man although every man is taller than Jane {MTj ) 

3 Whoever is the fastest member of the team will go to Italy (F M G i) 

4 A horse faster than all dogs does not exist (H F D) 

5 Whoever kills everyone kills himself (A) 

6 Whoever kills Adam s killer is a killer who will not be killed (K a) 

7 Everyone who loves someone but does not have his love returned will love 
everybody {L) 

8 One ol Joe and Claire is older than the other [O j c) 

9 Given any two numbers, one is less than or equal to the other (N L) 

to II one number is less than another the latter is not less than the former {N L) 
11 Every man who weds a girl dates her beforehand {A/ W G D B) 

\2 Alt houses on A Street are north of every house on B Street (,H O S ab) 

\Z There are at least two different cities on Kauai, and one is west of the other 
{COOK in 

14 John would always visit Mary before visiting Edith {V B j m e) 

15 A dog ihat comes to every whistler will come to no one who does not whistle for 
him (DC in 


3 4 4 FROM PARAPHRASES TO SCHEMATA 

Onco a staiement has been paraphrased into quantificational notation, it is 
a simple matter to find a schema diagramming it Since this has been dis- 
cussed in previous chapters, it is not necessary to go into the details of the 
procedure onco again However, it is convenient to accompany each sche- 
matic diagram of a statement with some indication of what each constant, 
predicate, or statement letter is supposed to represent This may be ac- 
complished by supplementing each diagram with a table in which each 
constant, staiement. or predicate letter is followed by the name, sentence, 
or prcdicalo il represents Thus suppose, for example, that we are given the 
statement ® 

(35) only those who date her or f do hot know what 1 am talking 


Supposu luiihor. mat wo analyse ,ho l.ret disjunot oomploiely and leave the 
.(.cond ono alono. so that our paraphrase is 

13U, i iii^Edith da-us . 3 . dates Edith. V . do not know what 1 am talking 


tr ,n a -.ci-vma u agiamming (36) and (35) is UllA.a D F^c) V „ 
4*' J t'-y tab o accompanying it is 

.. ' Janal .row anal) am talxing about 
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e Edilh 
F (T) dates @ 


EXERCISES FOR SEC 3 4 4 

A Obtain schemata diagramming the statements given in the exercises for Secs 

3 2 1 to 3 2 3 Reveal as much structure as possible 
B Establish the validity of each of the following arguments by means of a derivation 

1 Each of Edith s brothers attends Dartmouth So if Edith has any brothers 
then someone attends Dartmouth 

2 Every person who buys at feast one gallon will receive a ticket Hence if no 
one receives a ticket then no one buys a gallon 

3 Some of John s brothers are friends of Adam All friends of Adam are friends 
of Charles Hence some of John s brothers are friends of Charles 

4 Everyone loves all those who love him Everyone loves everybody those 
he loves also love So anyone who loves anybody loves himself 

5 Ail trucks are motor vehicles Hence every truck driver is a motor veh cle 
driver 

6 Some teachers are admired by all students who adm re any teacher Every 
student admires at least one teacher Hence there are teachers who are 
admired by all their students 

7 No number is smaller than itself Hence there is no number that is smaller 
than a// numbers 

8 If one number is less than another then the numbers are different If one 
number is less than a second and the second is less than a third then the 
first IS less than the third So if every number ij. less than some number then 
every number is less than two different numbers 

9 Every event is caused by only an earlier event and tf one event is earlier tnan 
another the latter is not earlier than the former Hence there is no event 
which causes every event 

10 No student of a logician is a student of an artist Hence if some logicians 
have students then no artist has everyone for a student 

11 Every i^umber greater than t is also greater than 0 One number is greater 
than another just in case the latter is less than the former Hence every num 
ber which 1 is less than 1 is also a number which 0 is less than 

12 Every mother loves her children Jane does not love any children So Jane is 
not a mother 

13 Every parent loves his children So rf everyone has a parent then everyone 
IS loved 

14 Whoever is the fastest runner on the team will compete m the mecL No one 
on the team can run faster than Adam Adam rs on the team So if someone s 
faster than another just m case the latter is not faster than the former then 
Adam will compete in the meet 

15 No one likes a person who does not Irke himself No one will beir end a per 
son he does not like Hence someone who I hes no one will not bo beir ended 
by anyone 
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4.1 FUNCTIONAL TERMS 

Quantifjcatjon theory, as it now stands, is capable of treating all inferences 
in mathematics and practicallyall deductive inferences in the other sciences. 
Nonetheless, there are several types of inference that it can treat only in a 
very cumbersome manner, and to achieve a convenient treatment of these 
inferences, it is usual to extend quantification theory m several ways. The 
next few sections will be devoted to these extensions. Because (he exten* 
sions in question are theoretically dispensable, their treatment here will be 
less rigorous than that given to full quantification theory. The student inter- 
ested in fully rigorous treatment of these subjects should consult one of the 
more advanced treatises on mathematical logic. 

Since most of the examples to be considered from now on will be drawn 
from mathematics and expressed in its own precise and symbolic language, 
the economy gamed by carrying out derivations by means of schemata 
will no longer be significant Indeed, our derivations will be more perspicu- 
ous on the whole if we stick with mathematical sentences, and so lor the 
most part this will be our practice. Thus, for example, to show that 
‘U)(>’)(v < Y -(y < x))' implies '(x) ~(x< .t)’, we construct the following 
derivation* 

1 1 ix)iy)(x <yZi -0' < X)) P 
2 A| A A 


j- < r 

A 

O’X-c < V 3 -O' < -t)) 

1. UJ 

.t < X D -(r < f) 

4. Ul 

-(X < x) 

3. 5, MP 

-(r<x) 

3-6. IP 

- <x < X) 

2-7. UG 


An examination of mathematical arguments quickly reveals that many 
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context of full quantification theory. 


example a 

01 ^x){y)^x + y=‘y+’‘) '^ 

Let c he any number Then by (1) 

(21 (5l[(t,+ l) + y = )’ + <2+ 

So, s\nce z ‘s arbitrary, 

(31 (xi(yi[u+ n+y=y+(-'+ ‘>1 


EXAMP1.E B 

01 (l)tx<ir+l) P 

(21 (Xl0))(x < vl by (tl 


The reason why these arguments appear so elementary is that they differ 
from arguments we have previously encountered only by containing app lica 
tions of erieitiJcif forms of universat instantiation and existential generaliza- 
tion (Terms other than variables and constants replace a in the 5^ of Ul 
and EG ) This may be seen by formalizing them as follows 


EXAMPLE A 11 (x)CyXjr +> = )’ + x) 

2U| A 

31 I !)+> = > + U+ 1)) 

aI (j)(>XU+ 1 ) + >=*y + (jr+l)) 


P 

A 

1,Ul (extended) 
2*3, \JG 


EXAMPLES ^\ ltXr<T+l) 

2 aI a 

3 v< j:+ 1 

4 1 (3\Kx<\) 
sl (tX 3 >Xx<>) 


P 

A 

1. Ul 

3, EG (extended) 
2-4. UG 


It is possible to handle these examples by means of quantification theory as 
It now stands, but only by first reformulating the language of mathematics 
Itself so as to dispense with funciionai lerms such as ‘x+ 1’ Later, we shall 
indicate how this may be done Right now it suffices to say that the dispensa- 
bility of functional terms is a theoretical dispensability, not a practical one. 
No one would recommend that mathematicians actually use a language with- 
out tunctionat terms, but tor certain investigations into the nature of mathe- 
matics Itself It IS important to know that such languages are possible 
Theoretical dispensability aside, it is fairly easy to extend universal instan- 
tiation and existential generalization to allow for their use in connection 
with tunctional terms But lust we must indicate what functional terms are 
Let us QiiiC some examples 
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-Y + >, tv. VjT, 

U+>’)-2, (X + O)^, (0+1). Ji, V4 

The last three examples are names of particular objects, so they may be 
viewed as individual constants, and dealing with them poses no new prob- 
lems The other examples are not names, however, and become names only 
when their variables are replaced by the names of appropriate objects These 
are the functional terms that pose the new problems More generally, func- 
tional terms are composed of variables, individual constants, and expres- 
sions known &s functors, m much the same way that compound sentences 
are composed of sentences and statement connectives A functor is a pat- 
tern of symbols and blanks which becomes a name when the blanks arc filled b\ 
names The number of blanks determines the degree of the functor Thus, 

‘ + r IS a functor of degree I. ’ + of 

degree 2 ( + )’, of degree 3, and so on 

Functional terms are gotten from functors by filling their blanks by variables 
or individual constants (names) and iterating this process More precisely, 
if a number of functors and individual constants are listed, then the func- 
tional terms composed of them are determined by means of the following 
rules 


1 If ^ IS a functor of degree n and a,, a,. • • • , o„ are variables or individual 

constants, then , .a^,) is a functional term 

2 If ^ IS a functor of degree n and /?,. are functional terms, 

then so is 

(In order to achieve generality, (he symbof '4' has been placed initially, but 

ag ' -j. _■ and ' . + ‘ illustrate, not 

all functors behave in this way ) 

EXAMPLE. Given the individual constants ‘0 and T and the functor 

the functional terms composed Irom them arc 

generated by the following rules 

a If a and /S are variables or the Indivjdual constants O' or I', ia + 0) is 
a functional term 

b If a and ,8 are functional terms, so is (o + p) 

Thus some of the functional terms so generated are 


(r+l), <v + 3 ). (0+1). Il 0 +t(+t) 

Now that functional terms have been characterised n ,s a simple maitor 
to make the appropriate extensions of universal instantiation and o-osico^' 
generalization In the case of universal inslanhalion. we 
universally quantified variable to be replaced by funchcnal terms And ,n 
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Derivation 

1 (x)(}’)U+ 3 ’ = >’+^^ 

2 a] A 

3 y A 

4 cy)(x+y=y + J') 

5 T+(y+l) = (y+') + ^^ 

6 ty)U + Cy + 1) - (y + 

7 W(yKA+(y+» = 0 +‘> + ^> 

b TO derive (A)Py)(A+l<y+')f'°-"W‘^<'+” 

Derivation 


1 U1 
4 Ul 

3 5 UG 

2 6 UG 


P 

A 

1 Ul 
3 EG 

2 4 UG 


U)(a < x + 1 ) 

A 

;c+ 1 < (x+ 0 + 1 
I C 3 yKx + 1 

^ 3nd W0X=) 

To derive W(y)(x < y 3 
U<y y<z 3 -'‘=^> 


Derivation (Partially worked out) 

(x)(x<x+l) , ) 

(A)(y)(a)(x < y y<z3^ 


x<y 

y<y+\ 

9 

1 Uy 3 ^<^+' , 

(A)(y)(x < y 3 T < J ) 


CP 

UG 

UG 


1 WUA-*'-*'' . 

ConApleteth^-- CA,UKr- = -- 

d To derive (x)(0 _ , 3 j) 

and ^ 

/Partially worked out) 

Den\aUon (Partial y ^ 

(x)(x + 0 = x) p 

(x)0Kv+> = >+j;^ P 
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Demation 




A 


MU + 3’ = >’ + 4 

I x+()'+ l) = b’+ '>+Jr 
I MU+Cy+ 1) = 0'+ i)+4 
WMU + (y+') = (3’+‘> + 4 

b To derive (a:)(33’)U+ 1 < y+ ''O'" ^ 

Derivation 


P 

A 

A 

1.U1 
4. U1 
3-5, UG 
2-6. UG 


WU < JC-f-l) 

A 

;C-)- 1 < U-^ 1)+ 1 

I ortud- 1 <y+ ') 

(r)(ay)U+i<3’+‘> 


p 

A 

1.UI 
3, EG 
2-4, UG 


{x<y }’<z3-'<4) 


Demaiion (Partially worked out) 
(x)(jc<x+l) 

' A 


x<y 

y < y+ 1 
9 

I J:<y+ 1 

y D Jl<>'+ ' 

I 


CP 

UG 

UG 


1 ' 

(Exerase Complete this deriva , ^ u)<.>K' + ' “ ' 

b TO derive (r,(0..=j):;;-^f"“ 

and'(t)(3)U)(v-3 •> ' 

^Pfl^tlally worked out) 

DcriMitiotr (Paniduy ^ 

(r)(T+0=“ y) P 

(j:)(3)(r+)=>+J* ^ P 

> • 5 - - 3 ^ 
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>1 A 


x+ 0= r 

1.UI 

(>)0+> = > + 0 

2. Ul 

0 + X = XT 0 

6. Ul 

? 


0 + X = X 


(rK0+ r=x 

UG 


ihxircisc Complete this derivation ) 
e To derive (t)(3i){x+ I = j) from U)(r = T) 
Dtnuirion (Partially worked out) 


(t)(r= x) 

P 

A 

A 

T+ 1 ^X+ 1 

1. Ul 

? 


(xH3>)(x+ I =)) 

UG 


(turiiic Complete this derivation ) 


EXERCISES FOR SEC. 4.1 

Ocrivdiions 

Dcdso 

> s ^ 0 j ^ T 1) 

? (iHO j - j) 

3 liHltKi t I - V) 

* HXiiHi , 1- 
S (iKtxt - i v >) 


6 


From 

(<«')(£)U<} \<zOx<z) 

"K' + O-xl U)(,|U+v=i + ^) 

UK,-., WI»U)U = , = „ 

UMx < Jt+ 1) 

UHO *; J) (jrKr — T=0) 

+ ^ . D j: « c) 


'--O-IITD 


■*2 identity 

'“E'ITITY STATEMENTS 

P’ ll-v Lqua'5 s.n„ . 

-» V. ^ynrbo, to students of malt 

-- -> PP -I Ir-Ly u,„ not sorely vorytmlr "r ' ' 
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two This basic characteristic of identify tends to be obscured by the use ol 
the equals sign m many geometry textbooks, where statements such as the 
following appear 

Since triangles and A'li'C' are congruent, /ifl =A'B'' 

Such statements are usually made only in the interesting case where triangle 
IS not identical with triangle A'B'a and AB is not identical with A'B' 
Consequently, here 'AB = A'B’ cannot be interpreted as stating that AB and 
A B are identical Indeed, as any student of geometry knows, the proper 
interpretation of this statement is that the lenttiJn of AB and A'B' are the 
same Expressed by using to mean identity, the statement becomes 
The length of AB = the length of A’B' 

Fortunately, =' does mean identity in all other branches of mathematics 
This IS how the sign will be used in this book 
Because every theory has occasion to declare that some of its objects 
are the same or distinct, the sign of identity appears in the vocabulary of 
every theory It is thus as pervasive and independent of subject matter as 
the truth-functions and quantifiers For this reason, the deductive arguments 
that turn upon the characteristics of identity merit the attention of the 
logician 
To assert (hat 

1 + 1^2 

Shakespeare* Bacon 

VM* 8 

IS to assert that I + t and 2 are identical numbers, that Shakespeare and 
Bacon are the same person, and that and 8 are the same number More 
generally, 

a = h 

IS true if and only if a and I? are the same object It is obvious, then that every 
object IS identical with itself and with no other object This causes one to 
wonder how identity can be a useful relation or a relation at all 
The first question may be answered by pointing out that one and iho same 
object may be known to us in different ways or may have more than one 
name The identity sign is then needed to slate that an object kno.vn or 
names in one way is the same as an object known or named m anoiher w j/ 

This IS done in the statements 

The morning star * the evening star 

Miss Jane Smith == Mrs Jane Smith Jones 

The author of //am/et “ the author of the On>inum 
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All these statements are nontrivial The first was verified by careful astro- 
nomical observations the second, perhaps, by checking society columns 
or marriage records and the truth-value of the third is still unknown and of 
interest to some Shakespearean scholars Of course, the statements 

The morning star = the morning star 

Miss Jane Smith = Miss Jane Smith 

The author of Humlei = the author of Hamlet 

are trivially true But their triviality need not preclude us from making other 
nontrivial or even false identity statements The second question may be 
answered by recalling that, although identity truly holds only between an 
ob|ect and itself it is grammatically possible to express false identities be- 
tween two objects, and this grammatical fact is what determines its rela- 
tional character Some philosophers, perhaps because they were unable 
to fathom this last point, have argued that identity is a relation that holds 
belween names Such a view runs into serious difficulties when we come to 
consider statements in which the identity sign is flanked by variables— and 
we must account for these statements since they abound in mathematics 
and science Then it is impossible to give a coherent account of identity as 
a relation between names How, for example, could we interpret 

UKjHt IS a real number and y is a real number) Dx + >’ = y-fjc) 

when It IS known that the real numbers outnumber all possible names for 
them? No, identity is a relation between things not their names, and it is 
the relation that holds between each thing and itself only 
Identity also owes its usefulness to its opposite-distinctness Two objects 
are Jisrincr il and only if they are not identical, that is, x and y are distinct if 
and only if -U = j) [From now on we shall follow custom and abbreviate 
-{a = by by a ?s fc ] Thus, to assert that there are at least two, three, or 
lour things we write 

(1) (lvK3j)(x ri j) 

(2) Qt)(3r)BcHx \ ^ z1 

(3) lli)(3i)(3d(3ii)(v I* r y*z a s* iv x u j u) 

Or to state that there are at least two F s, we write 

(4) (ItlBiXtA) Fx A) 


Identity IS also used to assert that, at most, a given number of things exists 
Thus to say that at most two. three or four things exist is to say 


(5) (tffrifaKx = a V r = ;) 

16) - u V > = u V 1,) 
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(7) (x)W(t)(u')(«)(x = II V > = II V z = « V iir = h) 

In olher words, to say that at most two things exist is to say that every thing 
IS identical with one of two (not necessarily distinct) things 
.Ordinarily, "at most" statements do not imply "at least' statements Thus 
none of (6), (6), (7) imply any of (1), (2), (3), for (5), (6), (7) would be true if 
even no oijecis, nothing, existed Conversely, (1), (2), (3) do not imply (5), 
(6), (7), for (1), (2), (3) will be true even if more than two, three, or four things 
existed, but under these respective conditions (5), (6), and (7) are false The 
only case m which an "at most" statement implies an "at least' statement 
IS that of 

(S) (i)0)(j- = y) 

the statement that at most one thing exists The implication is a direct con- 
sequence of our definition of validity This makes valid 

(x)(y)Fxy 3 (Ir)fxY 

from which it follows that (8) implies 

(9) (ax)(t = A) 

that IS, there is at least one thing 
That at most one F exists is expressed by 

(10) (x)(})CFx Fy3Y = }) 

and notice, this does not imply that at least one F exists Nor do the state- 
ments that at most two or three F s exist imply it, that is, these do not 

(11) (r)0)(z)(Fx ■ F,t ■ Fz 3 (r= z V y = z)) 

(12) (r)(>)(z)(M)(Fr • Fy • Fz ■ Fi* 3 (<:= i. V > = it V z = ii)) 

By combining "at most" statements with "at least ' statements one arrives 
at "exactly" statements To say that exactly one thing exists is to say that 
at least and at most one thing exists, that is, 

(13) (3x)b)(r = ^) 

[We need not write '(lr)(r = x) !x)(»)(i= >)' because (13) is equivalent to it 
(Exercise ) Because of similar equivalences the other exactly statements 
can also be simplified ] On the olher hand, to say that exactly one or a 
unique F exists IS to say 

(14) ■ (v)(F\ D -r= \)) 

In mathematics, uniqueness statements play important roles Watnemati 
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Clans often have to prove carefully that limits, least upper bounds derivatives 
etc exist and are unique-a fact which sometimes bothers beginners of 
calculus The famous parallel postulate of Euclidean geometry, 

IS also a uniqueness statement Using T for 'point, L for line, » 
■parallel', and ‘O' for 'on', it may be expressed as 


(151 L\'-Ox\Zi 

(3:)(L: • z 1 ! \ • Or-- * » 11 ' ‘ Otu Du- j))) 

Smce uniqueness statements are so common, it is convenient to have an 
abbreviation lor them Accordingly, (14) may be shortened to 


(16) (9 ' t)rr 

where (9 ' t) is read as ‘there is exactly one x or 'there is a unique v Apply- 
mg the abbreviation, (15) becomes shortened to 

(17) (x)(>l(P': • L\ • -Ox\ D (3 ' zMU • z\\ \ ■ Ojtc)) 

01 course, we can go beyond "exactly one" statements to "exactly two", 
exactly three' statements by analogously combining the appropriate "at 
most" and "at least ' statement Thus, that there are exactly two, exactly 
three, / s is rendered 

(18) (10t3iKt-*v Ft • = c V > = i))) 

(19) (3t)(90l3:)(r / \ \ C t / ; • Ft • F\ ■ Fc 

(u)(Fu D (r* u V > - u V »))) 


4 2 2 IDENTITY SCHEMATA 

The logic ol identity is an extension o( quantification theory Identity sche- 
mata and sentences are constructed trom statement letters that is. ‘p . *£/ , 
r . etc predicate loiters appended with variables or individual constants, 
that IS. f I . (mx . Hwz . etc . and identity signs flanked by variables or 
individual constants, that is. *t— = 'u = h, etc The construction 
uses trulh-lunctions and quantifiers m the usual way Notice that for the 
tiist time sentences make an appearance along with schemata, for this 
method of construction produces sentences such as '(r)(r = v) , 't = and 
uiKnki - Validity car% bo defined m the usual way as truth under every 
intcrprutatioa m every universe Bccauso no new schematic letters have 
C<.cn introduced, ti is not necessary to extend the concept of Interpretation 
tdi.n:.t^ ifnifiu r% poso a problem because they are not susceptible of inter- 
prutat on (th.at technical concept is appropriate only to schemata) On the 
otf or hand mcir validity can be Simply characterized as truth in every non- 
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empty universe Then 'UKt-a)-. •(ltKt= g’. ■0)(l()(t«.vr are all valid, 
since they are true m all universes. On the other hand, and 

'Qx)iy)ix= >•)’ are not valid, since they are false in universes of more than one 
object. As these examples indicate, there are identity sentences which are 
valid although not quantificationally valid alone. Thus, for example. 
'(tKv = \)', although valid in iderrtity theory, has the form ‘(r)T'rr*. and so 
IS not logically true by the Ufihts of qiumttjicauon iheon alone. This is true not 
only of some identity sentences, it is also true of certain identity schemata 
The schema 

(20) (x)(>0(Fv-r->DFy) 

for example, is valid Given any nonempty universe and interpretation of ‘f 

(20) must come out true, for given any objects such that ‘Fx and ‘c = >' are 
true, 'Fy must be true, loo. since x and y are identical. On the other hand, 
the purely quantification structure of (20) comes to 

(21) {x){y){Fx ‘ Cxy O Fy) 

which IS not a valid quantificational schema. 


4.2.3 RULES FOR IDENTITY 

We need not explore identity schemata and sentences and their validity any 
further. For the purposes of this book il suffices to state two rules of mforcnco 
for identity. These are enough to handle all applications of the logic of 
identity we shall make. The first rule permits us to write the sentence 
= a)' at any stage of any derivation or proof. Il is called the uuf/w <>f 
identity, and may be slated; 

At any static m any deri\ ii»o/i vr proof, the idcnut\ ienteme Y rjfx - if ma^ 
be M nSten as a step. 

Reason. Al 

Notice that this rule is unlike the role of assumption m that n docs not 
require the initiation of new vertical fines 


EXAMPLES 

a. To prove: (3\jO “ 

Proof: t (0U«r) 

2 y = \ 

3 OA(y=>) 

b. To prove; (»){3v)(i 


A) 

1. Ul 

2. EG 
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Proof 


1 {x){x = x) 

2 j- A 

3 x = x 

4 

5 (t)13)Xx = y) 


Al 

A 

1, Ul 
3. EG 
2-4, UG 


Because no difference exists between identical objects, anything true of 
one must be true of the other In other words, it, for example, Shakespeare 
= Bacon, then anything that can be truly said of Shakespeare can be truly 
said of Bacon This property of identity accounts for the validity of (20) 
above and motivates the next rule of identity The rule is called subsntutivity 
of identity, and may be stated as follows 


IfS^ comes from by replacmg one or more occurrences of a in by /3 and 
no capturing results from this, and the replaced occurrences of ct neither are 
nor conlinn bound occurrences of xanables, then from and cit = (3 we may 
infer 

Reason Numerals referring to and <x = f3, followed by SI’ (Here S„ 
and Sg are sentences or schemata, and oc and {3 are individual constants, 
variables, or functional terms) The restrictions are essential, for without 
them invalid inferences would be possible Here are two examples of such 
invalid inferences 


a 


f 1 {x)i3y){x y) 
2 = 

3 (30U=)1 

4 pi v“ ) 

5 I I y) 

6 I Ox)(y A \) 

7 I GO(' ^ 


P 

P 

2. Ul 
A 

1, Ul 

4. 5, SI (incorrect 
3 4-6. El 


has 

been captured ) 


(Step 1 IS true because more than one thing exists, step 2 because it is a 
valid identity sentence ) 


h \ (ik(3>)(r“ \) (3\)U y* %)) 

2 avKt - \\ • asXn >> 

3 (3>Ki •- \) 

4.1 

5 1 (iKI3vHt ^ >) (3\M\ y* >)) 

6 (iKl3vMi‘->) (3v)<>,»>)) 

7 (IvKt - \) (3»K» ■* \) 

8 ' (1\XV y* 


P 

t.Ul 

2. S 
A 

1. 4. SI (incorrect The 

3. 4-5. El occurrence of ‘t 

6. Ul replaced is bound ) 

7. S 
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EXAMPLES 


a To derive from r = y' 


Derivation 1 
2 

3 

4 


x=‘y 
W(x=t) 
X~ X 
V = A 


P 

A) 

2. U( 

1, 3, SI 


b To derives = 2 from t — > and ‘ 3=2 

Derivation "I j P 

2 P 

3 1^ = 2 1 2. SI 


(Notice that, in applying substitutcvity of identity in this case, step t is and 
step 3 IS ) 

From derivations (a) and (b) we see that we can easily prove 

(22) ixmx = yDy=^x) 

( 23 ) {xmzXx=^y y=^z:yx=z) 

The axiom of identity formulated thenjlexmh of iJentii), (22) formulates the 
symmetry of identity, and (23) formulates the transiUMt} of idtutin A relation 
such as identity, which is reflexive, symmetrical, and transitive, is called an 
eqiinalence relation 

c To derive Ti’ from (ar)(r = 3 • Fx)' 


Den\aUon 


(33)(x = 3 '/"-r) 

P 

V = 3 

A 

r = y 

2. S 

Fx 

2. S 

Fy 

3 4. SI 

Fy 

t. 2-5. El 


d To prove the joint inconsistency of (a)(\)(t+ \ i -f \|. 
= 3 )’. and (rK3i)(r \) 




Proof of /nconsn(tni.\ 

1 (t)Cvj(r + 3=^>+ 

2 (T)(3)(A + 3 = ') 

3 (A)(33)(r5^3) 

4 (33 )( r 3 ) 

5 cj t z 

6 I (3Kr+3=3) 
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X+Z=Z 

b)(s+> = >’ + ^> 

X+ Z= Z-^ X 

{y){z+y=^y) 

5+ X== X 
« + 2= JC 

x=L v-(3>Kx=y) 
1 -(3)Kt = y) 
-(3))(jr= )) 


6. Ul 

1, UI 
a. Ul 

2. Ul 
10. Ul 
9. 11, SI 

7. 12, SI 
13, add 

5 14. DS 
4. 5-15. El 


e To prove t = >3A:+2 — y+z 


2 I {x){x^x) A1 

3 X + x+ z 2, Ul 

Ajj x+z~n4'z 1,3. si 

sl X =» > 3 JC+ z=* > + z 1-4, CP 

f To show that Only Andrew and Charles had keys to the locker' and ‘Any- 
one who stole the coats had to have a key to the locker imply If someone 
stole the coats, either Andrew or Charles did it 

l*roof of ihi Implication 

StluMKifu UHKx 3 tx « u V i» {first sentence) 

K CD has a key to the locker, a Andrew c Charles 

CxUr X 3 Kx] {second scnreiicc) 

h (T) steals the coats 

(Tt)7x 3 {Fa V Tc) {iliird sentence) 

Hem jiJjon IParlially worked out) 


(xX/vx: 3 (r=® V jr= c» 

P 

liX/ j 3 A t) 

P 


A 

'■i 

A 

1 1 ft 3 

2. Ul 

1 t Ks 

4, S. MP 

K 1 3 U '=‘ « V X — t > 

1.U1 

r u / r -« c 

6. 7. MP 

, 1 - .i 

A 

la 

6 9. 51 

la . i-c 

10 add 
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12 


x= a D (Fa y Fc) 

9 

X = c D (Ffl V Fc) 
Fa V Fc 
I Fa V Fc 
{^)Fx D (Fa V Fc) 


9-11, CP 


SO 

El 

CP 


[Exercise Complete this derivation ) 


EXERCISES FOR SEC, 4.2 

A Symbolize the following statements using the notation of identity theory 

1 There is at (east one person but everyone has at most one father 

2 At most two robbers held up the store 

3 Exactly one man is the president of the club 

4 One and only one man issued the invitation 

5 One and only one man issued an invitation to at most two women 

6 At most two women stopped at the shop 

7 No one but John or Sob has the key 

6 Exactly two people have keys and (hey are John and Bob 
9 Whoever has the key is the one and only one robber 

10 There are exactly two chiefs and at most three assistants 

1 1 Distinct men have disdnct wives 

12 Some people marry each other but not one marries himself 

13 At least three of the horses in the pasture are jumpers 

14 On each of my shelves there is a different book 

15 No one owes anything to anyone but himself 

16 Everyone has a unique iather 

17 A function always has a unique value for each argument 

18 A function is one one just m case each of its values is the value (or a un quo 
argument 

19 l( the <litecUon$ do not specify a unique method then iheie are at least trute 
methods 

20 Nobody here is unique m having problems 
B Prove these identity schemata and sentences 

1 U)(.')U= \ ' “-tl * h “IzHt-zO t:} 

2 ; D J “ III 6 (3'J|^^^I^I frDi-u 

3 UlOltr^i 3 If t “ l-'ll f (i.KiKf ' - • 'I = ll ' Jif ‘ 

4 ® -HI Ilf < H'lfi 

JUfAitfll • r t />' 

C Establish the validity ol the following aigumtms by n-cars cr a dc' .a *> 
identity theory 
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1 Jones has exactly one ch.td Hence, if Bill and Don are children of Jones, then 
Bill and Don are the same person 

2 Mary Smith is Mrs W B Smith So whoever lives with Mary Smith also lives 
With Mrs W B Smith 

3 At most two dogs crossed the yard A dog that had long ears crossed the 
yard so did one with a short tail, and so did one with long hair Hence some 
dog has long hair and either a short tail or long ears 

4 Any goat can jump higher than a smaller one Hence, if there is a largest goat, 
then there is a highest-jumping one 

5 There is exactly one chair m my bedroom and there are exactly two chairs 
in my office Although nothing is in both my bedroom and in my office, every- 
thing in either one is in my house There are no chairs in my house except 
those in my office and my bedroom Hence there are exactly three chairs in 
my house 

6 There is a unique mayor, that is. Mr Jackson Hence, whoever is a friend of 
the mayor is a friend of Mr Jackson 

7 There is a unique president and a unique vice president Hence, if anyone is 
both the president and vice president, then only one person is 

8 The women s club has a unique officer Mrs W C Smith is an officer of the 
women s dub Therefore, if Mary Smith is an officer of the women s club 
then she is Mrs W C Smith 


4.3 DESCRIPTIONS 
4 3 1 DEFINITE DESCRIPTIONS 

Phiasos beginning wnh the detinito article the' and which purport to name 
one and only one obiect are known in logic as ilefimie Jescnpiioiis Some 
examples of definite descriptions are 

the capital of Franco the oldest man in my family 

the square root of 4 the author of Hamlet 

ihu first President of the United States the smallest prime number 

Also counted aro many other phrases which purport to name one and only 
one Object but do not begin with tho*. for such phrases can usually be para- 
phrased as delmito descriptions Thus wo can usually paraphrase 
Jents boss as iho boss of Jones* 
fi s htart s des ro as Iho thing his heart desired' 

ho was born as the place where ho was born* 

It ui ,n gvnaj en/ pnrajo (other than a proper name) which pur,, am to 

““''y converted into a dolinito 
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The emphasis here is on the word "purports for many expressions which 
logicians wish to treat as definite descriptions fail to name unique objects 
either by naming none at ail, such as 'the present Emperor of Russia . or by 
naming more than one, such as 'the author of the U S Constitution' Of 
course, because of their lack of specificity, many definite descriptions such 
as 

the oldest brother of Paul the next gas station 
the left door the longest night 

will fail to name a unique obiect when taken in isolation But tn such cases 
the full context usually successfully determines the identity of the object 
described In treating arguments containing these unspecific descriptions, 
one can, if confusion might arise, paraphrase them so that they are n^ore 
specific Thus 'the oldest brother of Paul' could be expanded to 

the oldest brother of Paul Jones 
or even to 

the oldest brother of (he Paul Jones born in EImville July 1, 1681 
If necessary 

Logicians use the symbol ‘i? x) to express the thing r such that . or simply, 
‘the X such that’ Of course. '( >>'. tic;’, and tr«i)’ are read similarly Using 
these symbols— call them Jcscr4piorssome of the previous definite descrip- 
tions may be symbolized as 

ti x){x IS the next gas station) ti')C) ‘s the (eft door) 

(iz)(z wrote the U S Constitution) (i*»)(»* is a boss of Jones) 

Notice that descriptors are prefixed to open sentences, and convert open 
sentences into definite descriptions Descriptors bind variables just as 
quantifiers do, and one may extend the notion of scope, freedom and 
bondage to apply to them Since we shall not take the trouble here to give 
precise definiti ons of these ter ms, let us consider an example 

(x55"="(^)ij^ves Jones) D loves x) 

(iv)(u loves tin^^jrloves Jones ■ Q> K> lov ^»)) 

Here the arrows indicate the bounds between the various quaniifters 
descriptors, and variables As the example shows, in determining whomor 
an occurrence of a variable is free or bound, n is now necessary to pay 
attention to both the descriptors and quantifiers m whoso scope n occurs 
So far. all the definite descriptions considered have been closed butopen 
definite descriptions which contain free variables ore also possicie or 
example. 
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1 Jones has exaclly one child Hence if Bill and Don are children of Jones, then 
Bill and Don are the same person 

2 Mary Smith is Mrs W B Smith So whoever lives with Mary Smith also lives 
with Mrs W B Smith 

3 At most two dogs crossed the yard A dog that had long ears crossed the 
yard, so did one with a short tail and so did one with long hair Hence some 
dog has long hair and either a short tail or long ears 

4 Any goat can jump higher than a smaller one Hence, if there is a largest goat, 
then there is a highest jumping one 

5 There is exactly one chair in my bedroom, and there are exactly two chairs 
in my office Although nothing is m both my bedroom and in my office, every- 
thing in either one is in my house There are no chairs in my house except 
those in my office and my bedroom Hence there are exactly three chairs in 
my house 

6 There is a unique mayor, that is Mr Jackson Hence, whoever is a friend of 
the mayor is a friend of Mr Jackson 

7 There is a unique president and a unique vice president Hence, if anyone is 
both the president and vice president, then only one person is 

6 The women s club has a unique officer Mrs W C Smith is an officer of the 
women s club Therefore, if Mary Smith is an officer of the women s club 
then she is Mrs W C Smith 


4 3 DESCRIPTIONS 


431 DEFINITE DESCRIPTIONS 

Phrases beginning with the definite article the and which purport to name 
ono and only ono ob|ecl are known m logic as Jcfmile descriptions Some 
examples of definite descriptions are 


the capital ol Franco 
the square root of 4 
the first President ol the United States 


the oldest man in my family 
the author of Hamlet 
the smallest prime number 


Alto ooontod am many omo> phraaos which purport to name one and only 
ono ooioct bu do not bogm with 'the-, lor auch phraaea can usually be para- 
pnraaod aa dcfinrlo doacriphona Thus wo can usually paraphrase 


Jones boss as the boss ol Jones' 
h.ahoirtsdcsiro as Iho thing his heart dosrred 
wire, 0 ho was born aa the place where ho was born' 
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The emphasis here is on the word "purports", for many expressions which 
logicians wish to treat as definite descriptions fait to name unique objects 
either by naming none at all, such as ‘the present Emperor of Russia', or by 
naming more than one, such as 'the author of the U.S. Constitution'. Of 
course, because of their lack of specificity, many definite descriptions, such 
as 

the oldest brother of Paul the next gas station 
the left door the longest night 

will fail to name a unique object when taken in isolation But m such cases 
the full context usually successfully determines the identity of the object 
described In treating arguments containing these unspecific descriptions, 
one can, if confusion might arise, paraphrase them so that they are more 
specific Thus ‘the oldest brother of Paul’ could be expanded to 

the oldest brother of Paul Jones 
or even to 

the oldest brother of the Paul Jones born in Elmville July 1, 1881 
if necessary 

Logicians use the symbol '(■» x)‘ to express ‘the thing t such that*, or simply, 
'the jr such that’ Of course. ‘( y)’. and ‘(m)’ are read similarly. Using 
these symbols -call them (/cscr/f/rt/rs—some of the previous definite descrip- 
tfons may be symbalfied as 

(it)(x IS the next gas station) (i>)(>' the left door) 

(7c)(c wrote the U S Constitution) (in )(>»• is a boss of Jones) 

Notice that dcscnpiors are prefixed to open sentences, and convert open 
sentences into definite descriptions Descriptors bind variables just as 
quantifiers do, and one may extend the notion of scope, freedom, and 
bondage to apply to them. Since we shall not take the trouble hero to give 
precise definitions of these terms, let us consider an example 

loves Jones) D loves jc) 

Ut^u' loves i7>i ^»» loves Jones • 0>)(y love ^)) 

Here the arrows indicate the bounds between the various quantifiers 
descriptors, and variables As the examplo shows, in determining whether 
an occurrence of a variable is free or bound. »l «s now necessary lo pa/ 
attention to both the descriptors and quantifiers m whoso scope it occurs 
So far, all tho definite descriptions considered have been closed Ouiopcn 
definite descriptions which contain free variables are also possible For 
example, 
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1 Jones has exactly one child Hence, if Bill and Don are children of Jones, then 
Bill and Don are the same person 

2 Mary Smith is Mrs W B Smith So whoever lives with Mary Smith also lives 
with Mrs W B Smith 

3 At most two dogs crossed the yard A dog that had long ears crossed the 
yard so did one with a short tail and so did one with long hair Hence some 
dog has long hair and either a short tail or long ears 

4 Any goat can )ump higher than a smaller one Hence, if there is a largest goat 
then there is a highest-iumping one 

5 There is exactly one chair in my bedroom, and there are exactly two chairs 
in my office Although nothing is in both my bedroom and in my office every- 
thing in either one is in my house There are no chairs in my house except 
those in my office and my bedroom Hence there are exactly three chairs m 
my house 

6 There is a unique mayor that is Mr Jackson Hence, whoever is a friend of 
the mayor is a friend of Mr Jackson 

7 There IS a unique president and a unique vice president Hence if anyone is 
both the president and vice president, then only one person is 

8 The womens club has a unique ollicer Mrs W C Smith is an officer of the 
womens club Therefore, if Mary Smith is an officer of the womens club, 
then she is Mrs W C Smith 


4 3 DESCRIPTIONS 


4 3 1 DEFINITE DESCRIPTIONS 

Phiasos beginning wilh the delinite article the' and which purport to name 
one and only one obiect are known in logic as defimie dcscnpiwiis Some 
examples of dcimito descriptions are 


the capital of France 
Iho square root of 4 
the first President of the United States 


the oldest man in my family 
the author of Harnfct 
the smallest prime number 


onn nh h Th <d hame one and only 

one Obiect. bu do not begin with the', (or such phrases can usually be para- 
Phrased as delm.ta descriptions Thus we can usually paraphrase 


Jones boss as the boss ol Jones' 

his heart s desire' as the thing his heart desired' 

where ho was born as the place wheto ho was born 


thus in general, any phrase (other than a oroner mw,„i i, u 

name on„ and only one ob,ect can usual., be easily convlted' mirrZ;',: 
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The emphasis here is on the word purports for many expressions which 
logicians wish to treat as definite descriptions fail to name unique objects 
either by naming none at all such as the present Emperor of Russia or by 
naming more than one such as the author of the U S Constitution Of 
course because of their lack of specificity many definite descriptions such 
as 

the oldest brother of Paul the next gas station 
the left door the longest night 

will fail to name a unique object when taken in isolation But in such cases 
the full context usually successfully determines the identity of the object 
described In treating arguments containing these unspecific descriptions 
one can if confusion might arise paraphrase them so that they are more 
specific Thus the oldest brother of Paul could be expanded to 

the oldest brother of Paul Jones 
or even to 

the oldest brother of the Paul Jones born in EImville July 1 1881 
if necessary 

Logicians use the symbol (?r) to express the thing r such that or simply 
the X such that Of course ( y) tU and nu) are read similarly Using 
these symbols— call them c/c’scr/p/ors^^some of the previous definite descrip- 
tions may be symbolized as 

I? r)(x IS the next gas station) (■»>)(> is the left door) 

(TJU wrote the U S Constitution) nH)(H is a boss of Jones) 

Notice that Jismp/urs are prefixed to open sentences and convert open 
sentences into definite descriptions Descriptors bind variables just as 
quantifiers do and one may extend the notion of scope freedom and 
bondage to apply to them Since we shall riot take the trouble hero to give 
precise definiti ons of these ter ms let us consider an example 

loves Jones) D (^S^T^oves^) 
loves n loves Jones f3>)(> lov^ O) 

Here the arrows indicate the bounds between the various quantil <.rs 
descriptors and variables As the example shows in dolerm.nmg whoihe/ 
an occurrence of a variable is free or bound it is now necessary to 
attention to both the descriptors and qoanhtiers in whose scope occurs 
So far all the definite descriptions considered have been dosvd but open 
delinito descriptions which contain free variables are al-o poss e For 
example 



370 LOGIC 


nvlU loves » nvfcisachildof..) 

iiz)U+z = l) (ivKy-v=Q) 

are open def.n.te descriptions Open det.n.te descriptions do 0°' 
to name unique obiects by themselves, but when their tree variables are 
replaced by names or closed definite descriptions, they do purport to name 
unique objects Thus open definite descriptions may be viewed as a species 
of functional term Indeed, given any open functional term, an open definite 
description of the same behavior can be easily found Thus, answerir^g to 
t+ \ , we have (?;Kr+ ^ = z)\ answering to xv , we have 'nzMw- z) . 
and answering to ‘x+ 1' we have ‘(i\Kt+ 1 =>)’ In general, answering to 
S[x^,x,. • . X,). we have 


tj, 

Moreover, these terms have the same behavior in the sense that the follow- 
ing statements are true 


(X){\)(T + > * tic)(T + ^ * z)) 

(t)(\)Uv = tt:)(T>«z)) 

U)tx+ I =* llv)(x+ I * \)) 

(x,)(0* • X,. • * • , = jr,. — >)) 

Moceover. since these statements are true, it follows by identity theory that 
every functional term and the definite description answering to it may be 
interchanged in any statement without affecting the statement’s truth- 
value 

The rcpiacements of funcUortsf terms by deUnite descapUons presented 
above may not appear very mtereslmg, because the functional terms all 
reappear m the definite descriptions However, these may easily be elimi- 
nated in favor of relational predicates Thus 'x + > = z’ may be replaced by 
which IS true just in case the sum of x and > is z The expressiorx 
— z may be likewise replaced by lUxz'. which is true if and only if the 
product ol t and % is j In general. 

.•«.)* I 


may bo replaced by 
^ « . r V 


vtiich ,5 iruo ,1 anq only if . , ;,j ,s , ypus, ^y inltoducing special 

Itla'ional piup, cates, every tunclionaf term may be replaced by a delinite 
Cv.cipuon vhich conla.ns no lunclional terms Consequently, all lunclional 
turn, wtuen are not descriptions may ha eliminated m favor ol definite 
Cr -.c pi on In a laler chapter wo shall see how to eliminate definite descr.p- 
-n. irierrsii.es arid thus how to eliminate all lunclional terms 
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Prooer names may also be eliminated in favor of definite descriptions 
Usuaiw, for any proper name, a definite description naming the same obiect 
can be found Thus the truth of 

Pans = (1 v)U IS the capital of France) „ . 

George Washington = d r)(v is the first U S President) 

Venus = dv)(r is the morning star and the evening star) 

o = nt)(x+x = x) 

by definite descriptions In general. eliminated in favor of 

tn^e Obtect « and that rats, po7sib^^ 

■(lv)Fv By means of a slight tr c ^ introduce 

introduce a predicate F .»rnret it so that 'Fr is true if and only if 

a new predicate symbol F an in names, functional terms, and 

X IS a Thus we see that in ‘r?„rthe language of every theory This 
descriptions can be niay be reformulated so that its 

means that the language o ry predicales, quanliliers, and 

basic apparatus ^ «da°rr« - the foundations of 

statement connectives Fo ,n,o,niation is very important However, 
mathematics and science, t o functional terms are 

languages without no' one would recommend that they bo used 

extremely cumbersome, and no one wo 

in practice 


4 3 2 descriptions AND ^Propralched by first considering a lew ex- 
The logic of descriptions IS ^^‘ Jness turns upon the presence of delimie 
amples of arguments whose correctness 
descriptions Here are three 

(1) The author of and //erU.t.rrv Finn 

someone wrote both Tom 

,2) John IS the president and captain of the football team 

someone is both “^Tball team 

Thus John IS captain of the looio 

„ lohn hires only honor graduates 

Io°jX"is an honor graduate 

Ut us now symbolize these « 

(4) (It)(v Wfoto T«>m , vvroto 

(liKr wrote Tofii 
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elementary logic 


(5) John = (iT)(r »s president of the ciass) 

aO(v IS president of the class x is captain of the football team) 

John IS captairt of the football team 

(6) (xUtijlO hired John) hires jr 3 jc is an honor graduate) 

John IS an honor graduate 

U IS not hard to see that these arguments are not valid as they stand either 
in quantification theory or identity theory However they can be made valid 
by the addition of further premisses To (4) we need only add 

(7) 0)t> wrote Tom Sawyer = > = wrote Tom Saiv>er)) 

(8) (>)(> wrote Huckleberry Finn = (lx)(x wrote Huckleberry Finn)) 
to (5) we add 

(9) (v)(\ IS president of the class ^ (trXx is president of the class)) 
and to (6) we add 

00) UM: hires John = c* ti>)0 hires John)) 

The extra premisses (7) to (10), all have the form 
(11) 0)(O=' = in)rr) 

and are called dcscnpiumal premisses If there is a unique F then thedescnp- 
tional premiss must be true (or it states that (i t)Fx and (? r)Ft only is an F 
Once the descripiional premisses are added to (4), (5), and (6) their 
validity IS easily established To see this let us diagram the statements 
involved using the following predicate letters and individual constants 

r ©wrote f Huckleberry Finn 

^ P © is president of the class 

C (I) IS captain of the football team i! ©hues® 

IJ IS an honor graduate 

Then the schemata corresponding to each argument are 
for (4) iiijTi - 

(vh 7\ - > = (lOFx) 

' « OO/xl 
liiMTi h\] 

For (5) j^ni)px 

lliH/'j Ci> 

^ « Dt)/'*) 

ij 
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For (6) (v)(//[(7y)//w]rD (7v) 

[z)(.Hzj ss z = (1))H\j) 

G] 

Then the derivations to validate each argument are the following 


For (4) 1 ^^x)Tx -=Ot)Fx p 

2 WTi^y^dxm) P 

3 = } = tir)Fx) P 

4 WU = xi Al 

5 (1j)7'j;=(1j:)rv 4, Ul 

6 (■>x)Fx=(1xiFv 4, Ul 

7 rtJ ji)rj a (7 r>7jr = (?t)rj 2 Ul 

8 T{lx)Tx 5 7, MPB 

9 F(lt)ft>»t1v)fx=(lr»ft 3. Ul 

to F(U)Fx 6 9, MPB 

11 T^^x}F} 8 1 SI 

12 niy)F\ F{1x)Fx 10 11, PC 

13 (Ivltrv Fx) 12, EG 

For (5) 1 7 = |7a:)P< P 

2 1>KP' “ ' “(’"IP-'-) F 

3 mPx Cx P 

4 X Px Cx A 

5 Px 4.S 

6 Pt = t = tl x)Px 2, Ul 

7 r= t? r)Pr 5, 6 MPB 

8 |i)|r=r) Al 

9 j=j 8 Ul 

10 nx)Px=j 9 1. SI 

11 r=7 7. 10. SI 

12 Cx ■1-S 

13 Cj 12 ” SI 

14 Q 3 4-13 El 


(Note that steps 8 to 10 are needed to convert step 1 into a form appropnolo 
for the use of substitutivity of identity in step 1 1 ) 


For(6) I (tI{//((1iJ//vI ' ^ 

2 (:I(//I7 u 

3 lx)(x = x) 

4 pxlllxj XX llxiHxj 

5 liHUIIlxj IJ -x llxMxj -x IIOHV 

6 IHllxPhjU 


P 

P 

Al 

3 Ul 
2 Ul 


4 5 MPa 
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7 1 13 Gj 1.UI 

8 I Gj 6* 7. MP 

We can now summarize the technique applied in these examples Given 
an argument involving definite descriptions, one first symbolizes it, using 
descriptors to symbolize the descriptions upon which the argument hinges 
It IS useful here to apply the principle of revealing no unnecessary structure, 
for often only a few of the descriptions will be relevant to the structure of the 
argument in question For example, it is completely superfluous to treat 
‘John* in the arguments above as a description In the next step, one adds 
descriptional premisses corresponding to each description symbolized by 
means of descriptors Finally, the argument is validated in the context of 
identity theory 

A notational simplificatiorr may be achieved by dispensing with definite 
descriptions m the actual derivations Once the descriptional premisses have 
been supplied, they play no essential role, and may be replaced by individual 
constants (if closed) or functional terms containing their free variables {if 
open) (One may easily check that the derivations given above remain cor- 
rect if the descriptions in them are replaced by individual constants ) These 
replacements eliminate such complicated expressions as 

im\)U\j)x 
in favor of. simply, 

Hilt 


LXAMl'LLS 


a To denvo from an appropriate descriptional premiss 


iolulum Tho descriptional premiss is 




tii)l/(*l \i may po abbreviated by 'r/t.)’, so the derivation becomes 


2 Ij ^ 

3 t«Kt “ i) 

J(r) 


P 

A 

Al 

3. Ul 
t.Ul 
S. Ul 
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^ ( fM = cHx) 4, 6, MPB 

8 U)tf(x) = iHx)) 2-7, UG 


b To derive (OOXv + .v = > + x)’ from ■(v)(>)(t + i = |ic)Xnc)', (v)0)(c) 
(I'KSoz 2yw 3 z — ii) , and the descriptional premiss '(vl(r)(:l(i.n; =• c 
~ c/U,v))', Where replaces (7-)X.n2’ 


Den\ ation (Parttally worked out) 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 


(v)Cy)(i:'f> = d{x,y)) 
(^)(j)(2)Cu)(ix3^ ■ 2>tu' D ; = u) 
(x)iy){z)iZxyz^z = d{x.y)) 

II A 
/ A 

+ ))) 

//+»>« d(u, i ) 

(>)(» 

J’4* M = </(»'. //) 

0)U)(-»>^ ® z^d{ti,y)) 

(z)i^n\z ® Z — d{it. »)) 
Siixditi. 0 ® d{tt, 0“ din. i) 
U 

dill = </(//, ») 
hixdiii, 


P 

P 

P 

A 

A 

1. UI 
6. UJ 

I. UI 
B. U) 

3. UI 
10. UI 

II, UI 
AI 

13. UI 

12. 14. MPB 


2ua/(t. u) 


MPB 


diu, — di*. It) 


MP 


I I ;/ 4* i = t + u 


St 

UG 

UG 


(Exen lap Complete this derivation ) 

The last two examples should gi^e the reader some mdicaton oi rtfi/ 
Junctional terms may be eliminated m fo'wor of desenptens f.ccO'tss 'o 
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7 1 H(n\)H\j^} D Gj 

si Gj 6.7.MP 

V.'e can now summanje the technique applied m these examples. Gnen 
an ajgumenl in^oivm^ definite descnptons one first symPolizes it, using 
descnptors to symbolize the descriptions upon which the argument hinges 
It IS useful here to apply the pnnc pie of re.ealmg no unnecessary structure, 
lor often only a few of the descriptions will be relevant to ihestructureof the 
argument in question For example it is completely superfluous to treat 
John m the arguments abo\e as a descnption In the next step, one adds 
dcscripl cnal premisses corresponding to each descnption symbolized by 
means of descriptors Finally, the argument is \alidated in the context of 
identity theory 

A notatonal simplification may be achieved by dispens.ng with definite 
descriptions m the actual denvations Once the descnphonal premisses have 
boon supplied they play no essential role and may be replaced by individual 
constants fit closed) or functional terms containing their free vanables (if 
open) ^One may easily checx that the derivations given above remain cor- 
rect si the descriptions m them are replaced by individual constants.) These 
replacements eliminate such complicated express ons as 

u 

in<a-4oro1 sirply. 

HJt 

IXWUllV 

A To dcri.e f'cm an apptcpnate descnptional premiss 
- \]\ 

5 - 7j Tne descr p: onal premiss is 

jui may Ejo abotevia'ed by oval so the denva'ion becomes 

3 u..-,. 

■* 

j ' - c - O.IH 

*iu - 


P 

A 

At 

3 Ul 
^ Ul 
S Ul 
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7 1 fix)=d(x) 

8 (x){f(x)=d{x)) 


4, 6, MPB 
2-7, UG 


- where WUx.vT replaces ■lic)2vjz 

Dcnumon. (Partially workea out) 

(v)Cy)(v + y = _ p 

(v)OOU)(")(5^>r3e-Sjv«.3c-u) ^ 

' A A 

A 

^y){tl + y= </("• 

„ + I = dill. V) 

(3>)(v + y — dii, y)) 

V + H = d(v, h) 

(z)(2/az s 2 '■» 

Vi,v^/(». 

dUi. x) = dUi, V) 


10 

11 

12 

13 

14 

15 


1. UI 
6, UI 

I. UI 
8. UI 
3. UI 
10. UI 

II. UI 
AI 

13. UI 

12. 14, MPB 


SmiKv. ii) 


dUi, >’) = 


„ + , ,= >■+» 
I (3 )(/i + 3 = 

ix)(y)(^ + y=>'* 


MPB 


MP 


Si 

UG 

UG 


(Exermc Complete this denva .ndication ol why 

ype last two e.a.P- "rntJrl. descriptions needless to 
functional terms may 
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say, they also indicate some o. the ptactica. problems engendered by this 
elimination. 


EXERCISES FOR SEC. 4.3 

A Symbolize the lolloviing, using descriptors and the suggested notation 

1 The U S President (P n) 

2 The man who lives on the htll (AJLJi) 

3 The tallest mouritain (A/.=) 

4 John’s father (F.j) 

5 John s eldest brother (Q .j E=) 

6 What James wants {W.j) 

7 When John married (T.Ai.j> 

8 When John married his wife (rj.A/lt') 

9 Where the road to Rome crosses the road to Pans (P,i?,r,p.G.C) 
to The orre who introduced the speaker (/.S) 

B Eliminate all functional terms from the following, except lor descriptions Use 
descriptions to carry out the elimination Use the suggested predicates 
t U)U+ \+ X) (Use*St>a' for*t+ \ 

2 tUse again and ’Z)' (or '> = O' ) 

3 New York’s mayor is a woman (Use 'Nx' tor ‘x is New York’ ) 

4 {x)lx ' 1 a xl (Use TU>:' for 'x • >* c’ and 'Ox' for ’x®* V) 

5 (x)iv)(:Kr • V • \ + x • c) (Use '%x\z' and ‘11 x>j‘ ) 

C Using descriptional premisses, establish the vatidity of each of the following 
arguments by means ot a de/rvation 

1 Honolulu s mayor is a native ot Hawaii Hence some mayor is a native of Hawaii 

2 The sole survivor ot the battle is an American Thus all survivors of the battle 
are Americans 

3 The fastest horse m the race is a thorooghbied Thus, if at least two horses 
aio m the race, then some thoroughbred is faster than some other horse. 

4 John s father is a painter. Biff s father ts a doctor John and Bill have the same 
father Therefore someone who »s a doctor also fathered both Bill and John 

5 The man who teaches this class teaches only logic classes Hence this class 
IS a logic class 


4.4 THE LOGIC OF RELATIONS 

Quantdicalion theory and ideniiiy theory lind important applications m the 
s.ju/ of the logical properties of retations. These properties are of special 
mtcrest because thcry are possessed by several crucial relations in science 
arj rnathcmatics By using logic, they can bo studied in the abstract, and 
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thus It becomes possible to gain information about many particular relations 
in one single blow This approach, which is so characteristic of abstract 
algebra and topology in modern mathematics, forms one of the chief bonds 
between modern mathematical logic and contemporary mathematics Never- 
theless, much of the information gamed in this chapter is applicable outside 
of mathematics, as some of the examples will show The relations to be con- 
sidered here will be, for the most part, dyadic 


4 4 1 REFLEXIVE. SYMMETRICAL. AND TRANSITIVE RELATIONS 
A few dyadic relations have the property of holding between anything and 
Itself, provided that the thing bears the relation (or has the relation borne 
to It) at all These are rejlexne relations In other words, /? is a reflexive rela- 
tion if and only if 

U){y){Rxy D J?xr - R^y) 

The relation of being the same size as is reflexive for if a thing is the same 
size as anything, it is the same size as itself Another reflexive relation is 
less than or equal to, if an object is less than or equal to anything or has any- 
thing less than or equal to it, then it is less than or equal to itself 
It IS not only of interest to know that a given relation has a given logical 
property, it is also important to know the consequences of having such 
properties For example, a relation R is reflexive if and only if it is such that 
both 


(1) (x)[Oy)Rx} D Rxx] 

( 2 ) 

That reflexivity implies (1) may be shown by the following derivation 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 


(v)( 3 ){/?x 3 D Rxx • «vv) 

I A 

> /?a:\ 

{\KRx} D Rxx • K>v) 
Rx\ D Rrx’ R>) 

Rxx • 

Rxx 

Rxx 

(3\)R\\ D R^i 
[x){3\)Rx\ D Rxx 


P 

A 

A 

A 

I. U( 

5. Ul 
4. 6 MP 
7. S 

3. 4-8. EJ 
3-9. CP 
2-10. UG 


Thai rellexiviiy implies (2) and isioinlly implied by (1) and (2) is lei: lo bo 
demonstrated by the reader 
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Reflexive relations are rare, but even rarer ate loialh reJ!eme rclaUoi,s 
These are relations which hoW between anything and itself (unconditionally), 
that IS, a relation R is totally reflexive il and only it 


(ORrr 

Wentily is an example par excellence of a totally reflexive relation, since 
(rMT=r) Similarity is another totally reflexive relation, for everything is 
similar to itself Totally reflexive relations ate of course reflexive, but the 
converse is not always true To take an example from economics, anything 
that belongs to the same income group as anything else of course belongs 
to the same income group as itself Thus, belonging to the same income 
group IS reflexive On the other hand, not everything belongs to an income 
group-mountains do not-so it is not the case that everything belongs to 
the same income group as ttseh 

Reflexive relations are much more common than totally reflexive ones, 
because they need not relate everything to something A totally reflexive 
relation must relate everything to something— at least to itself— while a 
reflexive relation need only relate those things to themselves which »t re- 
lates to anything at all Thus a relation which relates nothing to anything 
-as the relation between T and \ such that 1 5 ^ tand> 5* >— will be reflexive 
(trivially and uninterestingly), but not totally reflexive Indeed, the reader may 
easily verify that 


implies rellexivity and is inconsistent with total reflexiviiy 
Sometimes it is convenient to consider a relation as restricted to a particu- 
lar class Then it makes sense to say. for example, that R is reflexive or totally 
relloxivo in a class F More precisely. R is reflexnc in F if and only if 

f \ D Rxt- R vv)) 

and R 11 tniulh rejlexixc in F if and only it 


All telalions which arc simply tellexwe will be lolally rellexive in some 
ciMS 7 Thus the rolloxivo letalion of belonging lo Ihe same income group 
<5 totall/ relloxivo m the class of wage earners that is. 


< 1 X 1 IS a wage earner 3 r belongs to the same income group as x) 

C « dome to them is 

acj d'do' woids, X IS in the field of R ,1 
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(3y)(/?x>’ V Ryx) 

A reflexive relation is totally reflexive in its field, that is, 

U)(F^;c D Rxx) 

may be derived from the two premisses 

Uj(y)(K:cy D Rxx • Ryy) 

U){F^x ^ miJiry V Ryx)) 

(This IS left as an exercise ) This shows that if one restricts one s universe to 
the field of a reflexive relation, one may treat it as if it were totally reflexive 
When mathematicians write for example, 

Less than or equal to is reflexive that is, for all numbers x,x ^ x 

It appears as if they have confused total reflexivity with simple reflexjvity 
In fact, however, they have merely restricted their universe of discourse to 
the field of this relation and have taken advantage of its being totally reflexive 
m Its field 

If the relation R is aivvays reversible, that is, if 
(x)(y)(/?xy ID 

then (t IS a symmetrical relation Identity, of the same size, belont^hiff to the 
same income group are all symmetrical relations So are married to, sibling of, 
and compatriot of The relation less than or e<pial to is not symmetrical, how- 
ever, for I £ 2 but “(2 s 1) 

The last example also shows that not all rellexive relations are symmetrical 
Examples of totally reflexive relations which are not symmetrical are hard to 
find, but the rather artificial relation of r to > such that 1 5^ t and \ \ 

furnishes one example For 

(x}(y)(A: 7^x-y^y:D}7^}’Xi^x) 

IS a logical truth, so the relation is symmetrical, while 
( x}(x ¥= X ‘ X ^ x) 

IS a falsehood of identity theory, so the relation is not totally rellexive 
A relation R is symmetrical in the class F if and only if 
(rlOKfx ■ Fy D (/?n O Ryx)) 

It IS easy to show that every symmetrical relaiion is symmetrical in any 
class F However, the converse is not necessarily true In a given class of 
people, everyone who loves a person may have that love returned by that 
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poison, yet /«ic (m general) is not a symmetrical relation, as many a bitter 

lesson has taught us „ j , „ 

Relations which ' pass on" from one thing to the next are caller) rrai.siine 

Metaphors aside, the relation R is transitive if and only i) 

- li}Z ^ /it:) 

LtJ5 i/uiii or ctjiui/ lo. shorter i/uin, (ess thaiu greater than, ancestor of, belons- 
,n^ to (1 Un^cr jotid) c)« 5 s t/id/i are aO examples of transitive relations Less 
iluuu moreover, is a transitive relation which is neither reflexive nor sym- 
metneat Identity, however, is (totally) reflexive, symmetrical, and transitive 
Relations which are reflexive, transitive, and symmetrical are called eqniva- 
leitic reunions and are very important in mathematics If R is an equivalence 
relation, then its field may be partitioned into mutually exclusive classes 
such that every member of each class beats R to every other member in the 
class, but to no member of any other class These classes are known as 
classes with respect to the relation R To give an example of how 
this may bo applied, let us consider the problem of determining what an 
income group is First we consider all the wage earners and determine their 
annual wages The relation makes the same annual Haae is reflexive, symmetri- 
cal. and transitive Thus it divides its held into equivalence classes such that 
two wage earners belong to the same equivaler^ce class if and only if they 
make the same annual wage Thus we can define income groups as equiva- 
lence classes v/iih respect to this relation This way of defining income 
groups generates too many income groups lobe very useful in social science 
This IS because a man who makes SS.QQO per annum wiU be in a different 
mcomo group from one who makes S8,001, and both from one who makes 
S7 909 Thus social scientists tmd it more useful lo divide annual wages into 
ranges, lor example, 0-S2 000, $2,001-35,000. etc Then income groups 
are defined as equivalence classes with respect to the equivalence relation 
folU naliin the luiiir Ot course, the social scientist must 

determmo iho best way (lor his purposes) to sol the limits of his annual-wage 
•anges This. hov,evcr. is a problem falling outside of the domain of logic 
and Cannot be solved by it 

Ri. lo«i.o. i.mmdncal, and Uansilivo lelalions have their opposites in 
•lie c.i.o asymmclncal, and intransitive relations A relation « is irf<-/7i'ji.n 

'• ana only »1 ^ 

- Hm 

“’-•■""’'’•I'"/ die ...ellex ..0 A relation may also be irrellox- 
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Less ihan is irreflexive in the class of numbers The opposite of symmetry is 
asymmetry A relation R is asymmetrical if and only if 

(v)(})(Rxy 3 -Ryx) 

Less than is also asymmetrical Moreover R is asymmetrical in the class F if 
and only tf 

(x)(y)(Fx F\ Zi {Rx\ D -Ryx)) 

If there is a class of people who do not love those in the class who love 
them, then loxes is asymmetrical in that class But (o\es is not in general 
asymmetrical because there are people who love each other Indeed lines 
could not be asymmetrical if everyone loved himself for no asymmetrical 
relation is either reflexive or totally reflexive A property related to asymmetry 
IS antisymmetry R is antisymmetncal if and only if 

(v)(yK/?xy 

This IS a kind of weak asymmetry for if two or more things belong to the 
field of the antisymmetncal relation R then R will be asymmetrical with 
respect to distinct things and symmetrical only with respect to identical 
things This follows because the antisymmetry of R is equivalent to 

I 7^ y D~Ryx) 

Less than or equal to is an antisymmetncal relation 
(r)(>)U s > r > D ~(v s jr)) 

Some relations such as the prosaic lines are neither symmetrical asym 
metrical nor antisymmetncal The antisymmetry of a relation R in a class F 
may be defined in the usual way 
A relation R is infrnnsitne if and only if 

(x)ty)izHRx> RyzD-Rxz) : 

and (t IS t/itransitiic in the class F if and only i! .. — r-w 

(v)t>)b)(fx Fy FzZDiRsc R\zO~Rsz)) 

The relation sati of is intransitive no one is the son of his grandfather In 
mathematics the relation between a square and its root is iniransihvo 
(rfCjKcfO = '•Z 3 ; T" Anthropologists have studied certain 

primitive societies which are divided into two groups called moiotics Each 
member of such a society belongs to one of the two moiolics and must 
choose his mate from the other Since there are only two moieties the 
relation bclonn to a Jiffireiil iiioicic must bo iniransihvo in the class el people 
belonging to this society For if ii * and c belong to Iho society and a be 
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longs to a d.fferent moiety from b and b belongs to a diiferent moiety from c, 

then II and i belong to the same moiety. 

It should be noticed that mtransitivity. asymmetry, and antisymmetry are 
rather strorrg properties, and are not |ust negations of transitivity and sym- 
metry A relation such as lores is neither intransitive nor asymmetrical nor 
antisymmetrical But, on the other hand, it is also not symmetrical or transi- 
tive. Alt these properties fail to apply to it It is natural to contuse nonsym- 
metry with asymmetry and nontransitivity with mtransitivity, but the con- 
tusion IS as mistaken as confusing nonwhite with black 
The next two properties take us out of the reflexive, symmetrical, and 
transitive families. The first is the property of being coimccied. A relation R 
IS connected if and only if it relates any two things in its field, that is. if and 
only it 

• Fh> 3 V R>r))) 


OhUr than is an example of a connected relation, for of any two things that 
are older than or younger than something, one is older than the other. The 
mme Jilt’ as vs not, connected, because two things can be the same size as 
some other things and not both be ot the same size. Being connected m a 
class vs a useful notion. A relation R vs connected in a class F just in case 

(xH.vKFj: • Fy D (r + > 3 (/?n V F)t))) 


The relation U‘ss than is connected in the class of whole numbers. Finally, 
a relation which is connected in every class is called totally connected. Thus 
R IS totally connected if and only if 

V Hjt)) 

The relation of distinctness is totally connected. 

A rolation may not only b« ruarwveuwd. rt rrray atso be .ironfh- conneued in 
the sense that it not only relates any two dishntrl t and .v in its field but also 
miaios any r and . m its licid, distinct ot not. More precisely, R is strongly 
connocied i! and only it ^ / 




Tn<3 icVsUon oUrr ihan or (*</»«)} in 
connycti.h/ m a class F and total 


uL’e IS a strongly connected relation Strong 
strong connectivity of R mean, respectively. 


. Hm\ 


' '"c'a"s oL';';;'' connected in 
» c a.s 01 enole numoers. bu, examples ol lotall, slrongly connected rota- 
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so far 

Reflexivity 
Total reflexivity 
Irreflexivity 

Symmetry 

Asymmetry 

Antisymmetry 

Transitivity 

Intransitivity 

Connectivity 
Total connectivity 
Strong connectivity 
Total strong connectivity 

Equivalence relation 

The field of A 


(t)(r)(ftrj 3 
(x)Kitt 

{x) - R« 


(t)0)(Kty 3 A'r) 
(r)C>)tAt' D-A'v) 
(OOffRvr A't3r-0 


(.) 0 )(J(Rr> 3 

(rt(\)(J(«-ry A'- 3 


(r)0)('^«' 

(t)(\)(v + ' 

(rtOXF*' 


r„r I-' V Anil) 

O (Art V Am)) 

3 lArr V Ait)) 


(t)ti)lAn V Am) 


Boflexive symmetrical and transitive 


“ (3i)(Ati V Am) 


1 Symmotf c 


EXERCISES FOB SEC 4 4 1 humans are 

A Give examples el rclal on ^ sjmmi.tr c 

6 Trans tive and itrtlli.« "0 

7 Asymmetric and irrcllex vo 
0 An! 5>fnn’*-^' ^ 

9 Conncc!t-d 

to Slfongly connee td 


Relloxivo 
Transilivo 
Symmetric bul not 
fotloxivo 


Estabish IRC follow ng 

and is'Ie nt'r mP> od UV W"” 

2 ■"■Flestnotx ' 

tloxitit „ .1 a v>c ei M n 

3 E.MV.e e.ierid ‘ ... , 

^ r^r'T’ra'd.^ a- -• 

5 Tranv! * ‘i •* 
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6 

7. 


6 


lnuans»i«vity implies irreflexivity 
A relation is both symmetric and asymmetric m 

empty 

U R and 5 are equivalence relations, then so 
(«/S)n == (3c)(Krj Sry) 


a class only if the class is 
IS the relation (,RlS), where 


4 4 2 ORDERING RELATIONS 

Among the most useful relations in mathematics and science are those which 
determine ordetmgs of classes of objects The relation less than, for example, 
orders numbers in terms of greater and less, taller than orders people and 
other objects m terms of heights, preferable to orders choices in terms of 
their consequences There are, however, several types of ordering In one 
class no two students may have the same height, in this case they can be 
ordered so that, alter the first student, each will be taller than the one before 
him In another class, however, several students may have the same height, 
and then, though they can be ordered m terms of height, the ordering will 
bo ol a different kind from that of the hrsl class These various types of 
oidenng may bo characterized and studied m terms of the properties of 
relations introduced above 

The lirst types of orderings to be considered go under the name of order- 
mgs. but they need not impose any genuine order on the class they order 
impose the least order, for a relation (/«us{*or</ers a class F 
if and only il it is transitive and reflexive m F Some genuine ordering rela- 
tions such as limn or fipial to. which is transitive and rellexive in the class 
ol whole numbers, are quasi-ordenngs But identity quasi-orders every class, 
and this relation would hardly be said to impose ’’order” By requiring the 
ordering relations to satisly a further condition, namely, antisymmetry, we 
gel Pvitiial orderings Irt other words, a relation a class F if 

and only it it is transitive. Tefloxivc, and antisymmetric m F. A class of things 
.-.hich ato all related to at least one dilfercnt member in the class by means 
ol a p.iftial ordering will bo lined up” by moans ol it But a class can contain 
such subclasses and also isolated ’ membors and still be partially-ordered 
b/ iiio relation In this caso. it will be impossible to ’Mine up” all its mem- 
Lvfs To taiy af\ oKampto. let us consider a class .rl of the classes {!}, (1.2}. 
fl : t| ft (<>}. (7} Then the subclass relation Q partially-orders /f*. 
'cr _ .s tiansitiio hotall/) rclloxivo. and antisymmetrical in /( Moreover*, 
p alt cl I c.m bo imed up ■ b/ the subclass relation, namely. {1} q {1.2} 
- if n - ft :.).4} Pul (6} and 17} are isolated, since they are not sub- 
c 4..CV cl any other members of. I nor do they have other members of .1 as 

A ' 0 <«• cc! on .0 .CO' j iho loison lhal pan ol A can bo ’ lined up" by 
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means of Q is that C is (strongly) connected tn this part This leads us to 
the next kind of orderings, simple ortiennss A relation is a simple ordering of a 
(.lass r if and only if it is reflexive, antisymmetric, transitive, and connected 
in F Less ilia/i or erpial fa is a simple ordering of the class of whole numbers 
Identity which quasi- and partiatly-orders every class is not a simple order- 
ing of any class, because it is not connected in any class The subclass rela- 
tion IS a simple ordering of the class B (I), {1.2}, {1,2,3}, (1, 2,3.4} 

By starting with irreflexive and transitive relations we shall obtain the 
strict partial orderings and strict simple orderings (These are not types of partial 
and simple orderings ) A reizUon is a strict partial ordering of a class and only 
if it IS transitive and asymmetric in the class Less than, for example, is a 
strict partial ordering of the whole numbers Just as a simple ordering de- 
termines a "lineup” of the class it orders, so does a connected strict partial 
ordering This type of ordering is called a strict simple ordering Again, less 
than IS a strict simple ordering of the whole numbers Of course not every 
strict partial ordering is a strict simple ordering, and here is an example in 
point Suppose that the Smiths and Jones are two families that have no 
relatives m common Suppose, further, that each family has exactly one male 
child m each generation, who in turn fathers a male child in the next genera- 
tion Then the relation male descendant of is a strict simple ordering of the 
males of the Smith family and also of the males of the Jones family but it 
IS not a strict simple ordering of the males who belong to either family For 
the relation is not connected in the last class no Smith is a male descendant 
of a Jones, and conversely 

The various ordering relations may now be summarized 

IS a quasi-ordering of F s /? is transitive and reflexive in F 
R \s a partial ordering of F ® F is transitive, reflexive, and antisymmetric 
in F 

F IS a simple ordering of F - /? is transitive reflexive, antisymmetric, and 
connected in F 

IS a strict partial ordering of F - F is asymmetric and transitive in F 
F is a Strict simple ordering of F ^ F is asymmetric, transitive, and con- 
nected in F 

Since a simple ordering is always a partial ordering, and a partial ordering 
IS always a quasi-ordering, and since a strict simple ordering is always a 
strict partial ordering the following tree diagram helps to picture the relative 
strength of the type of orderings considered 

Strict simple ordering Simple ordering 

I Partial ordering 

Strict partial ordering Quasi-irdenng 


.Transitive- 
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In a many-one relation several things may be related to one thing, we can 
have 



However, one thing cannot be related to several things by a many-one rela- 
Uon, we cannot have 



as we can have m the case of a one-many relation 
Some examples of many-one relations are square rooi of, citizen of and 
identity A number can be the square root of at most one number, although 
numbers can have two square roots A man can be a citizen of at most one 
country, although countries have many citizens 
A relation which is both a one-many and many-one is called a one one 
relation Double of is a one-one relation among numbers, since tor all num- 
bers t, y, z. 

{x-2} • x-ZzO y- z) ' {y=2x ‘ y^2z D x= z) 

Mamed to is a one-one relation among the populations of contemporary 
Europe A final example is the relation state noicnwr of, for every state has 
at most one governor, and one can be the governor of at most one state 
The donuiin of a relation R is the class ol things which are related to some- 
thing by /t The domain of R is denoted by the expression 'Df, thus 

fl) U)(D^x^G>)Rxy) 

The ratine of a relation R, denoted by 'Rg, is the class of things which have 
H borne to them Thus 

( 2 ) 

From (1) and (2) it follows that 
(3) {x){F^x w {O^x V Rf,x)) 

that IS. something belongs to the field of a relation if and only if it belongs to 
Its domain or range A many-one relation correlates a unique object in its 
range with each object in its domain (Distinct or identical objects may be 
correlated with distinct members of the domain) A one-many relation, on 
the other hand, correlates a unique object in its domain with each object 
m ns range Finally, a ono-one relation uniquely matches to objects in its 
domain and range In contemporary European populations the relation 
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Ai«iN„rf <1/ IS one-one and matches each member of its domain-each 
husband-wilh a unique member of its image-his wife The U S govern- 
ment IS rapidly setting up a one-one relation between its citizens and a 
certain subclass of the nonnegative numbers by matching people one-to- 
one with social-secunty numbers 

Functions m mathematics may be construed as many-one relations A 
mathematical function from the class into the class B assigns each member 
A -Its domain of arguments-a unique object in .fi-its range of values In 
other words, a mathematical /wncnow from A into 5 is a many-one relation 
whose domain is A and whose range is B When a function Is a relation which 
IS one-one, the function is called a one-one function The functions* from 
the positive and negative integers into the positive integers is a many-one 
relation, but it is not a one-one function The function a- + J from the integers 
into the integers, however, is a one-one function 
Functions need not be confined’ to mathematics, nor need they be ex- 
pressed algebraically Thus the socioeconomic index is a function from the 
class of people into the class of numbers which assigns a unique number 
to each person according to his social and economic class Similarly, the 
freshman-class rank is a function which assigns a unique positive integer to 
each member of the freshman class of a college These and the other ex- 
amples given m this chapter clearly indicate that the properties of relations 
which we have examined are not merely of purely logical interest, but also 
help to clarify the concepts of mathematics and the physical and social 
sciences 


EXERCISES FOR SEC. 4.4.3 

A Give examples of the following kinds of relations 

1 A one many relation whose field is the class of positive integers 

2 A one-one relation whose domain is the class of positive integers and whose 
range is the class of even positive Integers 

3 A many-one relation which is asymmetric 

4 An equivalence relation which is one-one 

5 A function whose domain is the class of positive integers and whose range is 
the class of negative integers 

B Establish the following 

1 Where R is the relation between x and y such that 

® Rix 
show that 

a If ^ IS one-many. R is many-one 
b A IS a function if /C is a one-one function 

2 I, « ,3 transilivv. ccrmected m ,« field, and also one-many o, many-one ihon 
Its field must conlain less than Ihiee oOiecIs 
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3 It It IS an equivalence .elation and one many then everything in its field bears 
H only to itself 


4 5 formal DEDUCTIVE THEORIES 

When the structure of a scierttitic or mathematical theory is specittea in a 
rather exact and rigid way. it is known as a formal dcdiicu\e theory Most 
scientific theories are not specified with enough exactness to count as 
formal, but several mathematical theories have been formalized, with sur- 
prisingly liuitful results Not only have the theories been greatly clarified 
and simplified m the process, but formalization has also produced impor- 
tant information about the theories themselves which would have been 
otherwise unavailable Other theories, especially in the social sciences, are 
still so undeveloped that their formalization is practically impossible, and 
probably inappropriate at this time Yet formalizing them will depend upon 
clearing up some of their basic conceptual difficulties, and so here, at least, 
formalization functions as an important methodological goal Thus, as both 
an ideal and a reality, formalization constitutes an important application of 
logic to science and mathematics 


4 51 THE ELEMENTS OF A FORMAL DEDUCTIVE THEORY 
Thcro are two parts to every formal deductive theory afornud landuanc and 
a class of expressions m this language called theorems A formal language 
is one whoso ^\eUfornud formtilas (abbreviated wtfs) can be recognized by 
a (mechanical) decision procedure Intuitively, the wtfs of a formal language 
arc Its scnlcncos Yet some formal languages have schemata for wffs, so 
the leim vdt does not completely correspond to the term sentence’ The 
theorems ol formal deductive theory are certain wffs of its language There 
need bo no decision procedure for recognizing them, but there must be a 
prool proccduiQ for proving them Thus guanlilication theory may be con- 
strued as a formal doduclivo theory, since there is a decision procedure for 
ns wlls (schemata) and a proof procedure for its theorems (valid schemata) 

U is clear, ihon. that iho dcducuvo apparatus of a formal deductive theory 
IS always completely and exactly specified 
Thu I.VO tcquiromenls on formal deductive theories are not as easily satis- 
licd 03 one might think Enghsh, lor example, is not a formal language It 
is so corstantly and rapidly changing that it is impossible to specify it com- 
p c-r t FLriborrrroro. (j-.qn it wo avoid this d.lliculty by doaling with only tho 
por- ons rjl Engl sn nhich a.o protly staOlo. ,t is very doubllul that it can bo 
r-vc- an City OtSerm ntd wt-clhcr or not something is a sontonco ot English 
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On the other hand, the language of physics approximates a forma! language, 
but the class of theorems of physics is undetermined, and no proof pro- 
cedure for them is in the offing Of course, certain parts of physics can be 
formalized, but this is because they are relatively clear and settled Sus- 
ceptibility to formalization is a mark of a mature theory 
There are several ways in which the language and theorems of a formal 
theory may be specified But typically, the method is as follows First, a 
class of symbols called the alphabet of the theory is given An alphabet is 
usually finite, but may also be infinite The wffs of theory are certain strings 
of symbols in its alphabet Consequently, one must be able to determine 
mechanicaUy whether a symbot belongs to the alphabet of a theory, other- 
wise one could not do the same for the wffs If the alphabet is finite, then it 
can be simply listed, as is done when giving the alphabet of English If it is 
infinite, then rules must be given for generating it such as were given in an 
earlier chapter for generating infinitely many variables Once the alphabet 
IS given, the wffs may be specified directly as certain strings of symbols in 
the alphabet Usually, however, it is more convenient to specify, first, other 
strings, such as statement letters, terms, or predicates, and then give rules 
for constructing wffs from these In any case, since there must be a me- 
chanical procedure for recognizing wffs, there will also have to be mechani- 
cal procedures for recognizing statement letters, terms, or predicates (if 
these are employed at all) 

EXAMPLE A formal language for the theory of densely ordered sets with 
neither first nor last elements (Theory A) 


1 


2 


3 


Alphabet 

a Logical symbols , V, D, ®.3, jr.y.z, 
b Nonlogical predicate < 
c Punctuation symbols (,)/ 

Terms 

a Variables 


(1) 'x,' }, 'z'and'b are variables 

(2) If a IS a variable, so is a 

(3) An expression is a variable if and only if its being so follows 
from (1) and (2) 

All and only variables are terms 
If s 

„ „ and are forms, then (w < /)) and ia - p) are wffs 
If S and W are wffs and a is a variable. -5. tS m (5 v m o 
re s lii'l (a)S and Qct)S are wffs 

An expression is a wif if and only .f its being so follows from 0) 
and (2) 
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It ,s easily seen that one can mechanically decide whether any expression 
IS in the alphabet, a term, a predicate, or a wff of this formal language 
After the wffs of a formal deductive theory have been specified, the theo- 
rems must be specified, too There are several ways to do this any of which 
will produce a proof procedure Most often, however, one first specifies a 
classof wffs called axioms There may be finitely or infinitely many axioms, but 
one must be able to decide mechanically whether or not a wff is an axiom 
Thus, because identity theory has one axiom, = one can always 
mechanically determine whether a wff of identity theory is an axiom On the 
other hand, identity theory could have been formulated so as to have in- 


Imitely many axioms by making every wff of the form v = v, where v is a vari- 
able. an axiom Again, one could mechanically decide whether something 
IS an axiom 

After the axioms have been specified, it is usual to lay down rules of infer- 
ence or generating further wffs from the axioms Although there are some 
exceptions, it is customary to take only logical rules of inference as the rules 
of inference of a formal deductive theory Whatever rules of inference are 
used, It must be possible to decide mechanically whether a given wff follows 
from others by means of a given rule A proof in a formal deductive theory 
then consists of a finite sequence of wffs. each of which is either an axiom 
or follows from previous wffs m the sequence by one of the rules of infer- 
ence Consequently, given any sequence of wffs, one can mechanically 
determine whether or not it is a proof The iheorems of a formal theory are 
the last wffs in any proof Since one cannot in general determine mechani- 
cally whether a given wff has a proof, there need not be a decision procedure 
for the theorems of a formal deductive theory On the other hand, every 
formal deductive theory whose theorems are specified in terms of axioms 
and rules of inference will have a proof procedure One very inefficient proof 
procedure consists in systematically enumerating all sequences of wffs and 
checking each to see if they ate proofs of the wll to be proved If the wff is 
a theorem, its proof will eventually turn up On the other hand, if the wff is 
not a theorem, we shall not be able at any given moment to distinguish it 
mechanically from a theorem whose proof has not yet turned up Thus a 
proof procedure need not yield a decision procedure Of course, there are 
more relmod and ellicient proof procedures for formal deductive theories 
than the one just described, and some formal deductive theories, such as 
truth-function theory, even have decision procedures for their theorems 


i\\Mi'ii> Three versions Of truth-function theory 


l enuin / Formal language The wffs are TFS 


Theorems All and only valid TFS are theorems 



part four extensions of quantification 


THEORY 393 


yersion 2 - 
Theorems 


Formal language same as version 1 


Every wff which can be proved by means of the rules of infer- 
ence stated earlier in this book 


Keramn J Formal language same as version 1 
Theorems 

a Axioms All wffs of the forms 


S D (ly D S) 

(S D (ly 3 £)) 3 ((5 3 IJ/J D (5 D £» 

(~S D ~}y) 3 (Jf/ 3 S) 


b Rules of inference 

1 Modus ponens 

2 Every wff (5 V fy) may be interchanged with (s D jy), and con- 
versely 

3 Every wff (5 if^) may be interchanged with ~(S D -IK), and con* 
versely 

4 Every wff (S * IK) may be interchanged with ((5 D ly) • (IK Zf S)), 
and conversely 


Comne/i/s First, notice that all three versions have a formal language, 
because there is a decision procedure for recognizing TFS Second, there 
IS a decision procedure for recognizing the theorems of version 1. and this 
also furnishes a proof procedure Third, since one can always enumerate 
and check the proofs of versions 2 and 3, there are proof procedures for 
these versions Fourth, only version 3 specifies its theorems in terms of 
axioms (of which there are infinitely many) and rules of inference Finally 
— and the proof of this is beyond the scope of this book-all three versions 
have the same class of theorems, namely, the class of valid TFS Thus there 
IS a decision procedure for the theorems of all three versions 
Although truth-function theory, quantification theory, and identity theory 
can be presented as formal deductive theories, most formal deductive 
theories are not purely logical and deal with some nonlogical concepts and 
have some nonlogical theorems It is usual to specify the theorems of these 
theories by merely listing fheir nonlogicat axioms and letting their logical 
rules of inference be understood The understood rules are known as the 
iiiii/cr/}i/ii' fojy'ic of the theory in question In most theories the underlying 
logic (S quantification theory, m many others it is identity theory (which in- 
cludes quantification theory) 

EXAMPLE Theory A (continued) 

4 Underlying logic identity theory 
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5 Nonlogicai axioms 

Axiom 1 U)(>)(z)U < y y<zDx<z) 

Axiom 2 U)t))U<> 3 -(><j:)) 

Axiom 3 U){y){j: / ) D U < y V > < z)) 

Axiom 4 (Ar)( 3 )U < y 3 (3x)U < z z< y)) 

Axioms (xK3y)(li:)U < y z < jr) 

Since identity theory is the underlying logic of this theory, proofs in it 
may be written as derivations in identity theory in which Axioms 1 to 4 may 
be written at will Only one example proof will be given now, since we shall 
study this theory later in some detail 

EXAMPLE Proof of X < } D X \ 


Proof ^ X <} A 

2 Jf= > A 

3 U)(y)U < y 3 -(y < 4 ) Axiom 2 

4 (>)U<> 3’-(> <x) 3 U1 

5 Jr < y D -(> < jr) 4 U1 

6 ~i> <x) 15 MP 

7 -(y < y) 2 6 SI 

8 ) < y T 2 SI 

9 jr > 2 8 IP 

10 \ < y D t > 1-9 CP 


EXERCISES FOR SEC 4 51 

A Formalize the theory ot the betweenness relation (tor points on a hnel Th» th„„rv 

2 If X IS between > and j and ^ is between ^ and u . 

for all X \ ; and •> " ^ between y and « 

3 Between any distinct x and » there «s a z 

4 Every x is between some y and c 

5 For any distinct x and \ there is a - such ihai . ,cr k . 

1 and X - ‘5 between x and >• or between 

B Us ng version 3 of truth function theory 

’ '/» O (./ D pi) 3 Up D 3 (p 3 p)) 


prove 
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2 (p 3 D (;? D p) 

3 (p 3 iq D p)) D (p Dp) 

4 p3p 

5 p V /j 


4 5 2 PROPERTIES OF FORMAL DEDUCTIVE THEORIES 
After a theory has been formalced several interesting and important ques- 
tions can be asked about it Three of the most important of these are the 
questions of its coiwsieno completeness, and ijeciitabilin Let us discuss 
consistency first A formal deductive theory is said to be consistent if and 
only If for no wff W are both Ifr and-ll' theorems If a theory is not consistent 
and contains a modicum of truth function theory in its underlying logic 
then every wff of its language is a theorem Most scientific theories are de- 
signed as instruments for determining the truth about a given sub/ect matter, 
and their theorems are supposed to be true stalements about this subiect 
However in an inconsistent theory, at (east one false statement-since one 
of ly or — (F IS false- Will be a theorem It may be even worse for inmost 
inconsistent theories every true and false statement of its (anguage will be 
a theorem with the result that the theory will be incapable of segregating 
truth from falsity Thus consistency is iheTmety/ra/io/i of an acceptable scien- 
tific or mathematical theory 

Completeness and decidability are not as important as consistency A 
formal deductive theory is complete if and only if. for every closed vnff W 
either W or — IF is a theorem An inconsistent theory (with a little logic) is 
trivially complete because alt its wffs are theorems This type of complete 
theory is uninteresting the interesting ones are those which are both con- 
sistent and complete Such theories have such a large stock of theorems 
that no more can be added without engendering inconsistency Intuitively, a 
consistent and complete theory contains every truth that can be expressed 


in Its language 

When a theory contains schemata then the concept of completeness just 
introduced is no! really appropriate Truth-funclion theoiy is not complete 
in this sense because neither p nor p is a theorem Indeed, no invalid and 
consistent TFS nor its negation is a theorem On the other hand il was 
pointed oul earlier that both quanfification theory and truth (unction theory 
are complete in i/n- sense tlmt alf vafid TFS and OS are theorems (The same 
holds for Identity theory ) This sort of compfeleness is known as semantical 

'^'M^n^ve^^mportant theories are incomplete, although they do not con 
tain schemata Thts important discoveiy ,s due to Kurt Godot f 
proved that elementary-number theory-and any theory which contains 
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,t-,s incomplete it it is consistent Moreover, such a theory is mcompkiable 
in the tollowmg sense it is impossihte to enlarge its class of theorems so as 
to obtain a consistent and complete formal deductive theory If a forma 
deductive theory is consistent and incomplete, then there will be a wff 
W such that neither W nor -Ifr is a theorem Thus one of them may be added 
as a new axiom without destroying the consistency of the theory Godel 
showed that for a very important ctass of theories this process can be ex- 
tended indefinitely The import of this resutt should not be underestimated 
As most branches of science and mathematics use elementary-number 
theory, it is impossible to construct consistent and complete formal deduc- 
tive theories for most branches of science and mathematics 
Some theories are complete, but their scope is usually rather limited 
Elementary-number theory u;r/io«/ multiplication, for example, is complete 
Since most consistent and important theories will be incomplete, complete- 
ness IS not a necessary condition of an adequate theory 
The last property in our list is decidability A formal deductive theory is 
decidable just in case there is a decision procedure for recognizing its 
theorems Many important formal deductive theories are not decidable 
Quantification theory and elementary number theory are two outstanding 


examples Moreover, decidability and completeness are closely related As 
long as a theory contains quantification theory in its underlying logic, it is 
complete only if it is decidable This may be seen as follows We may 
restrict ourselves to closed wffs, since an open wff is a theorem if and only 
if Its universal closure is. provided that the theory contains quantification 
theory in its underlying logic Every formal deductive theory has a proof 
procedure, so, to decide whether a closed wff W is a theorem, we apply the 
proof procedure to both W and -IK Since the theory is complete, a proof of 
one of them will eventually turn up, and this decides one question (Here it is 
assumed that the theory is consistent, so that W is a theorem if and only if 
-W IS not If the theory is not consistent, the decision procedure is simply 
when asked whether a wff is a theory, answer ‘yes ») 

Some deadable fotmal deductive theories are not complete Truth- 
luncbon theory ,s an example, although the present concept of complete- 
ness IS not lully appropriate here A more interesting example is the follow- 
ing Theory T The lormal language ol Theory T is simply the formal language 
ol Theory A, given in Sec 4 5 1 The theorems of Theory T, however are 
fust those which may be obtained by substitution in valid TFS Thus among 
the theorems of Theory T, we have ^ 


-r < \ D (X < \ V r= }) 
X < V V -(X < \) 
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Yet the following are not theorems of Theory T 

jc < 3 D -(V < r) 

Since one can mechanically "hemer a Jj^'lf^'e^Theory T is 

tamed by substitution are both complete and decidable 

not complete Of course “™'"^“ov,ng this takes us beyond this book 

-Theory A is an example a 9 |e,portant things that can be di 

We have, then, some ‘ |e,eness and decidability of formal 

covered about the consistency, P , , ,nesB results lie byond the 

— 

Godel s theorem ‘^st.ng and unresolved problems 
It still contains many 


exercises for relation can be lS"xfI<r5)"Thi5'translalion 

rrYto:::--;— 

^ ---See— — 

3 Thslhccrycftha ,.a extended by adding as a nov, axiom 

cidable ] -<« relation can be e 

Then however a nev. ^ ^ 

1 : 2 " •' ” 

3 <3«''''',:"rcomp.ete because 

relation is not 

Wf — f p Bxa) 

;rMSbe.hen-ems 
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4 5 3 THREE FORMAL DEDUCTIVE THEORIES 

In this section we shall consider three examples of formal deductive theories 
Two are drawn from mathematics, and one from social science We shall not 
only describe these theories but also prove several of the theorems of each 
For this reason, it is first convenient to consider a few ways for “speeding up" 
these proofs 

Theorems are proved in a sequential order, many of the earlier theorems 
being applied in the proofs of later ones As matters stand, every time a 
theorem is applied in the proof of another, it is necessary to prove it within 
this proof Yet if the theorem in question has already been proved, this is 
surely a waste of time, energy, and paper It is much simpler just to write the 
theorem in question as a step in the proof and give as its reason a reference 
to the place m which its proof may be found To be exact, each theorem is 
assigned a number when it is proved Then a theorem may be written as a 
step in the proof of a later theorem, and its number given as its reason Thus 
Theorem 7, for example, may be written as a step in the proof of Theorem 8, 
and 'Theorem 7 written as its reason 

The next simplification concerns universal instantiation Let us spare our- 
selves those tedious portions of derivations, such as 


U)(>)U)('V) Fxyiw 

P 

(>')(2)hv)FA:>zu 

1, Ul 

U)(«)Ft>cu 

2. UI 

(\\)Fxyz\^ 

3. Ul 

Fx)Z^i 

4 Ul 


which involve repeated applications ol universal instantiations to wits origi- 
nating from the same universal quanWrcatron To avoid such repeWions, we 
can carry out the whole sequence ol applications ol universal instantiation 
at once This condenses the previous derivation to, simply, 

2I FxizH I.Ul 


the oTm "'"'f generalization Here we have 

tmn ns Th a"” ^^■^“enoes ol applications ot universal generaliza- 

tion. as in the derivation 


jH A 

1 4 ^ 

'] A 


P 

A 

A 

A 

A 

I.Ul 


A 

tx\z\ 
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7 

8 
9 

10 ; 


j I (tjFvj;,,’ 

I 0’)(UF.02U' 

U)C'')(i:)Fr>;u. 


S-6. UG 
4-7. UG 
3-8, UG 
2-9. UG 


Again, Ihe simplest way is to carry out all these 
telescoping the last derivation to 


applicalions al 


once, (hus 


1 U)C>’)(cM*i p 

2 c. 3 '. rj A 

3 j Fr32»- j. UI 

4 (n’)(c)0’)(T)rtj'C>r 2-3. UG 


These three conventtons. using previously proved theorems and con- 
densing applications of universal instantiation and generaltzalion. wilj help 
simplify markedly our proofs of theorems m formal deductive theories Of 
course, further conventions for shortening proofs are possible, and anyone 
making a pastime of proving theorems in formal deducliva theories w/il 
want to invent and use them. It is essential, however, that whatever con- 
ventions one uses, completely unabbreviated proofs bo supphablo upon 
demand. 


4.5.3. 1 THE THEORV OF OfcNSCLY OHOrRED SETS 
WITH ^fclTHLR FIRST NOH LAST CLEMLSr 

The first example of formal deductive theory which wiU bo considered «s tho 
theory of densefy ordered sefs wdh aedfrer first nor last (Tfieory A. ter 
short). The theory is applicable to Ihe fields of strict simple orderings wh.ch 
are dense and which have no first or last element (with respect to the order, 
ing). The held of an ordering is dense if and only if. between any t.%o cl 
Its members, there is a third The theory is applicable to me ordermj of 
the rational numbers, for example, since »l is strict, simple, and dense and 
there is no greatest or least rational number The theory does nor app*/ to 
the integers, however, because they are not densely ordered 
The formal language of ThooryA has already been spocitfod it m.o ,c% 
the predicates (for identity) and (for less than) and compoiti -is 
statements from these and variables, quantihers. and Hum-funct on? its 
underlying logic is identity theory Although its axioms ha.o a /cad, um 
listed. It wilt not hurt to recall them hot© 

Axiom t. (tj(\)<t<3 I? —ti 

Axiom 2. (t)(vKzKr C > • , < r 3 * -I 

Axiom 3. (t)(\Kt '* V 3 



400 ELEMENTARY LOGIC 


Axiom 4 (x)Cy)U < > ^ < z z < y)) 


Axiom 5 (x)(3y)(3z)(j: < y z < t) 

These may be written as steps m proofs at will Now let us prove some 
theorems 


THEOREM 1 (j:)(>’)U < y X ^ y) 


Proof 


x<y 

1 = y 

(x)Cy)U < y D - (y < jr)) 
;e < y 3 -(y < j) 
-iy<x) 

-iy < y) 

y<y 

, X < y D x ^ y 
{x){y){x <yZix¥‘y) 

THEOREM 2 (a:) — (;c < x) 

THEOREM 3 (3A;)(3y)(jc < y) 

Proof 


THEOREM 4 (lr)C3y)U 7^ y) 

THEOREM 5 (A:)t3y)tx < y) 

THEOREM 6 (^)(ay)(y < x) 

THEOREM 7 -(!()(> )U 7^ y D y < X) 

Proof 1 (3x)(y)U ^ y =3 y < x) 

2 A (y)(x 7^ y D y < x) 

3 (A)(a>)(x<y) 

4 (a%)U < y) 

5 >1 A<y 


A 

A 

A 

Axiom 1 
4. Ul 

2, 5. MP 

3. 6, SI 
2. 3. SI 
3-8, IP 
2-9, CP 
1-10, UG 


1 

U)(3y)0j)U <y z<x) 

Axiom 5 

2 

(3y)(3z)(A: < y z< x) 

1. Ul 

3 


(3z)U <y z<x) 

A 

4 



X < y z<x 

A 

5 


zj 

X < y 

4, S 

6 



(3y)U < y) 

5, EG 

7 



(3i)(3y)(x < y) 

6, EG 

8 



ai)(3y)U < y) 

3, 4-7, El 

9 


(at)(3y)U < y) 

2 3-8, El 


A 

A 

Theorem 5 
3. Ul 
A 


Exercise 


Exercise 

Exercise 

Exercise 
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(,)(>)(x < y 3 t fs y) 

7 


1 


r < y D t y 

8 


1 


X F^ y 

9 




t F^ y 3 > < X 

10 

1 



y < X 

11 

1 



(x)(y)(r < y 3 -(y < x)) 

12 

1 

1 



X < y 3 -(y < x) 

13 

1 



-Iy < x) 

14 



1 

y < X V -(3x)0y)(x 5^ y) 

15 



1 

1 

-(3x)(3y)(x }) 

16 




-{ax)(3y)(x fs y) 

17 



‘-(3x)(3y)(x F* y) 

18 


(3x)0j)(x y) 

19 


-(3x)(y)(x y D y < X) 

THEOREM 8 

- 

(3x)(y)(x y D X < y) 

THEOREM 9 

(x)(3y)0j)(x < y • y < z) 


THEOREM 10 ix)Oy)&z)(z < y y<r) 
THEOREM 1 1 (a') — 0 ’ y)(x < y) 


Theorem 1 
6, Ul 
5, 7, MP 
2, Ul 
8, 9. MP 
Axiom 1 
11, Ul 
5, 12, MP 
10. add 
13. 14, DS 
4. 5-15, El 
1, 2-16, El 
Theorem 4 
1-18, IP 


Exercise 

Exercise 

Exercise 

Exercise 


THEOREM 12 
Proof 1 
2 

3 

4 

5 

6 

7 

8 


W(y)[fe)(s < -t » J < >-) 3 
y A 

(Z)(Z < j: • Z < y) 

x^y 

(.x)(yKx ^yD{x<yyy< 
x^yDix<y^y<x) 

I x<y 
x<x^x<y 


X)) 


9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 


^ <x 

W — tt < -r) 

— (x < x) 

-(X < y) 
y<x 

y < X <> 
y < y 

(x) - (X < x) 

-iy < y) 

-(X # y) 
x= , 

UKz< , = z< j) 3 x=. 


A 

A 

A 

Axiom 3 
4. Ul 
3, 5, MP 
A 

2, Ul 

7. 8. MPB 
Theorem 2 
10, Ul 
7-11. IP 
6. 12. DS 
2. UJ 

13. 14, MPB 
Theorem 2 
16. Ul 
3-17. IP 
18. ONE 
2-19. CP 
1-20 UG 
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THEOREM 13. 
THEOREM 14. 
THEOREM 15 
THEOREM 16 
THEOREM 17. 
THEOREM 18. 


WOflECzlU < jr D z < y) D (x= y V a < y)] Exercise 

(A:)(y)[jr y D {3z)((jr <z*z<y)V(y<z-z< x))] Exercise 

(lr)(3y)(32)(r 7*yy?^z*x?*z) Exercise 

(x)(y)(x < y D —(3 ! z)(x < z • z < y)) Exercise 

UKyXzKx’ < z • y < z D 0»v)(x < m* • y < w • «■ < z)) Exercise 

U)(y)(x = y D — Qz)(x< z • z < y)) Exercise 


4.5 3.2 THE THEORY OF GROUPS (THEORY B) 

A group consists of four things a class of objects (the members of the 
group), a function which assigns a member of the class to every ordered 
pair of members of the class {symbolized here by a function, called the 
imerse function, whose domain and range are the class in question (sym- 
bolized here by '*'), and a member of the class, called the unit (symbolized 
here by '«’) Furthermore, for all x, y, and z in the group, the following must 
be true 

(1) (x + y)+ z= x+ (y + z) (associativity of ‘-t-’) 

(2) (existence of a unit) 

(3) X + x' = » (existence of an inverse) 

The positive and negative integers form a group with respect to addition. 
For if ‘x-F >’ IS interpreted as the sum of x and y, ‘ii’ as 0. and ’x*' as— x, then 
(1), (2), and (3) are true for all integers The positive integers are not a group 
with respect to addition, however, for there is no interpretation of which 
will make (3) true in this universe, or as mathematicians say, inverses do not 
exist for each positive integer 

A formal language for the theory of groups may be specified as follows 

1 Alphabet 

a Logical symbols t. y. z. k*. — . ,V, D,s,3, = 
b Nonlogical symbols *. +. « 
c Punctuation symbols (,)/ 

2 Terms 

a Variables 

(1) 'x . v‘. z , and are variables 

(2) If a IS a variable, so is a' 

(3) An expression is variable if and only if its being so follows 
from (1) and (2) 

b Terms 

(t) Every variable is a term 
(2) n' IS a term 
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(3) If a and /3 are terms, so are a* and (a + /}) 

(4) An expression is a term if and only if its being so follows from 
(1). {2). and (3) 

3 Wffs 

a If a and p are terms, then (a=^) is a wff 

b If 5 and W are wffs and a is a variable, then —S, (S O'). {S V W), 
(5 D IF). (5 ^ IF) (aXS, and 00)5 are wffs 
c An expression is a wff if and only if its being so follows from (a) 
and (b) 

When no unclarity will arise, some parentheses will be omitted from wffs, 
thus 'jr = j + c’ will be written m place ol {jr== 0 + :)) 

The theorems of the theory of groups may now be characterized 

4 Underlying logic identity theory 

5 Axioms 

Axiom 1 (jr)0)(z)(l r + >) + z «= r + tv + z)) 

Axioms WU + « s® T) 

Axioms (x)(jr+t’ = H) 

Unlike Theory A, the theory of groups is not decidable Moreover, the 
proofs of some of its theorems are far from easy The reader may verify this 
by trying to prove them before looking at the proofs given below 

theorem I. (j)0)(2)U + z = >+£ 

(‘roof X, y', Ti A 

2 r+»i=>' + u 

3 (t)tr = Jr) 

4 (r+n)+M' = (t+.i)+«* 

5 U + w)+«’“0' + *») + «* 

6 (t)(>)(z)((jr + v) + z = X + 0 "t- z)) 

7 (t+ h)+ H* = Y+ (m + «*> 

8 j:-Kiv+ i»*) = (3'+ *•)+ “* 

9 (0(r + x*=«) 

10 .,+«• = « 

11 r+ If = 0' + »*)+ “* 

12 U)U + « = x) 

13 r+i/ = x 

14 t = (y’ + H)+«* 

15 U' + 

16 X = >' + (» + H*) 

17 r = >' + w 

18 :>’ + ff=%' 


A 

A 

Al 

3 Ul 
2. 4. SI 
Axiom 1 
6. Ul 

5. 7. SI 
Axiom 3 
9. Ul 

8 10, SI 
Axiom 2 
12. Ul 

11. 13. SI 

6, Ul 

14. 15, SI 
16, 10. SI 

12. Ul 
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THEOREM 4 (x)())Mx ^}y jr > D -(3z)iPxz P\z) 


1 





A 

2 



I \fv 

My V y 

A 

3 




OzKPkz P\z) 

A 

4 






Pxz Pyz 

A 

5 






(x)(3 • \)(P>x A/>) 

Axiom 3 

6 






G*y){P>z My) 

5 Ul 

7 






(33»)[P%z My (r)(Pxz Mx D 

) = r)] unabbreviation 

8 





u 

Puz Mw (xKPxE A/t 3 It 

= t) A 

9 

I 





(x){Pt2 Mx D m = r) 

8. S 

10 



I 

I 


Pxz A/xDi. =x 

9 Ul 

11 






Mx My 

2 S 

12 






Mx 

11. S 

13 






Pxz 

4 S 

14 



! 



Pxz Mx 

12 13 PC 

15 

I I 





U ~ X 

14 10 MP 

16 






Pyz A/>3., -> 

9 Ul 

17 






Pyz 

4 S 

18 

i 





Ah 

11 S 

19 






pyz A/v 

17 18 PC 

20 






It «> 

19 16 MP 

21 ! 






x= \ 

20 15 SI 

22 






x^y 

7 8 21 El 

23 






x« \ 

3 4-22 El 

24 




i . 

»* ^ 

2. S 

25 



I -(3z)(Pxz Pxz) 

3*24 IP 

26 


I Ux 

Ah r # V D -OzPPxz P\z) 

2 25 CP 

27 

I (x)0)A/x 

M\i X 5- V D -(tMTxc P\z) 

1-26 UG 


TilfcOREM 5 U){v)l-^/J; -\U I f* >- D -OcMPj; />>;)] Exercise 

TMEORLM 6 U)(OU)(/’xc /'»c D U - > V Ux ~\l-\ 'J —Mx \I\)) 

Exercise 

THEOREM 7 (v)(3»)(3;)(/’<x Pzx > 5* i> Exercise 

7IILOHEM S (lrU3i)(x ^ >> Exercise 

THEOREM 9 (1t)0>)/’x\ Exercise 

THEOREM 10 (at)(3vM3iKT ^ c X >* zP Exercise 


EXERCISES FOR SEC 4J 3 

Provo oil (ho unproved theorems of th>s s«ct>on 
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4.6 DEFINITIONS AND FORMAL DEDUCTIVE THEORIES 

461 INTRODUCTION 

In the most general sense of the term a definition is an explanation of the 
meaning of an expression In this sense, definitions appear m almost every 
intellectual endeavor Such a variety of cases fit this characterization of 
definitions as to render it unsatisfactory for the purpose of logic Thus ‘car 
can be "defined ' by pointing to cars, mathematics’ by describing the tech- 
niques and concepts of that science psychology’ by saying that it is the 
science of human behavior In short, for the layman, there are many legiti- 
mate ways of defining words 

In science and mathematics the methods of defining have been pared 
down a bit, and there are even commonly recognized rules of definition 
Thus circularity would rule out this sequence of definitions 

Definition t Language means *a system of communication used in a 
human society 

Definition 2 Human society means a group of humans who speak the 
same language 

Obviously, a word cannot end up being explained in terms of itself so these 
definitions are not proper Yet even general scientific practice is not all 
that precise For this reason, formal deductive theories present an ideal 
vehicle for the study of definitions 


4 62 RULES OF DEFINITION 

A definition explains one expression in terms of another The expression 
explained is called the definiemlum. while the expression doing the explain- 
mg, so to speak, is called the definiens for example, in the definition 
IQ means ’mental age divided by chronological age’ 
the definiendum is IQ and the definiens is mental age divided by chrono- 
logical age’. If the definiendum of a definition has been properly defined, 
then the definiendum and its definiens should be interchangeable in any 
sentence without affecting the meaning of the sentence For this reason, 
format deductive theories which contain definitions also provide for defini- 
tional interchanges, that is. permit inferences which depend upon inter- 
changing a definiendum with a definiens and vice versa 

^621 CRITERIA FOR PROPER DEFINITIONS 

When a definition is added to a formal deductive theory, it introduces a new 
expression into the language of the theory 11115. of course, also adds many 
new wifs Moreover, the definitional interchange rule will make it possible 
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to prove some of these new wffs as new theorems For example, if we add 
the following definition to Theory A, 

‘x < y’ means 'r < y V r = >’ 

then we can prove the new theorem ’or < > D r < v’ as follows 


1 ^<y 

2 j:<yVr = > 

3 jr<y 

4 r<yD^<) 


A 

1, add 

2, definitional interchange 
1-3, CP 


On the other hand, we could already prove x<yD{x<y\/x — v)', which, 
given thecorrectnessof our definition, says the same thing as’r<> D xsy 
The point is this Proper definitions increase the notation of a theory, but 
they do not permit the theory to say anything new. they increase the theo- 
rems of a theory, but they do not permit the proofs of anything that 
could not be proved in some other (perhaps more cumbersome) form As 
a consequence, a consistent theory will remain consistent when proper 
definitions are added to it Just what a proper definition is will emerge 
shortly 

Clearly, every expression of a theory cannot be defined, otherwise, some 
expressions would have to be defined circutarty Thus, in every theory, some 
expressions are taken as the basis for defining others. These basic expres- 
sions are known as pnnuine. or undefined, expressions Although no defini- 
tions are offered for them, their meanings are not inscrutable For there 
are other ways to learn to understand expressions than by using defini- 
tions No definitions taught us to use ’stop . 'hot', ‘yes’, 'no', ’mother', for 
example 

Defined expressions must also be introduced sequentially The first de- 
fined expression introduced must be defined solely in terms of primitive 
expressions The second, however, may be defined in terms of the first and 
primitive expressions, and similarly for successive defined expressions In 
this way each defined expression boils down to primitive ones 

So far the notion of meaning has been used to gam some understanding 
of definitjons Now lei us cast meaning aside Otherwise, we shall find our- 
selves asking whether a given definition really does capture the meaning of 
Its definiendum Although there are ways to give sense and answers to such 
questions, dealing with them in general would take us into the theory of 
meaning, and dealing with them m particular, into the special sciences 
Fortunately the Jeduane nde of definitions can be understood by viewing 
them as uhhreMuion lonMUiioits This shall be our stance from now on 

Where definitions are viewed in this light, the legitimacy of a rule of 
definitional interchange is obvious, for one is only interchanging expressions 
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and their abbreviations Of course, this presupposes (hat from the deductive 
point of view, definitions be abbreviations and ]ust that This means that 
every wff containing defined expressions must be construabfe as a wff in 
primitive notation and that every theorem which contains defined notation 
must be construable as a theorem in primitive notation which can be proved 
Without the use of any definitions The last clause is necessary lest defmi* 
tions give nse to the proofs of primitive wffs which could not be proved prior 
to the introduction of definitions This leads to the two following criteria for 
the propriety of definitions 

Criterion of eliminability ^4 dejimhon D iniroducini: u/i expression B into 
Thcon T satisfies the criterion of if anJ only if, itnen uiiti wjf 

S in iiliich E appears, D and the preiious defimttons of Theory T detenmne a 
Mjr If' in priHiirn t* notation such tliiii S ^ IF can he denied from D, the pre- 
\ ions definitions, and axioms of Theory T and the JefintUunal interchange 
rule. 


Criterion of noncrealivity A definition D introJimag on expression E 
mlo Thcon T saitsfics the triicnon of noiureiunit} if and only if there is 
no wjf IF in pnwiri*^ notation iihich eon be denied from O, the preiioiis 
definitions, and axioms of Theory T and the definitional mterthange rule, 
hill wluclt lannol be dim cd from the luionis of Theory T alone. 

If a definition satisfies the first criterion, we can be certain that it will not 
permit us to construct wffs that are not abbreviations of wifs in primitive 
notation if it also satisfies the second criterion, it will not create any new 
theorems, that is. any theorems wo can prove using it wiK be (at wofstj 
notational variants of what can be proved without the use of definitions 
The need for the criterion of noncreativity may not appear obvious, so fet 
us consider an example ot a creative detmition introducing the symbol e‘ 
into identity theory as an abbreviation ot 's' mil suffice Then wo can con- 
struct the following ' prool 


A A 

2 (xKt-^x) 

3 x^x 

4 x’^e 

5 lx){x**e) 

6 OiMjXj-') 


A 

AJ 

2. Ul 

3. definitional interchange 
1-4 UG 

5, EG 


Not only IS step 6 a now theorem m primitive rwiat-on. it is not even a truin 
of Identity theory, since it asserts that there is exactly one thing Step 4 is 
incorrect because the definition ot e is improper 
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4 6 2 2 THE FORMS OF DEFINITIONS 

Whether or not a proposed definition satisfies the two criteria of proper 
definitions may not be obvious at a glance Indeed, it may take quite a bit of 
proving, since the criteria refer to infinitely many wffs For this reason it is 
convenient to give definitional forms which are known to produce definitions 
satisfying the two criteria Basically, there are three types of definitions 
those which introduce individual constants, those which introduce func- 
tional symbols (or functors), and those which introduce predicate symbols 
This gives rise to three different forms of definition 
The form of definitions introducing individual constants is 

Definition a = /3 

where a is the definiendum, 13 thedefiniens and /3 is a functional term 
or individual constant composed of previously defined or primitive notation 
Definition is written to the left of to mark it as a definition and to 

distinguish it from identities which are theorems The whole definition 
Definition is itself best understood as meaning a is an abbreviation 

ol/3 

EXAMPLES 

Proper Dcjinilions (trt llu Theors of Groups) 

Definition u = </+i/ 

Definition /) = « + « 

Improper Defimlions 

Definition a = x + x (jt + jt is open ] 

Definition h‘= u + b [b occurs in the definiens ] 

To introduce a functor we introduce an open functional term composed 
of It and variables If is a functor of degree n, then the open term is 
c5(a, a, a,J where a, a a, are distinct variables The definition 

has the form 

Definition a, 

where the definiens is also a functional term which contains no free occur* 
rences of variables other than a, a, a, and need not contain free 
occurrences of all or any of these Naturally it contains only pnmilivo and 
previously defined notation 

I XAMI LtS 

Proper Defimlions lin the Theory of Groups) 
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Definition i(x)—x+u 
Definition 3U) = {x + x) + x 
Definition li{xy) = {x + })-i-{\+x) 

Definition ^U.>) = 3 {r) + ( 30 ))* 

Definition Afx j ) = jr + 3 (m) 
tmprflper Of^iiuions 

Definition /(-«:3 )=t+^ [/(j>) does not contain a free 

occurrence of z ] 

Definition alx] = aiii) { a is defined in terms of itself ] 

The form of definitions of predicates is the last to be considered To intro 
duce a predicate if> wq introduce an open wff If the predicate <f> is an n place 
predicate then the open wff has the form 

4 a,Oj a, 

where a, a, are distinct vanables The definition has the form 

Definition ^a,a a, '• 5 

where J is a wff which contains no free occurrences of variables other than 
Q, Oj a, and need not contain free occurrences of all or any of these 

EXAMPLES 

Proper Definitions (in Theories A and C) 

Definition j:si~(j<>Vx**>) 

Definition x>»-><x 
Definition Lx -OKt v D jr<>) 

Definit on MOxy — Pxx —Mx 
Definition FAxx — Pxs Mx 
Improper Definitions 

Definition Fx ^ Pxy [y has no free occurrence in Fx ] 

Definition An ==11 — 11 + 11 [ Aii contains no free occurrence of 

vanables ] 

In the case of all three forms it is assumed that the individual constant 
(unctior\al term or open sentence whv^ is the det niendum is a new symbol 
Thus the definiendum of a definition must not contain prim tive or previously 
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defined symbols (other than variables and punctuation symbols) For this 
reason, the following definitions are improper 

Definition a+u = u-i-u t‘a’ 'S new, and u are old ] 

Definition j < i(j:) s (3z)(x < j) is new <’ is old ] 

Later, we shall relax this requirement somewhat 
None of the examples considered here has contained a definite descrip- 
tion in the definiens Definite descriptions have very important applications 
in definitions, but because using them involves several complications, we 
shal'i postpone this until the next section 


EXERCISES FOR SECS. 4.6.1 TO 4.6 2 2 

A The following are improper definitions in Theories A, B, and C In each case ex- 
plain what IS wrong with Xhe/orm of the definition Then show that the definition 
will fail to satisfy both the criteria of proper definitions 

1 Definition ijr> - ( r < ^ V I^jr) (in Theory A) 

2 Definition + ^ (m Theory B) 

3 Definition MOx = Pxi —Mx (m Theory C) 

4 Definition x b "h = x \ -f - 1 (m Theory B) 

B Give examples of improper and creative definitions which will render each of 
Theories A B and C inconsistent 

4 6 2 3 THE DEFINITIONAL REPLACEMENT RULE 

Since every definition takes the form of an identity or a biconditional, it 
could be added as an extra axiom so to speak The substitutivity of identity 
and the interchangeability of the biconditional would then guarantee the 
interchangeability of every definiendum with its definiens It is simpler, how- 
ever to introduce a definitional replacement rule which permits these inter- 
changes outright The rule ts staled as follows 

Rule of definitional interchange If and are wffs of aformal deditc 
lt\e theory Theory T which contains a definition defining d as d , then if 
Sj results from Sf by interchange one or more occurrences of d with d', 
may be inferred from Sf (in proofs in Theory T) and camersely 
Reason A numeral referring to the step from which the inference is made, 
followed by def In applying this rule, <t is understood that other ex- 
pressions may replace the free variables in the definitions of functors and 
predicates and that the interchanges in question leave these expressions 
unchanged Also no capturing is allowed 
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EXAMPLES. (The definitions used are those given in examples above ) 


a. 1 (x)(t+w = jr) Axiom 2 

2 (t)(/(r) = j) l.def 

b. 1 U)(jr+H=r) Axiom 2 

2 i/ + H = »i I.UJ 

3 a = H 2, def 

4 avXfl = t) 3. EG 

c 1 (t)(x=Y) Al 

2 g(H.H) = «(«.«) l.Ul 

3 = 3(<i) + (3 (m))* 2, def 

4 = {«/ + w) + « + ((« + 1 /) + «)* 3, def 

5 (OU+uss'j) Axiom 2 

6 ii+u = u 5, Ul 

7 s(«.«) **« + «+(»+ «)* 4, 6, SI 

8 uUi.ti) ™ H + 7, S, SI 

9 (jKx + jr’^H) Axioms 

10 9. Ul 

11 i'(M.lf) ®* H 8, 10, SI 

d. 1 a)Cr=x) Al 

2 /i(x.H) = /i(x.H) l.Ul 

3 hUr.N) “ (x + H) + tM + X) 2. def 

4 (t)(x+//*x) Axioms 

5 (xK«+x=t) Theorems 

6 r+«=x 4 Ul 

7 H + x = x 5. Ul 

8 /i(r,H) =“ T + (// + x) 3, 6, SI 

9 /j(x./0 = x + .r 8, 7. SI 

10 /i{x.«) + X = r l.Ul 

11 /i(x,H) + X = (X + r) + X 10. 9, SI 

12 /i(x,h) + x = 3U) 11 , def 


4 6 2 4 DEFINITIONS AND THEORY A 

Several new theorems can be proved in Theory A by adding definitions to it 
Let us forget the definitions in this theory given as examples above and start 
again This time each definition wilt be numbered when it is given Then we 
can refer to a definition by its number 
Definitioni: x s j = {x < y V x = y) 

THEOREM 1 9 (t)0 )(x < y 3 r £ v) 


Exercise 
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THEOREM 20 WCy)(x 94 y X s y D X < y) 

THEOREM 2 I U)0')(a: s y V >> £ jc) 

Proof (Partially worked out) 

^ xy A A 

2 -{X <y) A 

3 -(A- = y Vx<_>) 2. Def 1 

7 

-U < y) 

(x)(yKx 5>« y 3 (x < y V > < x)) Axiom 3 


x?4yD(jr<>Vy<x) Ul 

X < y V y < X MP 

y<x DS 

y < X V y = x add 

y s X Del 1 

-(xsy)Dysx CP 


xs y V y sx 
(x)(y)(x s y V y s X) 


UG 


{Exercise Complete this proof ) 

THEOREM 22 (x)(y)(x s y ysxDx — y) 

THEOREM 23 (x)(y)(2)(x sy yszDxsz) 

Definition 2 Bzxy^x<z z<y 
THEOREM 24 (x)(y)(z)(Bzxy Dxf^y y ^ z x 9 ^ z) 
THEOREM 25 (x)(y)U)(flzxy D —Bxzy —Byxz) 
THEOREM 26 (x) — Bxxx 

THEOREM 27 (x)(y)U)(»i')(flzxy Byzw^Byxn Bzxw) 

Definitions Lr = (y)(x y D x < y) 

THEOREM 28 — (3x)Lx 

THEOREM 29 U)(Lx □ x < x) 

THEOREM 30 (x)(Lr D (y)(x < y)) 


Exercise 


Exercise 

Exercise 

Exercise 

Exercise 

Exercise 

Exercise 


Exercise 

Exercise 


A REFoKMC/CArroiv OF THEORY A Theorem 12 of Theory A is 
(x)(y)[(2)(c < X s 2 < ^) 3 X = y] 
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Given this, we can easily prove 

( 1 ) (x)U)Ux = i) ^ (z)(z<x = z<y)] 

which suggests that 'a'= v‘ can be defined as (zHz < j = c < \) , for(l) is the 
universal closure of a possible definition of = Of course — cannot be 
defined in Theory A as it now stands, since = is a primitive symbol None- 
theless It IS possible to reformulate the theory in such a way that = is not a 
primitive symbol 

How it IS done wilt now be sketched 

The formal language of the new Theory A. let us call it Theory A', contains 
all wffs of Theory A which do not contain the symbol = Its underlying logic 
no longer contains identity theory, of course, but instead contains quantifica- 
tion theory We can use the axioms of Theory A again except for Axiom 3 
which contains This will be replaced by a translation of it which does 
not contain ■=' This produces the following axioms for Theory A' 

Axiom 1 (t)OKr <; 3 -0 < 

Axiom 2 (x)0)UMx < i > < c 3 r < c) 

Axiom 3 (x)0)I-l:)(: < t » i < >) 3 lx < ^ v > < x)] 

Axiom 4 (r)(i)(x<> 3(fc)(t<J :<>)) 

Axiom 5 (x)(3i)(2;)(x <) z<x) 

Next we add the following definition 
Definition 1' x”) “ (sMz < * z < >) 

(In interchanging the defimens and defmiendum of this definition, it is 
sometimes necessary to change the bound variable c to avoid capturing for 
example, in a proof of z~ z‘ There are detours to avoid this problem but 
we shall take the license of making such changes tacitly ) 

THCOREM I (x)(x = x) 

Proof 1 t A 

2 z A 

3 I z<x 

4 2<X3Z<X 

5 r<x=z<r 

6 (Z)(Z < JT s z < t) 

7 x = ^ 

8 (x)(t = j:) 

THEOREM 2 (X)0)(X = y "D \ — x) 




(i « < C X- = x)(0(i) Z W3M03HJ. 

OSI3J01C3 

3(T/-1 = 9 

1*j80‘9 ^ 

90*5-2 (x>::mx>2)(2) 9 

Bd'fr 9 

dO ‘E-e A > 2 c A > 2 tr 

V I e 

V V 2 s 

V V ^ l 

(AT 5= a0{A;) • I Wa^OHHX 

( AllioBi saSuBMO nons 6u)>|BUi }0 asuao^ aqv lia^s aw. 
jnq 'luaiqoid siqi ptOAB q\ sjnoiap ojb sjaqi .2 = 2 . io joojd b ui 'aiduJBxe 
JO) ‘6uunidB0 ptOAB o; . 2 , aiqeuBA punoq oq) aSueqa oj Ajessaoau saujqsujos 
SI )i 'uoijiuqap siqj jo uinpuaiuqap pue suaiuijsp sqj 6uiSiJBqoJS)LJi ui) 

(f > 2 a A > 2)(2) a ^ ,)UOJJIU!)aa 

uotpuqap 6 utM 0 |[ 0 ) aqi ppB om 

(j > 2 . X- > Jf)(2E)(-fE)(Jr) g UJOixy 
((f > 2 2 > j')( 2 E) c ><■ > x)(X)(x) t- uiotxv 
[(a: > iC A <<■ > >) c (-(■ > 2 s A- > 2)(2)-}(<0M e LUOIXV 
(2>xc2>X.vf> r)(2)(^(Ar) 3 UJOIXV 

((AT > .0- C <<■ > t. tUOIXV 

,V Ajoadi sujoixB OuiMoiiOf aip saonpojd siqj. uiBiuoo jou 
saop qoiMM jr )o „uoiie(SUBJ)„ b Aq paoBidai aq him siqx ,=s suiBtuoo qoiqw 
‘S tuoixv JO) jdaoxa ‘uibOb v Ajoaqi )o siuoixe aq; asn ubo om Aaoaq; uoq 
-BoqquBnb suib;uoo pBa;sui jnq ‘asjnoo )o ‘Ajoaqj /;i}uapi su)b;uoo ja6uo| ou 
oi6o| BuiApapun sq (oquiAs aq; uie;uoo ;ou op qoiqM v Ajoaqi )0 s))/v\ ((b 
sutBjuoo ‘,v Ajoaqx p ||eo sn ;aj ‘v Ajoaqx Mau aq; )o aSenBuBj jbiujo) aqx 
paqo;a)}S aq mou }}iaa auop sj )j moh 
(oqiuAs aAqioiud 

B ;ou SI jeq; Abaa b qons ui Ajoaqi aqi a;BfnujJO)aj o; aiqissod si ;i 'ss 9 )aqj 
-auoN (oqtuAs aAiiituud b si aouis ‘spuBjs mou ;i sb v /josqx ui pauqap 
aq ;ouuEO .==, ‘asjnoo )o jO uoipuqap ajqissod b )o ajosop |BSJ 8 Aiun 
aq; si ( t) jo) '.(A > 2 s r > 2 )( 2 ), sb pauqap aq ubo / = r, jeq; s;sa 66 ns qoiqM 

[(A>2 = r>l)(2) ^ = 

SAOJd A|isea ueo au 'sim u 8 ai 0 


SH> Ad03HI NOUVOUUNvno JO SNOISN31X3 HnOJ lUVd 
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THEOREMS (;c)C>)(z)(jr = > j=zD4r=z) Exercise 

THEOREM 4 W(v)(j: 9^ y 3 (x < > V > < j:)) Exercise 

The reader will notice that with Theorem 4 all the axioms of Theory A be 
come theorems Of Theory A at least in defined notation Can the same be 
said about the other theorems of Theory A'^ Not until we know that we can 
get the effect of identity theory in Theory A Since we have the axioms of 
Theory A as theorems of Theory A we know that we can obtain all the theo 
rems of Theory A which follow from its axioms by quantification theory alone 
For we can carry out the same proofs except for writing Theorem 4 in place 
of Axioms Indeed since (t)(t = x) is Theorem 1 we can even carry out 
all the proofs in which the axioms of identity are used Only proofs in which 
the substitutivity of identity is used remain a problem 
Suppose that we can show that whenever we have as steps in a proof in 
Theory A 

(z)(z < X - z < y) 

( X ) 

then we can also obtain 
( > ) 

and as a further step where ( > ) comes from 

( X ) by replacing one or more free occurrences of x 

by free occurrences of i Then we could get the effect of the substitutivity 
of identity in Theory A With a little effort this can be shown 
First note that we have the following theorem in Theory A 

THEOREM 5 (z)(z < X = z < j) D (z)(x < z »» V < z) Exercise 

Second notice that given the language of A the occurrences of r and 

y in ( X and ( y ) occur only 

on (he sides of < (or can be made to occur there by translating (he wffs 

into primitive nD.tatior\) Now supoose that/ x .) and 

( V ) are among the shortest possible wffs They must 

be both a < X and a < > or jr < « and y < a where a is a variable In this 
case the effect of substitutivity of identity is readily forthcoming 

^ x<a P 

2 (z)(z < X - z < y) P 

3 (zKz < X = z < >) D (z)(x < z — \ < z) Theorem 5 

4 (z)(x < z = \ <z) 1 3 MP 

5x<a = ^<a 4UI 

6 > < a 15 MPB 
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«< r 

2 (z)(2<X-2<\) 

3 « < r - « < 1 

4 a<^ 


P 

P 

2 Ul 

1 3 MPB 


Next suppose that we can get the eftect of the substitutivity of identity in all 
wffs up to a given length Then we can show that we can get its effect for all 

wffs of that length To this we must consider the forms that ( 

X ) and ( ^ ) can take There are seven 

cases corresponding to each of the truth functions and quantifiers 

CASE I ( T >s -( X ) Then ( 

} ) IS — ( ) ) and the derivation proceeds as follows 


1 1 
z\ 
3| 
4i 
5j 

el 

7 


io| 


—l X ) 

(2)(2 <a: - 2 < )) 

WOKx-x 3 ^ = \> 

(z)(z<x - ^<y)D<zX}< . 
(2)0 < 2 - x < 2> 

{ > ) 

( X ) 

“•( X \ 

-( J ) 


p 

p 

Theorem 2 
3 Ul 

<J 4 Def 1 
2 5 MP 
A 

6 7 SI (for shorter wffs) 
1 R 
1 9 IP 


CASE ii { r ) IS ( X ) ( )) Then 

( \ ) IS ( > ) ( } ) [One or both of 

( t ) and ( — X ) may not contatn x free J The derivation 

proceeds as follows 


1 ( T ) ( Jr ) 

2 (JU<x -.<:>) 

3 ( T ) 

4 ( > ) 

5 ( T > 

6 ( ^ ) 

7 ( ^ ) ( T ) 


P 

P 

1 S 

2 3 SI (for shorter wffs) 

1 S 

2 5 SI (for shorter wffs) 
4 6 PC 


CASE III ( X > IS ( 

CASE IV ( X ) Is ( 


X ) V ( t ) 

Exercise 

X )D{ r -) 

Exercise 


.)is( X ) = (- r- 


CASE V (. 


) 

Exercise 
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CASE VI. ( X IS (o)(' • • 4r • • • a • • •) 

a IS distinct from both ’.r' and y Then ( v ) is(--- 

3 - • • • a • • •). and the derivation proceeds as follows 

(«)(• . . T • • • a • • •) P 

2 (z)(z<jc = z<3) P 

3 a A A 

4 (• • • A • • • a • • •) 1. UI 

5 (• • • \ •«•••) 2, 4. SI (for shorter wffs) 

6 (a)C • • .V • • ■ a • • •) 3-5, UG 

CASE vn ( X )is(3ar)( • jr • •«•••) Exercise 

We have shown that the effect of the substitutivity of identity can be gotten 

when ( X ) is one of the shortest wffs We have also 

just shown that the effect of the substitutivity of identity can also be gotten 

for ( X of any length if it can be gotten for all shorter 

wffs It then follows that the effect of the substitutivity of identity can be 
gotten for all wffs For suppose, to the contrary, that there is a wff 

( — X ) for which it cannot be gotten Then there must be 

a shortest such ( x ) This ( x ) 

cannot be the very shortest of wffs Thus there are wffs shorter than 

( X ) for which the effect of substitutivity of identity 

can begotten But then itseffectcan begotten for( x ) 

And this contradicts our assumption 

We have shown that, for Theory A. the logic of identity can be reduced to 
quantification theory by means of a reformulation This type of reduction 
can be carried out for all other formal deductive theories Sometimes, how- 
ever, It IS necessary to replace *=’ by an additional primitive predicate Thus, 
in the case of group theory, we can replace — ' by 7' and definite by 
Definition x = y^ Ixy 

The new axioms oT group theory wouWtfien be 

Axiom 1 (.x)Ixx 

Axiom 2 U)(>)(/ry D lyx) 

Axiom 3 (T)(>)(/r 3 lyz D Ixz) 

Axiom 4 U)(3)(/J3 3 

Axiom 5 ^ /(t + z)C> +z) /(z + jcMj - f- 3 O) 

Axiom 6 (j:)(.v)(z)(/({v-t-y)-l-z)(T-l- 0 + z))) 

Axiom 7 (x)Hx + ii)x 
Axiom 8 {x)l{x+ x')ii 
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The first five axioms will provide the effect of the substitutivity of identity 
while the last three are translations of the original three axioms of group 
theory When a theory contains other primitive predicates besides = then 
It usually IS not necessary to add 7 as a new predicate in carrying out this 
reduction For in such cases = can usually be defined in terms of the other 
primitive predicates as we did for Theory A 

4 62 ^ DEFINITIONS AND THEORY C 

Theory C obtains its mam interest m connection with definitions for they 
show that many other kinship relations can be defined in terms of parent 
and male 

Definition 1 FEx-—Mx (tis a female) 

Definition 2 Fx\ - Pxy Stx is a father of 0 
Definition 3 MOx\ - Pxy FEx (j is a mother of \) 

Definition 4 SBxy - (cKPct 3 (x is a sibling of \) 

Definition 5 BRx\=SBx\ Mx (x is a brother of \) 

Definition 6 SIxy^^SDxx FEx (nsaslSterof^) 

Definition 7 GRx\ ^ (3 z)(Ptz Pzy) (t is a grandparent of \) 

Definition 8 CFn « CPn Mt (x is a grandfather of 
Definition 9 CMxy^’CPxs FEx (tisagrandmotherof \) 

Definition 10 - Oc)(Pc.» SItz) (r is a (blood) aunt of \) 

Definition 11 Ux\ = {3z){Pcv BRxz) (r isa(blood) uncleof >) 

Definition 12 = (3:K{/<zi V C/^i) Pcx) (x is a cousin of i) 

These definitions naturally rntroduce new theorems Some are listed now 


THEOREM II (x)(t/xVF£x> Exercise 

THEOREM 12 (t)(3 * i)F^c Exercise 

THEOREM 13 (0(3'>)t/OvT Exercise 

THEOREM 14 (x){\KMOxy D —Fxx Exercise 

THEOREM 15 {tKi)(iK«)<Fx> Fxz UOm> UOiicDi/ti;) Exercise 

THEOREM Ift FBw D(3c)(t/OiT 1/0*1) Exercise 

THEOREM 17 {r)snxx ExprciscT 


t« objM'.efl thxt » M «* « r« rtl**-*# •■vl tttSRxt jhou'fl riM ti« » Th»t » 
theorem Is ■ s mpie con$eflu«nee cf the Sel >» t oo or SB jfven One eouio fev>se i*hs ot' n. sn, 
or one could even revise the read ng of SB to S^l r>g or enese f ThcTrsl choice ntould eiose 
the ohjeef onabie theorem the second rroutdehre rt a less objec oni&ieresdng 
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THEOREM 18 

(A)(>')(z)(5Bjt3' SByz D SBxz) 

Exercise 

THEOREM 19 

(x)(y){SBxy D SByx) 

Exercise 

THEOREM 20 

(2)at)(3y)(j: # y GFxz GFyz) 

Exercise 

THEOREM 21 

(x){y)(Cxy n Cyx) 

Exercise 

THEOREM 22 

(T)(y)[(az)(3'v)(CF£r GFzy GMhx CMu>) 



D (-SBxy ZD Cxy)] 

Exercise 

THEOREM 23 

(jt)0)(C'jr>' ID {32)(3u XCFzj: GFzy GMnx GMny)) 




Exercise 

THEOREM 24 

(x)(ymz){Fzx BRyz) D Uyz) 

Exercise 

THEOREM 25 

(.x)0\)Gz){y 5^ Z GFyx GFzx (hK£7Fhx 



D(», =yVi, =e))) 

Exercise 


EXERCISES FOR SECS 4623 T0 462S 
A Prove all the theorems left unproved in these sections 

B Reformulate Theory C so that its underly ng logic is no longer identity theory but 
simply quantification theory 


4 7 THE CONTEXTUAL DEFINITION OF DEFINITE DESCRIPTIONS 
4 7 1 CONTEXTUAL DEFINITIONS 

We had no need for a separate logic of description in the chapter on definite 
description for there we saw that arguments involving definite description 
can be treated within identity theory provided that descriptional premisses 
are used Now we shall go one step further and show that definite descrip 
tions need never appear m the primitive notation of a theory because they 
can always be introduced via definitions 

Definite descriptions are singular terms formed from open sentences with 
the aid of descriptors Unless the notation of a theory contains expressions 
like descriptors which produce singular terms from open sentences the 
usual forms of definition will not be suitable for defining definite descrip 
tions The usual definitions coirelate open sentences with other open sen 
fences and singular terms wilh other singular terms To bridge the gap 
between open sentences and singular terms we must turn to contextual 
definitions 

A contextual definition of a singular term introduces the term in a par 
iicular context Although the definition may be employed to eliminate the 
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term from that context it differs from other definitions by failing to eliminate 
the term from all contexts in which it may appear For example suppose we 
use the contextual definition 

Definition (7rK-r= t) < 3 = (at)(r=j (m)(m =H D li =0^) r <0 

to introduce ('ir)(r = r)' Then we can eliminate = t)' from the left side 
of < . but not from the right side Thus contextual definitions may not sat- 
isfy the criterion of eliminability Later, we shall find that they may not satisfy 
the criterion of noncreativity, either 

47 2 THE CONTEXTUAL DEFINITION OF DESCRIPTIONS 
Because of their failure to satisfy the two criteria for proper definitions con 
textual definitions must be approached with caution To simplify matters 
they will be treated here only in connection with definite description (This 
has been their chief and most important use anyhow) We shall also limit 
our attention to theories which contain no primitive functors or descriptor- 
like expressions (This again reflects custom and simplifies things consider- 
ably) As a consequence, our exposition will fail to cover Theory B given 
above But this is really no drawback, as we shall see later Finally we shall 
assume that the theories we are dealing with also already contain ~ as a 
primitive or defined symbol Again this is not much of a restriction 

As singular terms definite descriptions can occur only where variables 
can occur Thus if definite descriptions can be eliminated from the smallest 
contexts in which variables can appear, they can be eliminated from all 
larger contexts which contain these smallest contexts For example by 
applying the definition given above 
j= \ V (1x)(r= r) < » 
becomes 

r = \var){v=j («)(■.= H D r) x < \) 

Moreover, in eliminating definite descriptions we need only consider their 
occurrences in pnminf contexts since defined contexts can be converted 
♦a'j/.'mifiwtryiaithJiarpjjJvynn.rlfifmilinos. Tims.the general grahJem af elim- 
inating a definite description from all wffs in which it appears reduces to 
the problem of eliminating it from the smallest primitive contexts m which 
It can appear If there are several of these contexts then several contextual 
definitions will be necessary Taken individually none will satisfy the criterion 
of eliminability although taken together they will This is why it is still pos- 
sible to use contextual definitions 

Once descriptors have been added to a formal language one can usually 
construct infinitely many definite descriptions This is because most formal 
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languages contain infinitely many open sentences Thus infinitely many 
contextual definitions will be required to define definite descriptions This 
problem can be met by using definition schemata These are devices which 
are used to postulate that a description of given form occurring in a context 
of a given form is to be eliminated in favor of an expression of a given form 
Every definite description has the form 

{'}a)(f»a 

where a is a variable, and t}>a an open sentence Thus the following is a 
definition schema which Indicates how definite descriptions are to be 
eliminated from the left side of 

Definition d < /3 “ (y)(<^'y 3 y = a) a < p) 

where is a singular term or a variable, and y is not a By applying this, we 
can convert 

(7j:)(x<a:)< (7v)(>' = y) 
to 

(ar)(j:<A: {zKz<z3z = 4:) jt < (7>)Cy“>)) 

[We still have not given a definition schema for eliminating the occurrence 
of iiOCy^y) ] The definition schema leaves the choice of the variable 
y open This leeway is necessary to avoid capturing when unabbreviating 
defined expressions To eliminate descriptions from the right side of 
we can introduce the definition schema 

Definition 0 < (1 a)4>a ^ Ga){<t>a (yH<^y D y ** or) ^ < o) 

By applying this the last sentence converts to 

(lr)(r<x (z){z< 2 Dz = t) (3>)(^=> (u)(h = u D n == j) j<j)) 

A different definition schema will be needed for each smallest primitive con- 
text m which descriptives can occur Nonetheless it is possible to indicate the 
general form which these schemata must lake This will determine the form 
of all contextual definitions of description The description has been repre- 
sented by [la)<i>a Let us now represent the context by iji Thus the descrip- 
tion in the context is represented by 
(f>a 

3iven this the general schema for contextual definition is. simply, 

{1) Definition 4i{7a)(f>a ^ Ga)i4>a (y)(^3y=a) iAq) 

Here again the variable y must be different from a Notice that all definitions 
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the thing which is not identical with itself But how can there be such a 
thing*? Everything is identical with itsetf Furthermore, we can continue this 
proof to arrive at an outright contradiction Here is how 

4 1 (lt)(3>’)(y 7 ^ y • {z )(2 ^ ^ = 3 ,) . = 3 ,) 3, Def 2 


5 s Qy){} ^ y • (.z){z + z ^ z = y) ' x=\) A 

6 y y ^ y ' {z){z ^ z O z = y) • x = y A 

^ y 6, S 

8 y = y 1.UI 

9 31 = 3, V — {r)(t= r) 8, add 

10 -(x)(x = x) 7. 9, DS 

11 -(:r)(;r = jc) S. 6-10, El 

12 4, 5-11. El 


These definitions are creative in the worst way— they create contradictions 
in consistent theories' 

Before we abandon our program of defining descriptions, let us see what 
happens if they are taken as primitive and the descnptional-premiss ap- 
proach 1 $ used In this case, the descnptional premisses would take the form 
of additional axioms In other words we should need the axiom schema 

(4) W/3 = ( 1 a).i)a = ^) 

The same trouble arises, however, for we can now construct the following 
■‘proof 


^ Axiom 4 

2 U)(x « r) Al 

3 t7 tKx 7^ x) “ (1 x)U 9^ :*) 2, U1 

4 x) 7^ (1 rKr = (7 T)(jr 5^ x) « (7 t)U t) 1, UI 

5 nx)(x 7^ x) 7^ (7 t)(x 5 ^ ;») 3, 4, MP 


Again we have arrived at a contradiction, so defining descriptions cannot be 
the source of our troubles 

Actually these difficulties are not entirely new, because they can already 
occur With respect to ordinary proper names This has been swept under the 
carpet before, but now it must be faced in the open Thus, consider the 
following proof 

1 (r)(t=r) Al 

2 Hamlet = Hamlet 1, UI 

3 at)(r = Hamlet) 2. EG 

While step 1 IS clearly true, step 3 is just as clearly false, for '(Irlfx^ Hamlet)' 
IS true If and only if some aciuul object is Hamlet To make matters worse, 
given any singular term o, one can easily prove in identity theory that 


13 ' r)lx = a) 
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which IS certainly anomalous if a does not name a unique object Thus our 
difficulties do not really hinge upon descnptions at all In fact, they are 
traceable to a presupposition on the application of quantification theory 
which we have passed over until now The presupposition in question comes 
to this a singular term may replace a variable, and conversely, if and only if 
the Singular term in question designates a unique object Before descriptions 
were introduced, one hardly had to worry about this presupposition, for most 
applications of logic are concerned with arguments whose singular terms do 
designate unique objects, or at least do so when the argument is para- 
phrased properly Once descriptions enter the scene, singular terms which 
do not designate unique objects become extremely plentiful For given any 
condition F, if there are no F or more than one F, (7 x)Fx' fails to designate 
a unique object Yet, by means of identity theory and our contextual defini- 
tions (or descnptionat premisses), it >s quite easy to prove— once ’<7r)Fx' is 
present— that there is a unique F Moreover, by choosing F appropriately, 
It becomes quite easy to prove contradictions Thus some restriction on 
the application of quantification theory to definite descriptions is clearly 
necessary 

The required restriction for the contextual-definition approach to descrip- 
tions IS this 

No \ anabU may rf place a definite description (7 o)6o in the application of 

EG and no definite description (ta)^ ma\ replace a » enable in an applica 

lion of Ul unless (3 * alia n a prexioiis step of the dernaiion in question 

The condition (3 ' a)ia is called the uniqueness condition (This condition 
can always be established in the descnptional-premiss approach, even when 
there is no unique <b Consequently, its truth is an informal presupposition 
of every application of this approach ) Notice that this restriction makes Ul 
and EG rules of inference which refer back to two previous steps where 
descriptions introduced by contextual definitions are concerned Also, since 
descriptions are functional terms Uland EG are being used in their extended 
forms 

EXAMPLE To derive {ar)(x = (7r)Fx)' from ’0*x)Fx', given that t7x)Fx' 
has been introduced by contextual definitions 


Deniaiion 


G'x)Fx 

2 (x)(x = x) 

3 (7r)Fx = (7t>Fj 

4 Gx)(x = Gx)Fx) 


P 

At 

1.2. UI 

1.3. EG 


The two rules Ul and EG may be applied without any dire consequences to 
any description which satisfies the uniqueness condition To see this we 
shall show that whenever these rules are applied to descriptions satisfying 
the condition, the same steps can be earned out without applying these 
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rules to the descriptions in question Naturally, m carrying this out, we have 
to use the uniqueness condition itself, contextual definitions, and other rules 
of identity theory. (For the sake of simplicity we shall assume that '=’ is a 
primitive predicate of every formal deductive theory into which the descrip- 
tions have been introduced, and that these theories contain identity theory 
in their underlying logic This assumption can be dispensed with, but then 
the argument to follow would be rather complicated ) 

Let us suppose that in a formal deductive theory T, the following infer- 
ences occur 


(A) 0 ' ot)(}>a 

m P ) 

*. (1a)<^a 

(Bi 

(?a)<^a 

•• (3/3)( /3 ) 


Ul 

EQ 


We now want to show that the effect of (A) and (B) can be gotten without 
applying Ul or EG to (?a)^or To do this we must first show that, from the 
uniqueness condition, we can derive 

(C) GflKiS = (?o)(f)a) 

where /3 does not occur free in (ia)^ 

The following derivation accomplishes this 

1 (3a)(«^a • 03)(^^ D ^ rt) uniqueness condition 

2 a <l>a- (PMP D ^ * a) A 

3 (T)(x*x) A1 

4 P = /3 3. Ul 

5 <t>a • {fi){4,l3 D p = a) P=P 2.4, PC 

6 Ga)(0a ipMP D P = a) /5 = o) 5. EG 

r ( = (ra/<^a 6. agf 

8 p = (1a)<t>a 1.2-7, El 

9 (3^)(/3 = (7 a)<^a) 8. EG 


Then, to carry out Inferences of the form (A), we proceed as follows 


(A') 


1 {fi){ p ) 

2 (3 ' 0)^0: 

3 Q8)(8 = (1aWa) 

4 8 1 p = Oa)i!>a 

5 I P 


P 

P 

(C) 

A 

1. Ul 
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61 I {la)<i>a 4. 5. SI 

7] ' (7a)6a 3. 4-6. El 

On the other hand, to carry out an inference of the form {B) we proceed in 
this way 


{B') 1 

2 (3 ’ o)(^a 

3 (3^)(P = (7a)^a) 

4 P $ = {1a)4>a 

5 (t>(r=jr) 

6 p = p 

7 (7a)^a! = 0 

8 ^ 

9 (38)( ^ ) 

10 (3^)( p ) 


P 

P 

(C) 

A 

Al 

5 UI 

6 4 SI 
t.7.SJ 
8. EG 

3 4-9, El 


Notice that neither (A'}. (B*). nor (C) contains applications of UI or EG with 
respect to <ra)<ia This establishes that any denvation which contains ap- 
plications of these rules to descriptions can be reconstructed without these 
applications, so long as the uniqueness condition has been established for 
the descriptions in question To carry out the reconstruction one need only 
follow the patterns of (A*). (8‘). and (C) 

!f the reader returns to the contradictions presented above, he will see 
that they were generated by applying EG and UI to descriptions which can- 
not satisfy the uniqueness condition Now something stronger can be proved, 
namely, that so long as we abide by the restrictions on the applicatiorr of 
quantification theory to descriptions, the contextual definitions of definite 
descriptions will not be creative The essential ideas of the proof of this are 
contained m (A'} (B*) and (C*). but the full proof belongs in a more advanced 
text 

We must turn now to the adequacy of our analysis of description This 
problem will be approached from two directions First, we shall show that on 
our account ItxtFx is the object it is supposed to be Second, we shall show 
that anything that can properly be done by means of the descnplional- 
premiss method can also be done with the contextual-definition method 

Turning to the object ij t)Fs. we see that it is supposed to be the unique F 
if there IS one In other words, given anything, if it and only u is an F. then it 
IS Identical with i J r) Fx Formally, this comes to 


(1) {}HF\-{zyF:Dz = })D*'=lrsiFx) 

The contexluaf-definition approach fo descnptions i/i>es satisfy this measure 
ol adequacy For one can prove (1) using identity theory and contextual 
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definitions The proof is simple though lengthy, and the uniqueness condi- 
tion IS not required in it It is left as an exercise for the reader [Hint After 
(1) has been unabbreviated, the proof is a lot like the proof of (C) ] Given (1) 
and identity theory, anything that can be proved about an object which is 
the unique F can also be proved about {Jt)Fx 
Next, let us compare the contextual-definition approach with the 
descriptional-premiss approach The descnptional-premiss approach must 
be modified somewhat, for It too. can generate contradictions if used 
unrestrictedly In this case, the required restriction is 

No Jescriptional prt miss f««> be tulopted for a gtx en lU scnption unless (hot 
description satisfies the tmteineness condition t 


Let us suppose, then, that we are given an argument Involving the descrip- 
tion, say. O tKx = Q)' Let us further suppose that the uniqueness condition 
has been established for *(t t)(x = 0)' and that the argument in question can 
be validated by adding the relevant descriptional premiss Can the same 
argument be validated under the contextual approach? Yes. for by using 
contextual definitions, the descriptional premiss for ■{? t)U “ 0) can be de- 
rived from the uniqueness condition We already know that (1) can be 
derived under the contextuat-defmition approach so we may obtain the 
descriptional premiss for (trHx » 0)‘ as follows 


{3>){v»0) (:)(2 = 0 3 j«v)) 

>« 0‘(:)(:“0 3 2 ->> 

(:)(2*0 3 2 = >) 3 V =|tO(t“0)] 
>-0 (2)(l“0 3 
^ “(I r)(r = 0) 

(:)(:«« 3 
> *=0 


UK: = 0 ^z = y) 

(zKz = 0 e 2 “ItOU^O)) 
i:)( 2*=0 « : = i»r)(t»0)) 


uniqueness condition 
A 
( 1 ) 

3, UI 
2, 4, MP 
2. S 
2. S 


UG 

SI 


{Exen ise Complete this derivation ) 

Yet once wo obtain a descriptional premiss for rHr ° Oj , the argument in 
question can be treated in the same way as it would be treated under the 
descriplional-premiss approach 


»ln l^« of f^• »■' dal on of ffguments It i« muslfy an Impl cit aiiumpt on inat ifi $ eond I on 
»» tn«l 
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The contextual-definition approach to descriptions is thus as adequate as 
the descnptional-premiss approach The latter which treats descriptions as 
genuine singular terms, is more efficient, and should be used when simply 
validating arguments involving descriptions The former, which does not 
treat descriptions on a par with genuine singular terms, is of considerable 
theoretical interest, and should be used when one s aim is the construction 
of a theory without pninitne singular terms 


EXERCISES FOR SEC. 4.7 

Introduce definite descriptions by means of contextual definitions, into Theories A 
and C 


4.8 DEFINITE DESCRIPTIONS AND DEFINITIONS 

4 81 THE FORM OF DEFINITIONS VIA DEFINITE DESCRIPTIONS 
A theory whose notation includes definite descriptions (whether as primitive 
or defined) may use them In its definitions In fact, they are often very useful 
for defining other singular terms For example. Theory C contains no primi* 
tive singular terms Gut we can introduce definite descriptions Into this 
theory by means of contextual definitions Then we can use definite descrip 
tions to define other singular terms The terms 'f{x ) . meaning ‘the father 
of ^ , and ‘m[xY, meaning the mother of or . can be defined by 

Definition f(x) = ll\)Fyx 
Definition mix) = (i\)MO}x 

Indeed, given any formal language containing primitive singular terms, one 
can always construct another formal language which is a ‘ translation" of 
the first, containing no primitive singular terms This is done by defining 
definite description in the new language and then defining the old singu- 
lar terms via definite descriptions Shortly we shall see how this can be done 
for the theoiy of groups 

When a definiens of a definition is a definite description, the definition 
must be subject to a restriction in order to prevent it from being creative To 
illustrate the need for this, suppose that we define 'p{x)\ or 'the parent of r'. 
in Theory C by 
Definition p(x) = (l})Fyx 
Then we can prove 
(1) ^^^){^)iP^^x^ Pzx D ‘^z) 
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as follows 


1 

(A)(V 

= 

X) 

Al 

2 

P(t) 


P(x) 

1, Ul 

3 

(7>)Pv 

x = {7y)Pyx 

2, def 

4 

Gy){Pyx (z)iPzxDz = %) {‘i^)P^x=)) 

3 def 

5 

y 

Pyx 

(zKPzr D z = ;) (7>)P^T = 3 

A 

6 


P)X 

{z){Pzx D z = y) 

5 S 

7 


M .z 


A 

A 

8 




Pwx Pzx 

A 

g 




(z){Pzx D z = y) 

6, S 

10 




Pnx D u = y 

9, Ul 

11 




Pzx D z = y 

9, Ul 

12 




Put 

6.S 

13 




Pzx 

8 S 

14 




u = > 

12. 10. MP 

15 




Z= V 

13, 11. MP 

16 




z-z 

1. Ul 

17 




y = z 

16. 15, SI 

18 




u — Z 

14, 17. SI 

19 




P\SX Pzx D u “Z 

6-18. CP 

20 


I M{z)l.P*\x PitDi. =z) 

7-19. UG 

21 

I (lO(t)(^HA /’«Dl»— z) 

4, 5-20, El 


On the other hand, we can also prove 
(2) Oz)Q*^){Pvc Pmx zt'h) 
and (1) and (2) yield a contradiction 

The steps which are to blame here are steps 2 and 3 The definite descrip- 
tion i7',)P}x does not satisfy the uniqueness condition but by applying 
universal instantiation to pC«r)’ and then unabbreviating, we have in effect 
applied universal instantiation to (7\)Pyj; There are two ways to avoid this 
problem One is to prohibit applications of universal instantiation and 
existential generalization to singular terms defined as descriptions, unless 
the descriptions satisfy the uniqueness condition The other is to prohibit 
definitions of singular terms as definite descriptions which do not satisfy 
the uniqueness condition The latter way accords with mathematical practice 
much better In mathematics a definition of an object as the object satisfying 
a certain condition is always justified by proofs that the condition determines 
a unique object (That is why mathematicians are always proving that limits 
exist and are unique ) We shall follow mathematical practice and adopt 
the second method This amounts to adopting the following uniqueness 
restriction 
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Our problem is that of defining *+’. and V m Theory B' and proving the 
axioms of Theory B as Theory B' To do this, we first introduce definite 
descriptions into Theory B' by means of contextual definitions The theory 
has seven relevant, primitive contexts two for =’, three for '1 , and two for 
S Thus our method calls for seven contextual-definition schemata These 
will not be given completely here, and are left as an exercise Two are given 
now as examples 

Definition 5/3{1a)t6a = (3a>{^a • (y)(«^y D y= a) S^a) 

Definition = (3a)(^a * (y)(^y D y= a) 'Ea|3^(3 ) 

Once definite description is available, *+ ** and '// are easily defined 
By Axioms 1 to 3, the following definitions are proper 

Definition 8 r + 

Definition 9 x* = (l')5x> 

Definition to h = tTiO(tKStnx o Sjju)) 

All that remains then, is to derive the previous axioms of group theory as 
theorems of Theory B' In order to do this, we must first develop several 
theorems which are consequences of oor definitions of '+', * , and u in 
terms of definite descriptions The next three theorems are all special cases 
of the schema 

{x)[Fx i}KF} D K)Z) x = {M)Fz] 
mentioned in the last section 

TiiLORfcM 1 (cKrfIS'xz D •» D (7>)5x>J 

THCORtM 2 111 D u, = u) D » = (7;)L.r^;] 

TiiroRLM ^ (>)(5x\ 3 2;jr>j)) (M,)[(rKixH,x 

(0(5r> n ia>n,)> D «, D ; = (7.0(x>(2x»x 
(^KSrv D l.ow))J 

Next we may obtain 
riiLOKrM 4 (t)(»)(ixWx+ »)) 

1IILOHLM ' |x)5xt* 

TIILORLM <> (x)(2LlilX 0){5X) D ^U)) 

[Cxtrcise Provo these three theorems Him Use Axioms 1 to 3. Defini- 
tions 6 to 10 and Theorems 1 to 3 ) 
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It IS then easy to prove (in the order given) 


theorem 7 

(x)0 )(2)(XJC>2 - X + > = 2) 

Exercise 

Theorem H 

(a)(y)(Sx> = 

Exercise 

THEOREM V 

UKx + M=x) 

Exercise 

theorem id 

tx)t\)lx* « > D X + > = M) 

Exercise 

THEOREM 1 1 

(t)tx + x* = ri) 

Exercise 


We now have only 

)(2){{t + c == X + 0 + 

to prove, and this may be accomplished as follows 

1 r> 2 A A 

D ijttju.) Axiom 4 

3 ij:>U+ \) • i(t+ \M(x + >)+ c) • ->c<> + ;> 

i.»0 + :)lU+T)+:» 3. Ul 

4 U)0)ln(x+»> Theorems 

i-T>(X+ 0 
? 

(H)Ui,)luH,Ui +u,> 

7 

i.{j+0.*((x + >) + ;> 

+ jf 

7 

iat>+.*H(r+v> + r) 

7 

(4;)(j.)(i»)I5j)h - U+ 0=- 

ijO fiXU + jf-*-:} » r + o + 2 

T + O -*■:)-(*+ 0 + 2 

7 

I (x + j;+c-x^0 + 4> 

UK) KiXlx + ^ ) -r 2 “ t + 0 + :» UG 

(Ciercur Complete this proof ) 

Wo have shown that Trieory 0 has a dclin tional iransiat<on m Theory 0 
The two theories are really equivalent but showing that wou'd ta*o us be- 
yond tho scepo of this book The general rretnod iriustra'ed hero is ap- 
piicablo to a rather wide class of formal deductuo theories Given any cno 
of them wo can hnd a new theory which conta n$ no C' m i .q sir»j^ ar 
terms Cut into which tho tnt can be wansU'cd 0/ rrears cf dc'n i ens 
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EXERCISES FOR SEC. 4.8 

A Prove the unproved theorems of this section 

8 Define m Theory C the term *jt s maternal grandfather' Show that the definition 
IS proper 

C Why cannot 'jt's grandfather’ be defined via a definite description? 
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This appendix is devoted to demonstrating the soundness and completeness 
of the rules of inference used m this hook 
A system of rules of inference is sound just m case the following condi- 
tions are satisfied 

1 If a schema is derivable (by means of the rules) from one or more 
schemata, then it is implied by them 

2 If a schema /s provable (by means of the rules), then it is valid 

On the other hand, a system of rules of inference is complete (with respect 
to a class of schemata) if and only if these conditions are met 
t If a schema (m the class) is implied by one or more schemata (m the 
class], then it is derivable from them (by means of the rules) 

2 If a schema (in the class) is valid, then it is provable (by means of the 
rules) 

It will be shown, first, that the truth-functional rules are sound and com 
plete with respect to the class of TFS Afterward, it will be shown that the 
truth-functional and quantificational rules are sound and complete with 
respect to the class of QS 


1 THE SOUNDNESS OF THE TRUTH-FUNCTIONAL RULES 
In the demonstration of the soundness of the truth-functional rules several 
simple laws of implication will be needed They will be stated now and their 
proofs are left as exercises 

LAW A A conjunction of one or more schemata implies each of its com- 
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ponents, it also implies every conjunction of one or more of its 
components. 

i AW B If 5 comes from IV, E, or N by one of the rules of inference. MP. MT. 
ONI. ONE, S. PC, add. DS, SO. PB, or MPB, then S is implied by the 
schemata \V. E. or jV from which it is obtained 
LAW c If a schema implies each of several schemata, then it implies their 
conjunction 

LAW I) If the conjunction S * implies E. then S implies the conditional 
W 3 E 

LAW L If the conjunction S • W implies E and it also implies -E, then S 
implies— It'. 

The prcmnsfi of u step in a derivation (or proof) are the premisses of the 
derivation (if any) plus all the schemata which are assumptions heading up 
the vertical lines that pass by the step. 

LXAMi’ur.. In the following derivation the premisses of stop 6 are 'p 3 
(</ f)\ 'p\ and ■</'. 


p 3 ({/ V r) 

P 

P 

A 

P 

2. ONE 

el W r 

1, 3. MP 

Q 

A 

r 

5. 4. OS 

q 3 r 

5-6 CP 

P 3 (./ 3 r} 

2-7. CP 


A derivation (or proof) is sound ot a Koen iir/ijust in case the step is valid or 
implied by the conjunction of its premisses The example is a derivation 
which IS sound in all its steps 

In order to establish that tho truth-functional rules are sound, it will bo 
shown that every derivation (or proof) constructed by means of them is 
sound m oil its steps Since the conclusion of a derivation has as its premisses 
tho premisses of tho derivation, il will follow that the conclusion of every 
derivation is implied by the premisses of tho derivation (Notice that there is a 
ditlorcnco between the premisses of a derivation— these are the steps whoso 
reason is P - and the premisses of a given step ) Moreover, since tho con- 
clusion of a prool has no premisses, it will also follow that every provable 
schema is valid 

In Older to prove that every derivation (or prool) is sound In all its steps, it 
suttices to show that 

> Every donval>on (or prool) is sound in its lust step 
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2 If a derivation is sound in all steps up to a step (/i) then it is also sound 
in step (/i) 

For suppose that (1) and (2) hold Suppose further that a derivation (or 
proof) IS not sound in some step Since it is not sound m some step, there 
must be first step (m) at which it fails to be sound This cannot be the first 
step by ( 1 ), so the derivation (or proof) must have earlier steps m which it 
IS sound But by (2), since it is sound in all steps earlier than step (m). step 
{in) should also be sound This contradiction follows from the assumption 
that the derivation was not sound m some step, so that assumption must be 
false if (1) and (2) hold This shows that our problem reduces to establishing 
(l)and (2) 

It IS easy to see that (1) must hold For the first step of a derivation is either 
a premiss of the derivation or else an assumption In either case this step is 
one of Its own premisses so by Law A the conjunction of its premisses 
implies It 

Before passing to (2). let us introduce the notation Tf/i)' to stand for the 
conjunction of the premisses (if any) of step (n) P[i) stands for the conjunc- 
tion of the premisses (if any) of step (i) and so on 

To establish (2), let us assume ihal are gnen on arbitrary Jen\(ilion and 
that It IS sound in all ns steps up to step in) We want to show that the deriva- 
tion IS also sound in step (n) To do this we distinguish a variety of cases, 
each answering to a possible way in which step (n) could have been intro 
duced into the derivation It will be shown that, in each case, the derivation 
IS sound 

Case I Step (/i) IS a premiss of the derivation Then step («) is one of its 
own premisses and implied by Pin) by Law A 

Case 2 Step (/i) IS an assumption (Exercise ) 

Case 3 Step (n) is a reiteration of an earlier step (i) Suppose that in) and 
(i) have premisses Then all the premisses of step (i)are also premisses of in) 

So Pin) implies Ph) But since (i) is an earlier step, it follows by our assump- 
tion that P(i) implies (i) So Pin) implies (0 If in) has no premisses, neither 
does (i) But then (i> must be valid, so in) is also valid If Ui) has premisses 
and (i) does not, then both (i) and in) are valid, and P(/i) implies (/>) 

Case 4 Step {«) comes from one or more steps (i) OL by means of one 
of the rules MP, MT, , MPB, and PB Then, by Law B. the conjunction 
of (0. 0)i (A) implies (n) Suppose that (n), (i), (/). and (A) have premisses 

Then every premiss of (i). O'), or (i) is also a premiss of (n) So by Law A. 
P(;i) implies each of PULPOT.andPfA) So by LawC, it implies their conjunc- 
tion But as earlier steps. Pii) implies (i). Pij) implies ij), and Pik) implies 
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(A) Hence the conjunction P(t) • P(j) • P{k) implies the conjunction (/) • 0) 
(A) (Why"?) Therefore Pin) implies (n) Suppose that (h) has no premisses 
Then neither does 0), (j), or (A) So (i), 0). ^nd (A) are all valid Hence their 
conjunction is also valid But since this conjunction implies (/t), in) is valid 
too [Exercise Handle the case in which («) has premisses but one or more 
of (0. 0). or (A) does not ] 

Case 5 Step (ii) has been introduced via the rule of conditional proof 
Then step (n) is a conditional whose antecedent is a step 0) and whose 
consequent is step (» - 1) And as an earlier step, (/i - 1) is implied by 
Pin ~ 1), that is, Pin) (i) implies in - I) But by Law D, Pin) implies (») O 
in - 1), that IS, Pin) implies (n> If (n) has no premisses, then (i) must imply 
(/I - 1) But then (/) D in - 1). that is, in) is valid 

Case 6 Step (/i) has been introduced via the rule of indirect proof Then 
step {«) IS the negation -(i) of a step (O, which is itself an assumption from 
which two steps, ij) and —0). have been derived [One of (;) and -ij) is 
step (n ~ 1) ] Suppose that («) has premisses Then the conjunction of the 
premisses of (0. 0). and -0) 'S /*<«) (i) Since 0) arid -0) are earlier than 
(fl), they are both implied by P(m) (i) So by Law E. Pin) implies-(r) that is 
(/i) [Exeriisc Handle the case in which in) has no premisses ] 

Thus in each of the five possible cases the derivation is sound in step in) 
Consequently the derivation will be sound in step in) provided that it is 
sound in all its earlier steps, and (2) must hold This completes the proof of 
the soundness or the truth-functional rules of inference 


2. THE COMPLETENESS OF THE TRUTH-FUNCTIONAL 
RULES OF INFERENCE 

Just as some auxiliary concepts were needed in the soundness proof of the 
preceding section, an auxiliary concept is needed for the proof of the com- 
pleteness of the truth-functional rules This is the concept of the consistency 
as to ilenxabilii) of a class of schemata or Simply, the D consistency of a class 
ofsc/ienuiui We shall say that a class of schemata isZJ roHs«ft/ir just incase 
no two schemata S and —5 may be derived <by means of the truth-functional 
rules) from any finite number of members of the class (The class itself may be 
infinite in size ) 

The key to the completeness proof will consist in tying Z>-consistency with 
interpretational consistency, that is consistency m the sense of having a 
true interpretation Let us say that a class of schemata is /-consistent if and 
only if there is a simultaneous interpretation of all its members under which 
they all come out true 
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EXAMPLES 

a The class {p. 9 . /j V t/ = p} is/-consistent since all its members come 
out true when ‘p’ and 'q are both made T 

b The class {p. q, py q\ is not /-consistent nor is it D consistent, since 
p' and p' can be derived Irom its merobeta 

The soundness of the truth-functional rules establishes that every non- 
empty /-consistent class of TFS is also /)-consistent For suppose that there 
IS an /-consistent class of TFS which is not D-consistent Then, for some 
TFS S, both S and —S may be derived from some finite number of members 
of the class But then S and —S can also be derived from the conjunction of 
these members Thus the negation of this conjunction can be proved by IP 
And therefore it must be valid, since the rules are sound But then the con- 
junction IS inconsistent and its components have no simultaneous inter- 
pretation under which they are all true This contradicts the assumption that 
the class is /-consistent 

Next It will be shown that 

1 Every nonempty Z)-consislent class of TFS is /-consistent 

From (1) the completeness of truth-functional rules follows To see this let 
us suppose that (1 } holds and that 5 is a valid TFS We want to show that S is 
provable Since 5 is valid —5 is inconsistent So the class which contains 
just— 5 alone IS not/ consistent Hence. by(t).thisclassisnotD consistent 
and so, for some TFS IF. both IF and -IF may be derived from S (using the 
truth-functional rules) Thus we can construct a proof of S as follows 
First assume —S, then derive IF and —IF from it Next apply IP to obtain 
S, and then ONE to obtain 5 

[Exercise Assuming that (1) holds, show that if a TFS is implied by one 
or more TFS, then it can be derived from them //i/iz The class containing 
— S and the TFS implying S is no\ I-consiS\errt ] 

To prove (1), we shall show that every Z>-consistent class of TFS can be 
extended until it becomes a D-consistent class which contains every TFS 
or Its negation The idea behind the proof is that we start with a class and 
keep adding to it, making sure that at each step we preserve /^-consistency 
It will be necessary to make this more precise, however 

Let us assume that all TFS have been arranged in some sequence For 
example, this can be done by placing the shorter ones before the longer 
ones, and those of the same length can be arranged "alphabetically' For 
example taking the alphabet as—, V. O. =, ( ). </. r. j, the TFS (p V q} 

would come after (p ^)’ and before (p D </)’ (For purposes of ordering TFS. 
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it IS convenient to replace the statement letters '< 7 ,’. V,', 'j,', 'p^', 'cu', > 2 ', 
etc , by 'p", 'q". ’s”. 'p“\ 'q"", ‘r”. V’, etc In this way p"', for example, 

can be construed as a TFS of length 3, that is, of the same length as ‘ — p ' ) 
Let us suppose that F is a D-consistent class of TFS We shall now define 
a sequence F^. F,. F^, of /)-consislent extensions of F 


F„ 

r 


IS 

IS 


F 


if this class IS D-consistent 
otherwise 


Here 5^^, is the (n + l)st TFS in the sequence of all TFS Next let F* be the 
union of all the F„ m the sequence Since each is a subclass of F*. F is a 
subclass of P Also, F^^, is D-consistent provided that F„ is For F„^, = F„, 
or else F^^, is the D-consistenl class F, U It follows that F* is D- 

consistent if F is For if F is £)*consistent. then so are F^. F,. F^, Now 
suppose that F’ is not D-consistenl Then for some S. S and— 5 are derivable 
from some finite number of members of F* But these members of F' must 
also belong to some F,, and thus this F, would not be £>'Consistent This 
contradicts the £)>consistency of all the F, 

The next stage in the proof of (1) consists in establishing several facts 
about F* These will be listed now 


a If S' is derivable from some finite number of members of F', then S be- 
longs to F* 

b S belongs to F* just in case —S does not 
c 5 and fF both belong to F’ |U$t m case S IF does 
c S or IF belongs to F* just in case S V fF does 

e Either S does not belong or IF does belong to F* just in case 5 13 IF 
belongs to P 

f Either both S and IF belong to P or both ~S and —IF belong to F* just 
in case 5 ^ IF belongs 

These facts will be established one at a time (Several will be left as exercises } 


(a) Suppose that 5 is derivable from some finite number of members of 
F* Now S is S, for some n So consider F, If 5, belongs to F,, then F, is 
F, , U (S,). and 5, belongs to P On the other hand, suppose that5„ does 
not belong to F, Then F, isF,., andr,_, U {S,} isnotO-consistent. SinceJ 
IS derivable from members of F*. it will be derivable from members of a F^ to 
which all these members of F' belong But then F,. , u F„ is not Z3-consist* 
ent For from members of F„. 5 can be derived, and from 5 and members of. 
I , , IF and -IF can be derived for some IF Thus IF and —IF can be derived 
from I , , u F^ But then I * (since it contains u !'„) is not /3-consistent. 
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and this is a contradiction So in either case is a member of So it is a 
member of P* 

(b) If S belongs to P*. then— 5 does not. since P* would not be /)-consist- 
ent if It did Suppose that S does not belong to P* S is S„ for some n and 
since 5 does not belong to P*. it also does not belong to P„ But then 

U IS rxQt O-CQasistent Thai is tt' and— IP (or some tV can be 
derived from some members of P, , and 5, But then we can construct a 
derivation with these members of as premisses, with as an assump- 
tion. and with IV and —IV in the subproof headed by S, Thus, by IP, we can 
derive —S, from these members of P, , But then we can derive —S^, that is, 
—S from members of P*. so by (a). —S belongs to P* 

(c) If either S or IV belongs to P. then 5 V IP must also belong to P*. 
since it 15 derivable Irom each of S and IP If neither S nor IP belongs to 
P*, then by (b) both —S and — tP belong But then —{5 v IP) also belongs 
since it IS derivable from —5 and —IP (Exfi'cise Show that) So 5 V IP 
does not belong to P' 

[Exercise Establish (c). (e), and (f) ] 

Next we shall give a simultaneous interpretation of all the members of 
r* which makes them all true This will show that both P and P' are 
/•consistent 

Every statement letter or its negation belongs to P' This is a consequence 
of |b) So let us assign a statement letter the value T if it belongs to P' other- 
wise let us assign it F It will be shown that this assignment makes all the 
members of P* come out true by showing that 

2 5 comes out true for the assignment just in case it belongs to P* 

The proof of (2) can be reduced in the manner of the soundness proof of the 
last section to the proof of 

3 It S has no connectives, then S comes out true if and only if it belongs 
to P* 

4 If (2) holds for all TFS with fewer connectives than 5, then it also holds 
for S 

It IS easy to see that (3) holds, since TFS with no connectives are statement 
letters 

Thus the proof has reduced toshowing that (4) holds Hence let us suppose 
that S IS any TFS with one or more connectives and that (2) holds for TFS 
with fewer connectives than 5 Five cases arise according to the mam con- 
nective of S 
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Case I S IS —IK Then (2) holds for IV But —IV comes out true if and only 
if IK comes out false IK comes out false if and only if it does not belong to 
r* But by (b), IK does not belong to r* if and only if —IK does So— IK comes 
out true if and only if it belongs to F* 

Case 2 S is IK £ Then (2) holds for both IK and £ IK £ comes out true 
just m case both IK and £ come out true But these come out true if and only 
if both belong to F' Moreover, both belong to F*. by (c), just in case IK £ 
belongs to F* So IK £ comes out true if and only if it belongs to F* 

Case 3 5 is IK V £ {Exercise) 

Case 4 5 is IK D £ (Exercise ) 

Case S 5 IS IK s* £ (Exercise ) 

Thus, in each case, S comes out true if and only if it belongs to F* This shows 
that (2) holds for 5 Thus (4) holds 

Since (3) and (4) hold, (2) holds for all TFS Hence F* is / consistent, and 
so IS F Thus, If F IS a £)>consi$tent class of TFS. then it is /-consistent too 
This concludes the proof of the completeness of the truth functional rules 


3. THE SOUNDNESS OF THE QUANTIFICATIONAL RULES 
The proof of the soundness of the quantificational rules is simply an exten- 
sion of the one used to prove the soundness of the truth-functional rules 
However, before embarking on this proof, we must modify our terminology 
slightly, consider a minor variation on the quantificational rules and estab- 
lish some additional laws of validity and implication 

First let us turn to a modification in our terminology By the soundness of a 
derivation in a step we shall now mean that the step is 'A', valid, or is implied 
by the conjunction of all its premisses except 'A’ (if that is one of its 
premisses] 

The variation on the rutes comes to this In initiating aUG orEt subprooi, 
we shall now assume that the restricted varl^le is chosen so that it has never 
appeared before in the derivation This imposes no limitations on what can 
be proved or derived by means of the rules, since at the end of a UG subproof 
we can always change the restricted varictble while applying UG. and to end 
an El subproof, we must obtain something that does not contain free occur- 
rences of the restricted variable Moreover, since the subproofs are re- 
stricted using these new variables will not prevent us from using steps which 
could be used before Thus these rules, with the additional restrictions on 
UG AND El subproofs are sound and complete if and only if the original 
ones are 
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The laws needed are these 

a If 5 comes from If' by U1 or EG, then If' implies S 
b lf£ IS valid then (a)5 is valid 

c If a does not occur free in II'. then (aHlf' 3 S) and IK D {a)S are equiv- 
alent 

d If a does not occur free in IK, then (a)(5 D IK) and (3a)5 D IK are equiv 
alent 

The proofs of some of them now follow 

(a) The Uf case Suppose that S comes from fK by Lff Then IK is (q)S 
Let U be any universe and / any simultaneous interpretation of S and 
(a)5 in U Suppose that I makes (a)5 true in U Then for all choices of 
amt/ 5 IS made true in t/ by / Thus if a occurs free in S, / makes S true 
in t/ If a does not occur free in S, then (o)5 and 5 have the same truth-value, 
so again / makes 5 true in U (Exerase Establish the EG case ) 

(c) Assume that a does not occur free m IK Let U be any universe and 
let I be any simultaneous interpretation of («KIf' 3 S) and IK d (a)S in U 
Two cases arise Case 1 / makes IK false in U Then / makes both IK D (a),^ 
andfoXff' ^ 5) true in U Case 2 / makes IK true in U Then / makes IK D ia\S 
true in U if and only if it makes (a)5 true m U Also / makes (q)(IK d S) true 
in U If and only if it makes 5 true in U for all choices of a So / makes both 
(a)(IK D S) and IK D {a)S true in O if and only if it makes (a)5 true in U Thus 
(a)(IK D S) and IK 3 (oI.S' are both made true m U or both are made false in 
U Thus in either case 1 or case 2 / makes the two schemata have the same 
truth-value in U 

[Exenise Establish (b) and (d) ] 

The soundness proof wilt proceed as in the case of the truth functional 
rules that IS, we shall show that 

1 Every derivation (proof) is sound in its first step 

2 If a derivation (proof) is sound m all its steps up to a step (n) then it 
IS also sound in step (/i) 

The proof of (1) runs as before, except that now we must consider as- 
sumptions that begin UG subproofs (No first step can be an assumption of 
an El subproof ) These assumptions are always ’A and sound by dehmtion 
so every derivation is sound in such a step 
The proof of (2) also runs as before, but now we must consider steps 
that are introduced by the quantificational clauses of the rule of assumption, 
by Ul. EG, UG, or El So let us consider each case anew 
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Case I step (h) is a premiss of the derivation This case is the same as 
before 

Case 2 Step (ri) is an assumption Then (/i) is ‘A’ or a schema If it is A’, 
then the derivation is sound in step (n) by definition If it is a schema, then it 
IS a component of P(n), and so implied by it 

Cases 3-6 These are as before 

Case 7 Step (n) comes from an earlier step (/) by Ul Then by Law A (0 im- 
plies (;i) But every premiss of (/t) is a premiss of (/) (if both have premisses) 
So Pin) implies PU) But PU) mpiies 0), since (/) is earlier than in) So Pin) 
implies (n) If (») has no premisses, then neither does (i) So (<) is valid, and 
thus (ri) must be too If (n) has premisses and (i) does not, P(n) implies (i), 
since (0 IS valid But then /*(») implies in) 

Case 8 Step (n) comes from step (i) by EG (Exercise ) 

Case 9 Step («) comes from steps (/) to (n — I) by UG Then step («) is of 
the form (a)5, and step (/i — 1) is of the form A Steps (I) to (n— 1) belong to 
a restricted UG subproof whose restricted variable occurs nowhere in the 
derivation before it occurs in this subproof If step (/i) has no premisses, 
then step (n — i) has no premiss besides ’A* Thus, as an earlier step, step 
(/I — I) IS valid So. by Law B, (a)5. that is. (»). is valid Next suppose that 
in) has premisses Then the premisses of («- U are the premisses of t«) 
plus A' As an earlier step, tir - I ) is implied by all its premisses except A‘, 
that IS, Pin) implies 5 Hence Pin) D 5 is valid But then ip)iP{n) O S) is 
valid However, p does not occur free in Pin), so iP)iP(n) D S) is equivalent 
to Pin) D {p)S which IS also valid But by a change of a bound variable, 
/’(/i) D (ut5 IS also valid, and this means that Pin) implies (fi) 

Case 10 Step (n) Comes from steps (i). 0)*(« — 1) by El Then step (i) is of 
the form Ga>S. step 0 ) is of the form 5. and steps (n — 1 ) and (/>) are both of 
the form IP Moreover the restricted variable^ of the £1 subproof ending in 
in— Ddoes not occur before stepO) nor free m IK The premisses oft/) and 
(ill are the same, while the premisses of 0) and (n — I) are those of in) plus 
S Suppose that (n) has no premisses Then step (n — I ) is implied by S That 
IS 5 D ft IS valid But then (PK5 D tK) is valid, and hence (^)5 D IK is valid 
Yet by a change of a bound variable. (3a)S D IK is also valid But then IK. 
that IS, (/>). IS also valid, since the earlier step (3a|5 must bo valid Next sup- 
pose that tn) has premisses Then Pin) • 5 implies IK But then Pin) implies 
S D IK that is Pin) D IS 3 It) IS valid But then ipUPin) D iS D »')) is 
also valid and equivalent to /'(n) O iP)i5 D IK) This valid schema is in turn 
equivalent to i’t«) 3 <t3d)S A W'). which is m turn equivalent to Pin) D 
iixii^S D It > But then Pin) implies (3a)5 D IK Yet /Mi) implies (3a)5. and 
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P{0 and Pin) are the same, so Pin) implies {3a)5 From this it follows that 
/*(«) implies IV This concludes the extension of the soundness proof from 
the truth-functional to the quantificational case 


4. THE COMPLETENESS OF THE QUANTIFICATIONAL RULES 
The quantificational rules include the truth-functional rules plus Ul, EG, 
UG, and El Accordingly, to extend the previous completeness proof, we must 
redefine the notion of O-consistency to read 

A class of QS is D-coiisistcnl jusi m cast for no QS IV are holli IV and— (V 
deri\ able (6) means of the quannficattonal rules) from a finite number of 
members of the class. 

Also, /-consistency must be redefined to take account of universes of dis- 
course The definition now reads 

A class of QS 1 1 / caiistsient if and only, if all its members ha\ e a stmultam - 
oasis true interpretation m some unnerse 
Finally, m this proof our attention will be restricted to dosed OS This is no 
limitation, since every universal closure of an open schema, that is, the result 
of prefixing universal quantifiers to bind all free occurrences of variables m 
the open schema, is valid just in case the open schema is Moreover, an open 
schema is provable just in case its universal closures are 

EXAMPLE 'Fxs V —Fx)' IS an open schema One of its universal closures 
is U)0)(F'-r> V —Fxy) From a prool of Ihe fatter, we can obtain a proof of the 
former by two applications of Ul. Moreover, given the prool of Ihe lirst. 


1 Fjt> V —Fry 

wo can construct a new proof of the second 


1 Pxy V —Fxs 
\ OK/'t> V -Fxs) UG 
V -fjO UG 
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(Exercise: Show that every nonempty /-consistent class of closed QS is 
also D-consistent ) 

As before, the completeness of the rules wiH follow from 

1 Every nonempty D-consistent class of closed QS is also /-consistent. 
Thus our mam effort will center on demonstrating (1) 

Before proving (1), we must consider a simple extension of the class of 
all QS obtained by adding a new sequence i,. /„ of individual con- 

stants to our original list of individual constants and building QS as before 
with these new constants and the old ones QS which contain such constants 
will be called exiended QS The quantificational rules can be easily extended 
to these new QS without affecting their soundness The class of all closed 
QS and closed extended QS can easily be arranged in a sequence, and we 
shall assume that this has been done The same will be assumed with re- 
spect to the class of all closed existential quantifications in this class We 
can now turn to the proof of (1) 

Suppose that P is a D-consistent class of closed QS Let us define a 
sequence P, r>, . of classes of closed QS and extended QS as 

follows 

P IS 

I>ti isp- U {(aa)S^ D Sg] 

where (9a)5^ is the {rt + l)st member of the sequence of closed existential 
quantifications of QS or extended QS and where Sg comes from 5, by re- 
placing all free occurrences of a by the first constant in the sequence 
I,, ij. not to occur in any member of P nor in (3a)5„. (If a has no free 
occurrences in S^, then Sg is simpfy ) Next let P be the union of all fhe P 
We can show that P* is ZJ-consistent For P is £)-consistent since it is P. 
Next suppose that P" is /^-consistent II I ■*' is not £>-consistent, then some 
IV and —IF are derivable Irom members of P* and {3 q)S_ D Sg, where this ex- 
tended QS IS determined as in the definition of P"*' Thus, by IP,— ((3a)5„ D 
Sgi IS denvabfe from members at P But (hen both (3aiS^ and—Sg are also 
derivable from these members of P Now consider the following derivation. 
The premisses are the members of I'* in question From these we derive 
(3a).S, Then we start an El subproof whose restricted ‘ variable" is (i. Since 
(i does not appear in the premisses, they can all bo reiterated into this sub- 
proof Then wo derive —Sg from them Now our subproof contains both Sg 
(Its assumption) and —Sg Thus wo can derive > • p' in the subproof and then 
remove if by El But then wo can derive both > ' and '/> ' from our premisses. 
But this means that I" is not l>-consistenl--a contradiction So I**' is 
D-consistent it I • is But then ail the P are /J-consistent. and so must bo 
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r-^, since any derivation from its members is a derivation from members 
of r* for some n 

Starting with r+, we define a new sequence of classes P, P, Pj , 
where 


P„ 

P,. 


fP, U {5,^,} 


If this class IS D consistent 
otherwise 


Here5„,, is the(H+ l)st member of the sequence of closed QS and extended 
QS Then P* is defined as the union of the P, Virtually the same argument 
as we used in the truth functional case may be used to show that P* is 
D consistent 

The next stage in the proof consists in establishing some facts about I j 
They are the old facts (a) to (f) except that they now apply to a new P* 
whose proofs are the same In addition, there are two new facts 


g Sg belongs to P* for each individual constant /J if and only if {a)Sg be- 
longs to P* 

h Sg belongs to P* for some individual constant ^ if and only if (3a)5, 
belongs 

Here is the proof of (g) Suppose that (a)S„ belongs to P* Then 5^ for each 
individual constant {3 is derivable from a member of P by Ul So by (a) Sg 
belongs to P* for each individual constant fJ II (o)5 does not belong to P , 
then by{b) -(a)5, does But(3a)-S„isderivablBfromthis so it also belongs 

to P* But then so does -5^ lor some constant /J, because (3a) S„ D Sg 

belongs to P* Bui then Sg does not belong to P* 


[Exercise Establish (h) ] 

Now WB are ready to give a srmoltarreous Interpretation I" Oer universe 
U will be the class of all Individual conslants (both new and old) Individual 
constants will be assigned Ihemselves Slalemenl letters will be assigned 
r If they belong 10 P otherwise they are assigned F A monadic occurrence 
ol a predicate letter * is assigned the one place predicate 
d nrlfi the utJittdiittl tmsuM ® uppendedla it heloitis la P 
A dyadic occurrence ol a predicate teller S- is assigned the two place 
predicate 

g- the atJtttJttal earn, ana ® n-rd © 'Wvndrd In .1 tat that r.rdrr) 
hehiiks lo I * 

Other occurrences of predicate letters are interpreted similarly 
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EXAMPLE The QS 'Fa' is interpreted by assigning 'a' to 'a' and by assigning 
the predicate “ 'F' with the individual constant (T) appended to it belongs to 
F' ' to F' Then Fa' is interpreted as true just in case 'F' with the individual 
constant 'a' appended to it belongs to F* In other words, 'Fa is true under 
this interpretation just in case it belongs to F* 

Next It will be shown that 

2 S comes out true in U for the interpretation just in case S belongs to F* 
This again reduces to showing 

3 If 5 has no connectives or quantifiers, then (2) holds for 5 

4 If (2) holds for all QS or extended OS with fewer connectives and quanti- 
fiers than 5, then it also holds (or S 

The proof of (3) follows immediately from the interpretation chosen 
To show that (4) holds, we must again distinguish cases 

Cases I to 5 The same as the truth-functional cases 1 to 5 
Case 6 5 is (a) IF, Then (a) IF, is true in U )ust in case IF^ is for each 
individual constant (3 But since IF^ has one less quantifier, this holds just 
in case IF^ belongs to F* for each individual constant /3 And this holds just 
in case (a) IF, belongs to F* Thus (a) IF, comes out true in U just in case it 
belongs to F' 

Case 7 5 is (3a) IF, (Exercise) 

This concludes the proof of the completeness of the quantificational proof 
Since the universe U used in the proof is what mathematicians call a count- 
able universe an important corollary of theproof IS the Lowenheim Skolem 
Theorem 

£» er\ D- (or I-} consistent cfass of OS has a siiiiiillaneuiisly true interpreta- 
tion m a countable uni\erse 
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Contextual definition, 420-421 
of definite description, 420-429 
in group theory, 431-434 
Contradiction. 58 
Contradictories, 25 
Correlative terms. 343 
Crucial experiment, 138 


Decidability of formal deductive 
theories, 395 

Decision procedure. 7, 42, 225, 321, 
396 

for OVQS, 202 
for OV-validity. 225 
forTFS, 43 

for truth'functional equivalence. 
58 

for truth'functional implication. 
62 

(or truth'functional validity, 58 
Dofiniendum, 407 
Delmiens. 407 
Definition schemata. 422 
Definitions. 407-420 
definitional interchange, 412 
via descriptions. 429-431 
forms of 410-412 
inductive. 44 

(See a/so Contextual definition) 
Densely ordered sets. 391-392. 

399-401 
Derivation 141 
Ooscnptionat premiss. 372 
OcscnpJions 368-376 
in arguments 371-376 
(See afso Contextual definition) 
Descriptors 369 

Diagramming simultaneous. G7n. 
63 101 

(See a/so Paraphrasing) 


Disjunction. 28-30 
exefusive. 28 
Disjunctive syllogism, 151 
Disposition terms, 38 
Double-negation elimination. 147- 
148 


El subproofs. 250 
Eliminability. criterion of, 409 
Equivalence 

lanes of. 72-74. 221 -222, 316- 
320 

of OVQS. 220 
of QS. 315 
Of TFS. 70 

useful equivalences, 74 
Equivocacy, 97 

Existential generalization 232-235, 
323-326 

extended form. 354 
restriction with respect to 
descriptions. 425 
Existential instantiation, 246-255. 
331-337 

Existential quantifiers, 194-196 
300 


Fallacies of equivocation, 8. 96- 
100 

Formal deductive theories, 390-398 
axioms. 392 
completeness. 395 
consistency. 395 
decidability, 395 
proof. 392 
theorem. 392 
underlying logic. 393 
Formal language. 390 
Frege, Gottlob. 187-183 
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Function. 389 

Functional terms, 353-358. 370 
Functor. 355 

Generalization (see Existential 
generalization, Universal 
generalization) 

Godcl, Kurt. 395 
Group theory. 402-405 

Hypotheses, refutation in science. 
137 


Identity, 358-367 
detinability of, 415-419 
reflexivily, 365 
rules of, 363-364 
schemata. 362-363 
symmetry. 365 
transitivity, 365 
If and only if gates. 130-131 
Implication: 

laws. 66-67, 22l.31S-3te 
OV-, 220-224 
quantificational, 315-316 
truth'functional, 60-70 
Indirect proofs, 175-162 
rule of, 177 

Individual constants. 186 
Inference words, 4 
Interchange, 73. 222. 317 -3ie 
Interpretation: 
of OVQS. 203 
of QS, 311-313 
simultaneous. 61. 220 
of TFS, 49 

in universes of discourse, 213. 

311-312. 315 
Inverse function, 402 


Kinship theory 405-406.419-420 

Lcft>right tests. 63 
Lines of argument. 162-166 
Logical form and validily, 13-15 
(See a/so Paraphrasing, 
Schemata) 

Logical predicates, 305-310 
restriction on introduction. 309 
Lowenheim^Skolem theorem, 448 

Mechanical tests and procedures, 7, 
18. 42. 70. 225-226 
(See also Decision procedure. 
Proof procedure) 

Memory device. 123 
Modus ponens, 144-146 
for the biconditional. 155 
Modus loilens. 146-147 

Necessary and sufficient conditions. 
87-88 

Negation, 23-26 
Nonc/ealJyjJy. cnJerion of, 409 

One-variable quantificational 
schemata (OVQS). 200-202 
Open sentence, 200, 301 
introduction, 204 - 207 
OR gates. 119 

Ordinary language, 30-31, 79-81 
(See a/so Paraphrasing) 

Parallel circuit, 105 
Paraphrases to schemata. 100-104, 
275-277, 350-351 
Paraphrasing, 16-18, 78-104. 190- 
193. 196-197, 256-277, 296- 
297. 341-351 
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Paraphrasing* 

depth of analysis, 94, 271 -274 
types of statements all F are 6. 

257-261 

'any' and 'every,' 269-271 
‘at least,' 361 
‘at most,' 361 
no F are G, 262 
times and places, 267-268 
uniqueness, 362 
Paraphrasing inward, 102 
Parentheses, 33-34 
omission, 44-47, 202 
Patent invalidity, 10-11 
Predicate {see Logical predicates) 
Predicate constants, 166 
Predicate letters, 201 
n«adtc occurrences, 302 
Premisses, 4 
of derivations, 143 
descriptional, 372 
restriction on adoption, 428 
implicit, 16-19 
Primitive terms, 408 
Pronominal cross references, 347- 
349 

Proof procedure, 225, 390 
Proofs, 141, 143, 171-173 392 
in class theory, 285-289 
of inconsistency, 337-340 

Ouanlilicational schemata {OS}, 302 
Quantifiers, 188 194, 295 
Question begging arguments. 17 

Reference columns, 54 
Reiteration, rule of, 176 
Relational statements. 292-295 
Relations, 376-389 
antisymmetrical, 381 
asymmetrical, 381 


Relations, 
connected, 382 
strongly, 382 
totally. 382 
correlating. 386-3S9 
many-one, 387 
one-many. 386 
one-one, 383 
domain, 388 
equivalence. 380 
field, 378 
intransitive, 381 
irreflexive, 380 
ordering, 384-386 
partial, 384 
strict. 385 
quasi-, 384 
simple, 385 
strict. 385 
range, 388 
reflexive. 377 
totally. 378 
symmetrical, 379 
transitive, 380 
Resolution, rules of. 50 
Restricted subproofs, 239 
Right-left tests, 63 
Russell, Bertrand, 280 
Russell s contradiction, 281 

Schemata, 15-18 
[See also Qne-vanable 

quantificational schemata 
{OVQS), Quantificational 
schemata (QS), Truth- 
functional schemata (TFS)] 
Semantical completeness, 395 
Sentence. 7 

closed and open, 199, 301 
Sequential circuits, 119-122 
equational representation, 120 
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Series-parallel circuit, 107 
Simple dilemma, 152 
Simplification, rule of, 149 
Sound arguments, 12-13 
Soundness of rules of inference, 
142, 435-438. 442-445 
Statement. 3. 8-10, 22 
component. 21 
relational, 292-295 
simple. 21-23, 185. 292-295, 
341-344 

subject-predicate. 166 
Statement connective, 22-23. 35- 
39 

Statement letter, 40, 50 
Structure (see Paraphrasing) 
Substitutivily of Identity, 364 
Sufficient conditions, 87-68 
Superlatives, 345-347 
Switching circuits, 106-114 


Tautology, 58 
Theorem, 172, 392 
Truth: 

one-vanable (OV), 222 
under an interpretation (see 
Interpretation) 

Truth function, 39 
Truth-functional schemata (TFS), 
40-42. 44 
abbreviated, 14S 

Truth-functionally valid OVQS, 226 
Truth tables, 53-S5 
extended, 61 

method for finding a TFS having 
a given. 111 
Truth value. 8. 22 
Truth-value analysis, 53 


UG subproofs. 240 
Uniqueness condition, 425 
Uniqueness restriction. 431 
Unit. 402 

Universal generalization, 236 - 247. 
326-331 
restrictions, 243 
rule 240 

Universal instantiation, 228-231. 
321-323 

extended form. 354 
restriction with respect to 
descriptions, 425 

Universal quantifier, 187-190, 300 
Universe of discourse, 207-210. 
273, 311 

interpretation in. 213, 311-312 
truth in. 210-212, 311 
Use and mention, 44 


Vacuous quanuUcations, 202, 303 
Validity 

of arguments, 9-15, 69, 372 
and form, 15 
one-vanable. 216-219 
quantificational, 313 
and truth. 10-11 
truth-functional, 56 
in a universe, 216 
Variables. 187, 300 
bound. 199-202, 300-301. 369 
change of, 319 
free. 199-202, 300-301, 369 
restricted, 327. 332 


Well-formed formula. 390 
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